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Preface 


The main focus of this book is on bounded linear operators on complex infinite- 
dimensional Banach spaces and their spectral properties. In recent years spectral 
theory, which has numerous and important applications in many parts of modern 
analysis and physics, has witnessed considerable development. In this book the 
reader is assumed to be familiar with the basic notions of linear algebra, functional 
analysis and complex analysis. Essentially, the aim of this book is to give an idea 
of the relationship between local spectral theory and Fredholm theory. The deep 
and elegant interaction between Fredholm theory and local spectral theory becomes 
evident when one considers the so-called single-valued extension property (SVEP). 
This property, which dates back to the early days of local spectral theory, was first 
introduced in 1952 by Dunford and has received a systematic treatment in Dunford 
and Schwartz's classical book [143]. It also plays an important role in the book 
of Colojoará and Foias [98], in Vasilescu [292], and in the more recent books of 
Laursen and Neumann [216] and Aiena [1]. 

H. Weyl’s pioneering work [296] showed that the spectra of self-adjoint operators 
on Hilbert spaces have a very nice structure, which was later also observed for 
several classes of operators defined on Banach spaces. Nowadays, these operators 
are said to satisfy Weyl’s theorem. A general theory of these operators has never 
been systematically organized in a monograph, only a few results may be found in 
the books by Aiena [1, Chapter 3, $8] and Lee [223]. The purpose of this book is 
to provide the first general treatment of the theory of operators for which Weyl-type 
or Browder-type theorems hold, taking into account the more recent developments. 
A localized version of the single-valued extension property will be a very useful 
tool for studying these theorems, so this monograph may also be thought of as 
a substantial attempt to show how the local spectral theory and Fredholm theory 
interact. 

We describe in more detail the architecture of this monograph. This book consists 
of six chapters. The first chapter is mainly dedicated to some classes of operators 
originating from Fredholm theory. All these classes of operators are strictly related 
to the classical semi-Fredholm operators. In the second chapter we introduce the 
basic tools of local spectral theory, and relate some aspects of Fredholm theory 
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to a localized version of the single-valued extension property. The third chapter 
plays a central role in this book, since it concerns the relationships between the 
several spectra originating from the classes of operators introduced in Chap. 1. In 
particular, these spectra are studied under suitable perturbations. Furthermore, in 
this chapter we consider some special classes of operators having a nice spectral 
structure: Riesz operators, meromorphic operators, algebraic operators and other 
classes of operators. We also see that the spectral theorem holds for many of the 
spectra which originate from Fredholm theory. 

In Chap. 4 we introduce the classes of polaroid-type operators. The polaroid-type 
operators are those for which the isolated points of the spectrum, or also the isolated 
points of the approximate point spectrum, are poles or left poles of the resolvent, 
respectively. These classes of operators are very large, and contain many important 
classes of operators acting on Hilbert spaces which generalize, in some sense, the 
properties of normal operators, for instance hyponormal and paranormal operators. 
Other examples of polaroid operators are the isometries, the convolution operators 
on group algebra, the analytic Toeplitz operators defined on Hardy spaces, the semi- 
shift operators and weighted unilateral shifts. 

The ideas developed in the first four chapters are then applied to the last two 
chapters. In particular, Chap.5 is dedicated to the classes of operators which 
satisfy Browder-type theorems, in their classical form or in their generalized form, 
according to the B-Fredholm theory. 

The last chapter concerns Weyl-type theorems, also in their classical or general- 
ized form. We also see that Weyl’s theorem holds for many important classes of 
operators, such as Toeplitz operators in Hardy spaces, symmetrizable operators, 
symmetries and shift operators. In the last part of this chapter we also present 
a theoretical and general framework from which all Weyl-type theorems may be 
promptly established for many classes of operators introduced in Chap. 4. 

The content of this book is essentially new, and is the result of intensive research 
done during the last 10 years. Many results appear here for the first time in a 
monograph, and this in a sense is an attempt to organize the available material, 
most of which can only be found in research papers. Of course, it is not possible 
to make a presentation such as this one entirely self-contained, but in general most 
of the material needed is developed within the framework of the book itself, and 
only a few results are mentioned with suitable reference. A rudimentary knowledge 
of functional analysis is quite necessary for understanding the material of the book. 
However, some basic facts of functional analysis are reassumed in the Appendix. 

Anyone who writes a book of this sort accumulates, of course, many outstanding 
debts. There are several friends and colleagues to whom I am indebted for their 
suggestions and ideas. These ideas constitute a great part of the material presented in 
this book. In particular, I thank Manolo Gonzalez, Vladimir Müller, Bhaggy Duggal, 
Salvatore Triolo, and all my PhD students. Finally, I have a special debt of thanks 
to the anonymous copy editor, who reads the manuscript and who provided me with 
corrections and useful comments. 


Palermo, Italy Pietro Aiena 
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Chapter 1 ff) 
Fredholm Theory iet 


The purpose of this chapter is to provide an introduction to some classes of 
operators which have their origin in the classical Fredholm theory of bounded linear 
operators on Banach spaces. The presentation is rather expository in style, and only 
a few results are mentioned here with suitable reference. The first three sections 
address some preliminary and basic notions, concerning some important invariant 
subspaces, such as the hyper-range, the hyper-kernel, and the analytic core of an 
operator. The importance of these subspaces will become evident when we study the 
special classes of operators treated in successive sections. The first class introduced 
is that of semi-regular operators, which is treated in the fourth section. We also 
consider, in the fourth section, an important decomposition property, the generalized 
Kato decomposition for operators, originating from the classical treatment of 
perturbation theory by Kato [195], which showed that this decomposition holds 
for semi-Fredholm operators. This decomposition motivates the definition of two 
other classes of operators which contain all semi-Fredholm operators, the class 
of all operators of Kato-type, and the class of essentially semi-regular operators, 
introduced by Müller [243]. 

The fifth section is devoted to the class of operators having topological uniform 
descent, introduced by Grabiner [162]. We also give some perturbation results 
concerning this class of operators that will be used in the sequel. This class properly 
contains the class of quasi-Fredholm operators on Banach spaces, which was first 
introduced by Labrousse [208] for operators acting on Hilbert spaces. The last two 
sections of this chapter concern a generalization of semi-Fredholm operators, the 
class of semi B-Fredholm operators introduced by Berkani et al. [62, 64, 71] and 
the class of all Drazin invertible operators. We also introduce the classes of left and 
right Drazin invertible operators and relate these operators to the other classes of 
operators previously introduced. 
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2 1 Fredholm Theory 
1.1 Operators with Closed Range 


Since this book concerns the spectral theory of bounded linear operators, we 
will always assume that the Banach spaces are complex and infinite-dimensional, 
although many of the results in these notes are still valid for real Banach spaces. If X, 
Y are Banach spaces, by L(X, Y) we denote the Banach space of all bounded linear 
operators from X into Y. Recall that if T € L(X, Y), the norm of T is defined by 


i IT x ll 
IT || := sup : 
x0 lxll 


If X = Y we write L(X) := L(X, X). By X* := L(X, C) we denote the dual of X. 
If T € L(X, Y) by T* € L(Y*, X*) we denote the dual operator of T , defined by 


(T* f)(x) = f(Tx) forallx € X, f € Y*. 


The identity operator on X will be denoted by Ix, or simply Z if no confusion can 
arise. Given a bounded operator T € L(X, Y), the kernel of T is the set 


ker T := (x e X: Tx =O}, 


while the range of T is denoted by T (X). In the sequel, for every bounded operator 
T € L(X,Y), we shall denote by a(T) the nullity of T, is defined as a(T) :— 
dim ker T, while the deficiency B(T) of T is the dimension of the cokernel of T (X), 
i.e., B(T) := dimY/T(X) = codim T (X). The spectrum of T € L(X) defined as 


o (T) := ( € C: AI — T is not bijective}. 


It is well known that the spectrum is a compact subset of C and o (T) = o (T*) for 
all T € L(X). If X isacomplex Banach space then every T € L(X) has non-empty 
spectrum. The complement p(T) := C XV o (T) is called the resolvent of T. 

In this book by D(Ao, £) we always denote the open disc in C centered at Ao with 
radius £. The closed unit disc will be denoted by D(Ao, €). 

The property of T (X) being closed is an important property in operator theory. 
Indeed, if T is a bounded linear operator defined on a normed space X, then T (X) is 
closed if and only if T is normally solvable, which means that the equation Tx = y, 
X, y € X, possesses a solution exactly if f(y) = 0 for all f € ker T*, see [179, 
$29]. If K : C[a, b] — C[a, b] is the integral compact operator defined on the 
Banach space C[a, b] of all complex-valued continuous functions on the interval 
[a, b] by 


b 
(Kx)(s) =f k(s, t)x (t)dt, 
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where k(s, t) is continuous on the square [a, b] x [a, b], then AJ — K has closed 
range for every A Æ 0, and hence is normally solvable. This fact leads, jointly with 
the property «(àI — K) = B(AI — K) < co, to the classical Fredholm alternative 
criterion of the Fredholm integral equation (of the second kind). 

The property of T (X) being closed may be characterized by means of a suitable 
number associated with T, defined as follows. 


Definition 1.1 If T € L(X, Y), X, Y Banach spaces, the reduced minimal modulus 
of T 1s defined to be 


|| P| 


T):- SAN LLL NE 
yOype- ndr ditocder T) 


Formally, we set y (0) := oo. It easily seen that if T is bijective then y (T) = 
WU In fact, if T is bijective then 
dist (x, ker T) = dist (x, (0]) = ||x ||. 


thus if Tx = y 


-1 
yry = ing ZEL a (oup 
x40 al Veo ITa 


d -1 
a Ty lod 
y0 liyi IT- 


Theorem 1.2 Let T € L(X,Y), X and Y Banach spaces. Then we have 

© y (T) > 0 if and only if T(X) is closed. 

Gi) y(T) = y (7). 

Proof 

(i) The statement is clear if T = 0. Suppose that T 4 0. Let X :— X/ker T and 
denote by T : X — Y the continuous injection corresponding to T, defined by 


Tx:=Tx forevery x e x. 


It is easily seen that T(X) = T(X). But, by a classical result of functional 
analysis, it is known that T(X) is closed if and only if T admits a continuous 
inverse, i.e., there exists a constant 5 > 0 such that ||T x|| > ó|[x]||, for every 
x € X. From the equality 


IT xli 


Eal 


y(T) = inf 
x40 


we then conclude that T (X) = T (X) is closed if and only if y (T) > 0. 
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(ii) The assertion is obvious if y (T) = 0. Suppose that y(T) > 0. Then T(X) 
is closed. If To : X — T(X) is defined by Tox := Tx for every x € x, 
then y(T) — y (To) and T = JT9Q, where J : T(X) — Y denotes the 
natural embedding and Q : X — X is the canonical projection defined by 
Qx — x. Clearly, To is bijective, and from T — JToQ it then follows that 


T* = Q*(T9)* J*. From this we easily obtain that 


y(T)= = y(T*). 


1 
oI T- 
[| 


Corollary 1.3 Let T € L(X, Y), X and Y Banach spaces. Then T (X) is closed if 
and only if T* (X*) is closed. 


In the sequel we give some sufficient conditions that ensure that the range T (X) 
is closed. 


Lemma 1.4 Let T € L(X) and suppose that T (X) is closed and that Y is a closed 
subspace of X such that ker T € Y. Then T(Y) is closed. 


Proof Consider the induced operator TX / ker T — T (X). By the open mapping 
theorem T is an isomorphism, in particular an open mapping. Since ker T C Y, 
the space Y/ker T is closed in X/ ker T and this easily implies that the image 
T (Y/ ker T) = T(Y) is closed in X. E 


Lemma 1.5 Let T € L(X) and suppose that T(X) is closed. If Y is a (not 
necessarily closed) subspace of X for which Y + ker T is closed, then T(Y) is 
closed. 


Proof We have T (Y) = T(Y + ker T), so the statement follows from Lemma 1.4. 
| 


Theorem 1.6 Let T € L(X), X a Banach space, and suppose that there exists a 
closed subspace Y of X such that T (X) + Y is closed and T(X) NY = (0). Then 
the subspace T (X) is also closed. 


Proof Consider the product space X x Y under the norm 
(x, Il = Hall + yl x e X.» ey. 


Then X x Y is a Banach space and the continuous map S : X x Y — X defined by 
S(x, y) := Tx+y has range S(X x Y) = T(X) @Y, which is closed by assumption. 
Hence 


IS@, y) 


S: i —— 2 - 
VO aded diste 3). ker S) 
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Moreover, ker S = ker T x {0}, so 
dist((x, 0), ker S) = dist(x, ker T), 
and hence 


|x|] = SG. 0)l| = y GS) dist((x, 0), ker S)) 
= y (S) dist(x, ker T). 


From this it follows that y (T) > y (S) > 0, and this implies that T has closed range. 
a 


It is obvious that the sum M + N of two linear subspaces M and N of a vector 
space X is again a linear subspace. If MM N = {0} then this sum is called the direct 
sum of M and N and will be denoted by M @ N. In this case for every z = x + y in 
M--N the components x, y are uniquely determined. If X = MQ@N then N is called 
an algebraic complement of M. In this case the (Hamel) basis of X is the union of 
the basis of M with the basis of N. It is obvious that every subspace of a vector 
space admits at least one algebraic complement. The codimension of a subspace M 
of X is the dimension of every algebraic complement N of M, or equivalently the 
dimension of the quotient X/M. Note that codim M = dim M+, where 


M+ := (f € X* : f(x) = 0 for every x e M} 


denotes the annihilator of M . Indeed, by the Annihilator theorem (see Appendix A) 
we have: 


codim M = dim X/M = dim (X/M)* = dim MŁ. 


Theorem 1.6 then directly yields the following important result: 


Corollary 1.7 Let T € L(X), X a Banach space, and Y a finite-dimensional 
subspace of X such that T (X) + Y is closed. Then T (X) is closed. In particular, if 
T (X) has finite codimension then T (X) is closed. 


Proof Let Y; be any subspace of Y for which Yı N T(X) = {0} and T(X) + Yı = 
T (X) + Y. From the assumption we infer that T (X) ® Yı is closed, so T(X) is 
closed by Theorem 1.6. The second statement is clear, since every finite-dimensional 
subspace of a Banach space X is always closed. [| 


A very important class of operators is given by the class of injective operators 
having closed range. 


Definition 1.8 An operator T € L(X) is said to be bounded below if T is injective 
and has closed range. 
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Lemma 1.9 T € L(X,Y) is bounded below if and only if there exists a ô > 0 
such that 


lTxl = d||x|| forall x € X. (1.1) 


Proof Indeed, if ||Tx|| > ó||x|| for some 6 > O and all x € X then T is injective. 
Moreover, if (xn) is a sequence in X for which (7x5) converges to y € X, then 
(xn) is a Cauchy sequence and hence, by completeness, it converges to some x € X. 
Since T is continuous then Tx = y and therefore T (X) is closed. 

Conversely, if T is injective and T' (X) is closed then, from the open mapping 
theorem, it easily follows that there exists a 6 > O for which the inequality (1.1) 
holds. L| 


The quantity 


ees NNNM 
j(T):= inf |[Tx|| = inf —— 
lx ]|—1 xz ||x|| 


is called the injectivity modulus of T and, obviously, from (1.1) we have 


T is bounded below } j (T) > 0, (1.2) 


and in this case j (T) = y (T). The next result shows that the properties of being 
bounded below or being surjective are dual each other. 


Theorem 1.10 Let T € L(X), X a Banach space. Then: 


(i) T is surjective (respectively, bounded below) if and only if T* is bounded below 
(respectively, surjective); 

(i) If T is bounded below (respectively, surjective) then XI — T is bounded below 
(respectively, surjective) for all |A| < y (T). 


Proof 


(i) Suppose that T is surjective. Trivially T has closed range and therefore T* also 
has closed range. From the equality ker T* = T (X) L — X1 = {0} we conclude 
that T* is injective. 

Conversely, suppose that 7* is bounded below. Then T* has closed range 
and hence, by Theorem 1.2, the operator T also has closed range. From the 
equality T (X) = ker T* =+ {0} = X we then conclude that T is surjective. 

The proof of T being bounded below if and only if T* is surjective is 
analogous. 

(ii) Suppose that T is injective with closed range. Then y (T) > 0 and from the 
definition of y (T) we obtain 


y (T) - dist(x, ker T) = y (T)|x|| x |Tx|| forall x € X. 
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From that we obtain 

AL = T)x|] = ITxI — All = QC) — ADI all 
and hence, by Lemma 1.9, the operator AJ — T is bounded below for all |A| < 
y (T). 


The case of surjective T now follows easily by considering the adjoint T*. 
a 


Two important parts of the spectrum o (T) are defined as follows: The approxi- 
mate point spectrum of T € L(X) defined as 


Gap(T) :— {A € C : AJ — T is not bounded below} 
and the surjectivity spectrum of T defined as 
os(T) :— (4 € C: Al — T is onto}. 
By Theorem 1.10 we have 
Oap(T) = os(T*) and Oap(T ^) =0,(T). 
Remark 1.11 In the case of Hilbert space operators T € L(H) instead of the 
dual T* it is more appropriate to consider the Hilbert adjoint T'. By means of the 
classical Fréchet—Riesz representation theorem if U is the conjugate-linear isometry 
that associates to each y € H the linear form x — (x, y) we have that 
ADeqa'sdremysu QreTyu. (1.3) 
where À is the conjugate of à € C. The equality (1.3) then easily implies that 
Gap (T^) = aap(T*) = os(T) 
and 
ox(T^) = ox(T*) = esp (T). 


Theorem 1.12 Let T € L(X). Then we have: 


(i) A € oap (1) if and only if there exists a sequence of unit vectors (xn) such that 
(AI — T)x, — 0, asn — oo. 

(ii) Both spectra Oap(T) and os(T) are closed subsets of o (T) that contain the 
boundary ðo (T). Moreover, if X # {0} then oap (T) and os(T) are non-empty. 
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Proof 


(i) By Lemma 1.9 if A € os (T) then there exists, for each n € N, a unit vector x, 
such that || (AZ —T)xy|| < 1/n, so (41 — T)x, — 0asn — oo. Conversely, the 
existence of a sequence of unit vectors from which (AJ — T)x, — 0 implies, 
again by Lemma 1.9, that AJ — T is not bounded below. 

(ii) We show first that oap (T) is closed. Let (àn) be a sequence in oap(T) which 
converges to A € C, and choose a sequence (xn) of unit vectors such that 
| Ant — T)xn|| < 1/n for all n € N. Then 


1 
| AL — T)xsl < I — As] + " 


for all n € N, from which we obtain that A € oap(T). Therefore cap(T) is 
closed for every operator, and by duality o;(T) = oap(T*) is also closed. 


To show the inclusion ðo (T) € oap(T), let à € ðo (T) and consider a sequence 
(An) of points of o(T) which converges to à. The well-known estimate 


lI — T) !|dis[u,o(T)] 2 1 forall p € p(T) 


then implies that || (àn Z — T)-!|| > oo as n — oo. For each n EN, let y, be a unit 
vector such that 


à = lAn] — T) 4] 2 Onl — TY =. 
Put 
Xn = (0/88) AnI — T) "Yn. 
Then |x,|| = 1 and || AJ — T)x,|| > 0, so X € oap (7). The inclusion ðo (T) € 
o;(T) easily follows by duality and the last statement is an obvious consequence of 


the fact that do (T) is non-empty, since the spectrum is a non-empty closed subset 
of C. a 


1.2 Ascent and Descent 


The kernels and the ranges of the iterates 7", n € N, of a linear operator T defined 
on a vector space X form two increasing and decreasing chains, respectively, i.e., 
the chain of kernels 


ker T? = (0) C ker T C ker T? C ..- 
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and the chain of ranges 
T°(X) = X DT(X)DT?(X)---. 


The subspace 


N° (T) := U ker T” 


n=1 


is called the hyper-kernel of T, while 


T™(X) := () T"(X) 


n=1 


is called the hyper-range of T . Note that both N% (T) and T^? (X) are T-invariant 
linear subspaces of T, i.e. 


TN™(T)) € NP*(T) and T(T™(X)) € T? (X). 


The following elementary lemma will be useful in the sequel. 


Lemma 1.13 Let X be a vector space and T a linear operator on X. If pı and p2 
are relatively prime polynomials then there exist polynomials qı and q2 such that 


piCD)qi (T) + p2(T)q2(T) = I. 


Proof If pı and q; are relatively prime polynomials then there are polynomials such 
that pı (u)qı (u) + po(u)qa (4) = 1 for every u € C. a 


The next result establishes some basic properties of the hyper-kernel and the 
hyper-range of an operator. 


Theorem 1.14 Let X be a vector space and T a linear operator on X. Then we 

have: 

() (I 4- T)QN?? (T)) = N** (T) for every X £ 0; 

(ii) A/?*(AI +T) € (ul + T)?* (X) for every X £ p. 

Proof 

(i) The equality will be proved if we show that (AJ + T)(ker T") = 
ker T” holds for every n € N and A + 0. Clearly, the inclusion 


(AI + T)(ker T") C ker T" holds for all n € N. By Lemma 1.13 we know that 
there exist two polynomials p and q such that 


Q1 4- T)p(T) 4- q(T)T" — I. 
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If x € ker T" then (AJ + T)p(T)x = x and since p(T)x € ker T" we then 
obtain ker T” C (AJ + T)(ker T"), so the equality (i) is proved. 
(i) Put S := AI + T and write 


Ll 4T =(w—-AI+AI+T —(u—2)1-48. 
By assumption u — à Z 0, so, by part (i), we have 
(41 t TON? (4I - T)) = (4 — 31 + SNOS) 2 NP AI +T). 
From this it easily follows that 
(UI +T QN?? (AI 3-T)) 2 NP (AL T)  forall n eN, 
so A? (AI +T) € (ul + T)'(X) for all n € N, from which we conclude that 
NOI +T) € (Qu + T)" (X). a 


Lemma 1.15 For every linear operator T on a vector space X we have 


T"(ker T"*") = T"(X) Aker T” forallm,n € N. 


Proof If x € ker T"*" then T"x e T"(X) and T"(T"x) = 0, so that 
T" (ker T"*") C T"(X) ker T". 

Conversely, if y € T" (X) n ker T" then y = T" (x) and x € ker T”*", so the 
opposite inclusion is verified. a 


In the next result we give some useful connections between the kernels and the 
ranges of the iterates T" of an operator T on a vector space X. 


Theorem 1.16 For a linear operator T on a vector space X the following 
statements are equivalent: 


(i) ker T € T"(X) for each m € N; 
(ii) ker T" C T(X) for eachn € N; 
(iii) ker T" C T" (X) for each n € N and each m € N; 
(iv) ker T" = T" (ker T" for eachn € N and each m € N. 


Proof The implications (iv) > (iii) > (ii) are trivial. 

(ii) = (i) If we apply the inclusion (ii) to the operator T" we then obtain 
ker T"" C T" (X) and consequently ker T C T” (X), since ker T C ker T™”. 

(1) => (iv) If we apply the inclusion (i) to the operator T” we obtain 


ker T" c (T")"(X) c T" (X). 
By Lemma 1.15 we then have 
T" (ker T"*") = T"(X) n ker T" = ker T", 


so the proof is complete. a 
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Corollary 1.17 Let T be a linear operator on a vector space X. Then the 
statements of Theorem 1.16 are equivalent to each of the following inclusions: 


(i) ker T C T? (X); 
(ii) N®(T) € T(X); 
(ii) N?*(T) € T*(X). 


We now introduce two important notions in operator theory. 


Definition 1.18 A linear operator T on a vector space X is said to have finite ascent 
if N©(T) = ker T* for some positive integer k. Clearly, in such a case there is a 
smallest positive integer p :— p(T) such that ker T? = ker T?*!. The positive 
integer p is called the ascent of T. If there is no such integer we set p(T) := oo. 
Analogously, T is said to have finite descent if T (X) = T" (X) for some positive 
integer k. In such a case there is a smallest positive integer q = q(T) such that 
T4*!(X) = T4(X). The positive integer q is called the descent of T. If there is no 
such integer we set q(T) :— oo. 


Clearly p(T) = 0 if and only if T is injective and q(T) = 0 if and only if T is 
surjective. The following lemma establishes useful and simple characterizations of 
operators having finite ascent and finite descent. 


Lemma 1.19 Let T bea linear operator on a vector space X. For a positive natural 
m, the following assertions hold: 


(i) p(T) x m < co if and only if for every n € N we have T" (X) n ker T" = (0); 
(ii) q(T) € m « oo if and only if for every n € N there exists a subspace Y, C 
ker T" such that X = Y, ® T"(X). 


Proof 


(i) Suppose p(T) x m < œ and n is any natural number. Consider an element y € 
T" ( X) N ker T". Then there exists an x € X such that y = T" x and T" y = 0. 
From that we obtain T"*"x = T"y = ( and therefore x € ker T"*" = 
ker T". Hence y = T" x = 0. 

Conversely, suppose T" (X) N ker T" = {0} for some natural m and let 
x € ker T"*!. Then Tx € ker T and therefore 


T"x e T"(X)nker T € T"(X) Aker T" = {0}. 


Hence x € ker T". We have shown that ker T"*! C ker T”. Since the 
opposite inclusion is satisfied for all operators, we then conclude that ker T” = 
ker T". 

(ii) Let g := q(T) € m < co and Y be a complementary subspace to T" (X) in X. 
Let {xj : j € J} bea basis of Y. Since 


T1 (Y) € T*(3y = TU, 
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for every element x; of the basis there exists an element y; € X such that 
Tx; = TIt" y;, Set Zj te xi T" yj. Then 


Tiz; =T4x; —TI™y; =0. 


Therefore, the linear subspace Y, generated by the elements zj is contained 
in ker 77 and hence is contained in ker 7T". From the decomposition X = 
Y Q T"(X) we obtain for every x € X a representation of the form 


x= Ajaj tT"y 2 M Aij  T^yj) - Ty = Y Xjzj tT", 
jeJ jeJ jeJ 


thus X = Y, + T”(X). We show that this sum is direct. Indeed, suppose that 
x € Yn O T" (X). Then 


x=} njzj = Tv, 
je 


for some v € X, and 


y» T = X ujT^y; 4 T"v e T"(X). 
jeJ jeJ 


From the decomposition X = Y @ T"(X) we then obtain that uj = O for all 
j € J and hence x = 0. Therefore Y, is a complement of T" (X) contained 
in ker T". Conversely, if for n € N the subspace T" (X) has a complement 
Y, € ker T" then 


T" (X) — T" (Y,) + T (X) = Tw (X), 


and hence q(T) < m. E 
Theorem 1.20 /f both p(T) and q(T) are finite then p(T) = q(T). 


Proof Set p := p(T) and q := q(T). Assume first that p < q, so that the inclusion 
T4?(X) C TP(X) holds. Obviously we may assume q > 0. From part (ii) of 
Lemma 1.19 we have X = ker T? + T? (X), so every element y := TP (x) e TP (X) 
admits the decomposition y = z+ T1 w, with z € ker 77. From z = T?x — Tw € 
TP (X) we then obtain that z € ker 77 N TP (X) and the last intersection is {0}, by 
part (i) of Lemma 1.19. Therefore y = T?w € T4(X) and this shows the equality 
TP(X) = T4(X), from which we obtain p > q, and hence p = q. 

Assume now that q < p and p > 0, so that ker 77 C ker TP. From part (ii) of 
Lemma 1.19 we have X = ker 77 + TP (X), so an arbitrary element x of ker T? 
admits the representation x = u + T?v, with u € ker T41. From T?x = TPu = 0 
it then follows that T?P v = 0, so v € ker T?P = ker T”. Therefore, TP” v = 0 and, 
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consequently, x = u € ker T1. This shows that ker T? = ker T?, hence q > p 
from which we conclude that p — q. a 


Lemma 1.21 Let T be a linear operator on a linear vector space X. If a(T) < oo 
then a(T") < oo for all n € N. Analogously, if B(T) < oo then B(T") < oo for all 
n € N. 


Proof We use an inductive argument. Suppose that dim ker T” < oo. Since 
T (ker T"*!) C ker T" then the restriction 


To := T|ker T"*! : ker T"*! — ker T" 


has kernel equal to ker T, so the canonical mapping T : ker T^*! /ker T — 
ker T" / ker T is injective. Therefore we have 


dim ker T"*!/ker T < dim ker T"/ker T < dim ker T" < co 


and since dim ker T < oo we then conclude that dim ker T"*! < oo. 
Suppose now that 6(T”) < oo. Since the map 


T TOP he) > pr OPCION 
defined by 
T T” (X)) = Tz + T"? (X), cers, 
is onto, dim T"*! (X)/ T"^*?(X) < dim T"(X)/ T"*! (X). This easily implies that 


B(T"*!) < oo. a 


In the next theorem we establish the basic relationships between the quantities 
a(T), B(T), p(T) and q(T). 


Theorem 1.22 /f T is a linear operator on a vector space X then the following 
properties hold: 


(i) If p(T) < oo then a(T) < p(T). 
(ii) If q(T) < œ then (T) < a(T). 
Gi) If p(T) = q(T) < oo then a(T) = B(T) (possibly infinite). 
(iv) Ifa(T) = B(T) < oo and if either p(T) or q(T) is finite then p(T) = q(T). 


Proof 


(i) Let p :— p(T) < oo, i.e., ker T" = ker T?*” for all n € N. Obviously if 
(T) = oo there is nothing to prove. Assume that 6(T) < oo. By Lemma 1.19, 
part (i), we have ker T N TP (X) = {0}. Since 8(7") < oo, by Lemma 1.21, 
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this implies that «(T) < oo, so T has finite deficiency. According to the index 
theorem (see Appendix A) we then obtain for all n > p the following equality: 


n-indT = ind T” = o(T") — (8T") = a(T”) — p(T”). 


Now suppose that g := q(T) « oo. For all integers n > maxíp, q) the 
quantity n - ind T = o (TP) — (TP) is then constant, so that ind T = 0, i.e., 
a (T) = (T). Consider the other case q = oo. Then B8(T") > 0 as n > co, 
so n - ind T becomes eventually negative, and hence ind T < 0. Therefore, in 
this case we have a(T) < (T). 

(ii) Let q :— q(T) < oo. Also here we can assume that «(T ) < co, otherwise 
there is nothing to prove. Consequently, as is easy to check, also B(T") < oo 
and by part (ii) of Lemma 1.19 X = Y @ T(X) with Y C ker T7. From this it 
follows that 


B(T) =dimY < a(T4) < oo. 


If we use, with appropriate changes, the index argument used in the proof of 
part (i) then we obtain that 8(T) = a(T) if p(T) < co, and B(T) < a(T) if 
p(T) = oo. 

(iii) This is clear from part (i) and part (ii). 

(iv) This is an immediate consequence of the equality «(7") — B(T") = ind T" = 
n-indT = 0, valid for every n € N. 


Given n € N, we denote by T, : T” (X) — T"(X) the restriction of T € L(X) 
on the subspace R(T”) :— T" (X). Observe that 


R(T”) = R(T"*") = R(T;) 


for all m, n € N. 


Lemma 1.23 Let T be a linear operator on a vector space X. Then the following 
statements are equivalent: 


(i) p(T) < oo; 
(i) there exists ak € N such that Tx is injective; 
Gii) there exists ak € N such that p(Tx) < oo. 


Proof (i) & Gi) If p :— p(T) < oo, then by Lemma 1.19 ker T; = ker T N 
TP(X) = {0}. Conversely, suppose that ker 7; = {0}, for some k € N. If x € 
ker T**! then T(T*x) = 0, so 


T*x € ker T N T' (X) = ker Ty = {0}. 


Hence x € ker T^. This shows that ker T^*! C ker T^. The opposite inclusion is 
true for every operator, thus ker T**! = ker T* and consequently p(T) < k. 
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(ii) & (ii) The implication (ii) = (iii) is obvious. To show the opposite 
implication, suppose that v := p(T) < oo. By Lemma 1.19 we then have: 
(0) = ker Ty N R(T”) = (ker T N R(T*)) n R(T”) = (ker T) N R(TP) 
= ker T  R(T"**) = ker T4, 


so that the equivalence (ii) & (iii) is proved. | 
A dual result holds for the descent: 


Lemma 1.24 Let T be a linear operator on a vector space X. Then the following 
statements are equivalent: 


(i) q(T) < oo; 
(ii) there exists a k € N such that Ty is onto; 
Gii) there exists ak € N such that q (Tk) < oo. 


Proof (i) & (ii) Suppose that q := q(T) < co. Then 
T4(X) = T+! (X) = T(T*(X)) = R(1;), 
hence 7; is onto. Conversely, if T; is onto for some k € N then 
r**1Q = T(T^00) = RT) = TX), 


thus q(T) < k. 

The implication (ii) = (iii) is obvious. We show (iii) = (i). Suppose that 
v :— q(Tk) < oo for some k € N. Then Tj" (X) = T" * (X), so T**"(X) = 
T"t**-(X), hence q(T) € k +v. [| 


Remark 1.25 As observed in the proof of Lemma 1.23, if p := p(T) < oo then 
ker T, = {0} and hence ker T; = {0} for all j > p. Conversely, if ker T; = {0} for 
some k € N then p(T) < oo and p(T) < k. Hence, if p(T) < co we have 


p(T) = inf(k € N : Tk is injective}. 


Analogously, if q :— q(T) < oo then T; is onto for all j > q. Conversely, if Tk is 
onto for some k € N then q(T) < k, so that 


q(T) = inf(k € N : Tk is onto}. 


We shall often use the following basic results: 


Lemma 1.26 Suppose that T € L(X) has closed range. Then p(T) — q(T*) and 
q(T) = p(T*). 


Proof If T has closed range then T” has closed range for all n € N or equivalently, 
by Corollary 1.3, (T*)" has closed range. From the closed range theorem (see 
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Appendix A) it then follows that ker T" =+ [(T*)"(X*)] and [(T*)"(X*)] = 
ker T" for all n € N. These equalities easily imply that p(T) = q(T*) and 
q(T) = p(T*) a 


Remark 1.27 It is easily seen from equality (1.3) that T* has closed range if and 
only if the Hilbert adjoint T’ has closed range, and p(AJ — T*) = p(AI — T’) and 
q(al — T*) 2 q(AI — T?). 


Lemma 1.28 Let T be a linear operator on a vector space X. Suppose that X 
M G N, M and N closed T -invariant subspaces. Then 


(i) a(T) = a(T|M) + o(T[N) and B(T) = BOT |M) + B(T|N). 
(ii) p(T) = p(T|M) + p(T|N) and q(T) = q(T|M) + q(T|N). 
(ii) If T € L(X), X a Banach space, then T (X) is closed if and only if T(M) is 
closed in M and T (N) is closed in N. 
Qv) Oap(T) = Oap(T|M) U cap (T|N) and os(T) = o5(T|M) U os(T|N). 


Proof 'The equalities in (1) and (ii) follow immediately from the equality ker 7 — 
ker T|M @ ker T|N and T(X) = T(M) ® T(N). To show (iii) denote by P the 
projection of X onto M along N. Clearly, PT — TP. If T(X) is closed then 
T(M) = T(P(X)) = P(T(X)) = T(X)' M, so T(M) is closed, and analogously 
T (N) is closed. Conversely, suppose that T (M) is closed in M and T (N) is closed in 
N. The mapping V : Mx N — MQN,defined by Y (x, y) := x+y is a topological 
isomorphism, so the image V(T(M) x T(N)) = T(M) @ T(N) = T(X) is closed 
in X. 

The equalities (iv) are obvious consequences of (1) and (iii). | 


Recall that a bounded operator T € L(X) is said to be relatively open if it is 
open as mapping from X onto its range T(X). An application of the open mapping 
theorem shows that T is relatively open if and only if T(X) is closed, see [179, 
Theorem 3.21]. 


Lemma 1.29 Suppose that T, S € L(X), X a Banach space, satisfy T (X)NS(X) = 
{0} and the sum T (X) + S(X) is closed. Then T (X) and S(X) are closed. 


Proof Define U : X x X — X by means of U(x, y) := Tx + Sy for all (x, y) € 
X x Y. Since U has closed range, from the open mapping theorem we have that U 
is relatively open. Because T (X) N S(X) = {0}, it easily follows that both T and S 
are open operators. This is equivalent to saying that T and S have closed ranges. W 


Theorem 1.30 /f T € L(X) is an operator for which T(X) A ker T = {0} and 
T (X) + ker T is closed in X, then T (X) is closed. In particular, if p(T) < 1 and 
T (X) + ker T is closed in X, then T (X) is closed. 


Proof 'The first assertion immediately follows from Lemma 1.29 applied to the 
operator T and the natural inclusion mapping from ker T into X. The second 
assertion is clear, since, by Lemma 1.19, p(T) < 1 entails that ker T (YT (X) = {0}. 

a 
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1.3 The Algebraic and Analytic Core 


In this section we shall introduce some important T-invariant subspaces, the alge- 
braic core and its analytic counterpart, the analytic core. The first was introduced by 
Saphar [270]. 


Definition 1.31 Given a linear operator 7T defined on a vector space X, the 
algebraic core C(T) of T is defined to be the largest linear subspace M such that 
T(M) — M. 


It is easy to prove that C(T) is the set of all x € X such that there exists a 
sequence (Xn)n=0,1,... such that xp = x, Tx,44 = Xn for all n =0,1,2,.... 

Trivially, if T € L(X) is surjective then C(T) — X. Clearly, for every linear 
operator T we have C(T) = T"(C(T)) € T"(X) forall n € N. From that it follows 
that C(T) € T??(X). The next result shows that under certain purely algebraic 
conditions the algebraic core and the hyper-range of an operator coincide. 


Lemma 1.32 Let T be a linear operator on a vector space X. Suppose that there 
exists an m € N such that 


ker T N T” (X) = ker TN T"^*(X) forall integers k > 0. 


Then C(T) = T™(X). 


Proof We have only to prove that T??(X) C C(T). We show that T(T™(X)) = 
T^?(X). Evidently the inclusion T(T?*(X)) € T° (X) holds for every linear 
operator, so we need only to prove the opposite inclusion. 

Let Y := ker T N T" (X). Obviously we have 


Y = ker T N T"(X) = ker T A T??(X). 


Let us now consider an element y € T??(X). Then y € 7T"(X) for each n € N, 
so there exists an xy € X such that y = T"'** x, for every k € N. If we set 


zk i= T” x — TU. (ke N), 
then zk € T" (X) and since 
Tg 2T" -Tm*,ly-yc0 
we also have zz € ker T. Thus zz € Y, and from the inclusion 
Y = ker T N T"**(X) € ker T N T" **-1 (X) 
it follows that z € T™+*—!(X). This implies that 


T"x =z + qourh- ba, € qure lum 
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for each k € N, and therefore Tx, € T” (X). Finally, from 
T(T” x1) =T"* x1 = y 


we may conclude that y € T(T??(X)). Therefore T?(X) C T(T™(X)), so the 
proof is complete. [| 


Theorem 1.33 Let T be a linear operator on a vector space X. Suppose that one 
of the following conditions holds: 


(i) a(T) < oo; 
(ii) B(T) « oo; 
Gii) ker T € T"(X) for all n € N. 
Then C(T) = T® (X). 
Proof 


(i) If ker T is finite-dimensional then there exists a positive integer m such that 
ker T N T" (X) = ker T N T"** (Xx) 


for all integers k > 0. Hence it suffices to apply Lemma 1.32. 

(ii) Suppose that X = F GT(X) with dim F < co. If we let Y, :— ker TNT" (X) 
then we have Y, 2 Y,4,, for all n € N. Suppose that there exist k distinct 
subspaces Y„. There is no loss of generality in assuming Y; Æ Yj;+1 for all 
j = 1,2, ... k. Then for every one of these j we can find an element w; € X 
such that Tiw; € Y; and Ti wj; € Yj+41. By means of the decomposition 
X =F Ọ T(X) we also find u; € F and vj € T(X) such that wj = uj + vj. 

We claim that the vectors u1,- -- , ug are linearly independent. To see this, 
let us suppose ER Ajuj = 0. Then 


k k 
x Ajwj = D AjUj 
j=l j=l 


and therefore from the equalities 


we deduce that 


k k 
T (S Ajwj) = ArT wk = Tf xvj) e THT(X)) = TH (X). 
j=l j=1 
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From T* wp € ker T we obtain Ax T wk € Yx41, and since T* wr € Yp41 this 
is possible only if A; = 0. Analogously we have Ay_} = --- = A; = 0, so the 
vectors u1, ..., uy are linearly independent. Consequently, k is smaller than or 
equal to the dimension of F. But then for a sufficiently large m we obtain that 


ker T N T” (X) = ker T N T"*J (X) 


for all integers j > 0. So we are again in the situation of Lemma 1.32. 
(iii) Obviously, if ker T C T” (X) for all n € N, then 


ker T  T"(X) = ker T N T"** (X) = ker T 


for all integers k > 0. Hence also in this case we can apply Lemma 1.32. M 


The finiteness of p(T) or q(T) also has some remarkable consequences on 
T| T®(X), the restriction of T on T® (X). 


Theorem 1.34 Let T be a linear operator on the vector space X. We have: 


(i) either p(T) or q(T) is finite then T |T® (X) is surjective. Indeed, T® (X) = 
C(T). 
(i) [feithera(T) < oo or B(T) < œ then 


p(T) < oo & T|T?? (X) is injective. 


Proof 


(i) The assertion follows immediately from Lemma 1.32, because if p = p(T) < 
oo then, by Lemma 1.19, 


ker T N TP(X) = ker T N T"^*(X) | for all integers k > 0; 
while if q — q(T) « oo then 
ker T N T4^(X) = ker T N T4**(X) forall integers k > 0. 


(ii) Assume that p(T) < oo. We have C(T) = T™(X) and hence T(T™(X)) = 
T®(X). Let T := T|T®(X). Then Ti is surjective, thus q(T) = = 0. From our 
assumption and from the equality ker T" = ker T” N T? > (X) we also obtain 

p(T) < oo. From Theorem 1.20 we then conclude that p(T) = = q(T) = = 0, and 
therefore the restriction T is injective. 

Conversely, if T is injective then ker T N T?(X) = {0}. By assumption 
a(T) < œ or (T) < oo, and this implies (see the proof of Theorem 1.33) 
that ker T N T" (X) = {0} for some positive integer n. By Lemma 1.19 it then 
follows that p(T) < oo. | 
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The finiteness of the ascent and the descent of a linear operator T is related to a 
certain decomposition of X. 


Theorem 1.35 Suppose that T is a linear operator on a vector space X. If p := 
p(T) = q(T) < oo then we have the decomposition 


X = TP(X) Q ker TP. 


Conversely, if for a natural number m we have the decomposition X = T" (X) ® 
ker T” then p(T) = q(T) < m. In this case T|T? (X) is bijective. 


Proof lf p < oo and assuming, as we may, that p > 0, then the decomposition 
X = TP (X) Q ker T? immediately follows from Lemma 1.19. Conversely, if X = 
T" (X) ® ker T" for some m € N then p(T), q(T) < m, again by Lemma 1.19, 
and hence p(T) — q(T) « oo by Theorem 1.20. 

To verify the last assertion observe that T°(X) = T?(X), so, from Theo- 
rem 1.34, T:- T |T" (X) is onto. On the other hand, 


kerT C kerT C ker TP, 


but also ker T C TP(X), so the decomposition X = T? (X) @ ker T? entails that 
ker T — (0]. a 


Let A9 be an isolated point of the spectrum and let I’ be a closed positively 
oriented contour in p(T) = C X o(T) which separates Ao from the rest of the 
spectrum c (T). The spectral projection associated with the spectral set {Ao} is 
defined by 


1 
Po := z; fo -—qyidx: 
27i r 


see Appendix A. The subspaces Po(X) and ker Po are invariant under T and 
o(T |Po(X)) = {Ao}, while o (T | ker Po) = C {Ao}. 

The algebraic concepts of ascent and descent are intimately related to the analytic 
concept of a pole of the resolvent. Indeed, we have (see Heuser [179, Proposition 
50.2]: 


Theorem 1.36 Jf T € L(X) then Ao € c (T) is a pole of R, if and only if 0 < 
p(Xol — T) = qQol — T) < œ. Moreover, if p := p(Xol — T) = q(Xol — T) 
then p is the order of the pole. In this case ho is an eigenvalue of T, and if Po is the 
spectral projection associated with {ào} then 


Po(X) = ker (A401 — T)", ker Po = (Aol — T)" (X). 
The following subspace was introduced by Vrbová [293] and studied in several 


papers by Mbekhta [229, 230, 232]. It is a natural analytic counterpart of the 
algebraic core C(T) introduced before. 
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Definition 1.37 Let X be a Banach space and T € L(X). The analytic core of T is 
the set K (T) of all x € X such that there exists a sequence (un) C X and a constant 
ô > O such that: 


(a) x = uo, and Tu, 44 = Un for every n € Z4; 
(b) |lun|| x 6” ||x|| for every n € Z+. 


In the following theorem we collect some elementary properties of K (T). 
Theorem 1.38 /f T € L(X) the following statements hold: 


(i) K(T) is a linear subspace of X; 
(i) T(K(T)) = K(T); 
(ii) K(T) € C(T); 
Gv) If 4 0 then ker (41 — T) € K(T). 


Proof (i) It is evident that if x € K(T) then Ax € K(T) for every à € C. We show 
that if x, y € K(T) then x + y € K(T). If x e K(T) there exists a 6; > O and 
a sequence (un) C X satisfying the condition (a) and which is such that ||u,]| < 
ôi” |x|| for all n € Z4. Analogously, since y € K(T) there exists a d2 > O and a 
sequence (v,) C X satisfying condition (a) of the definition of K (T) and such that 
l|Up || < 45 ||y|| for every n € N. 

Let ô : = max (64, 85]. We have 


llus + vnl < lunli + lvl S êT lx + êz lly x 8" Call + lly. 


Trivially, if x + y = O there is nothing to prove since 0 € K(T). Suppose then 
x + y Æ 0 and set 


del + [bil 
Ix + yl 


Clearly u > 1, so u < u” and therefore 
lun + vali < ull + yl] < Gu" Ix + yl foralln € Z+, 


which shows that property (b) of the definition of K (T) is satisfied for every sum 
x + y, With x, y € K(T). Hence x + y € K(T), and consequently K (T) is a linear 
subspace of X. 

The proof of (ii) is rather simple, while (iii) is a trivial consequence of (ii) and 
the definition of C(T). To prove (iv), suppose that à Z 0 and x € ker (ÀI — T). If 
we set uo = x and un :— A forn = 1,..., then the sequence (u,,) satisfies (a) and 
(b) of the definition of K (T). Hence x € K(T). 

Observe that in general neither K (T) nor C(T) are closed. The next result shows 
that K(T) contains every closed subspace F for which the equality T(F) — F 
holds. 
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Theorem 1.39 Suppose that T € L(X). Then we have 


(i) If F isa closed subspace of X such that T(F) = F then F C K(T). 
(i) If C(T) is closed then C(T) = K(T). 


Proof 


(i) Let To : F — F denote the restriction of T on F. By assumption F is a Banach 
space and T (F) = F, so, by the open mapping theorem, To is open. This means 
that there exists a constant 6 > O with the property that for every x € F there 
isau € F such that Tu = x and ||u|| < ó||x ||. 

Now, if x € F, define uo := x and consider an element uw, € F such that 


Tu; —uo and Juil| < àluoll. 


By repeating this procedure, for every n € N we find an element u, € F 
such that 


Tu, =Un—-1 and |jun|| < ôllun-ı |l. 
From the last inequality we obtain the estimate 
lus || < 5" |woll = 8”llx]| for every n € N, 


sox € K(T). Hence F C K(T). 

(ii) Suppose that C(T) is closed. Since C(T) = T(C(T)) the first part of the 
theorem shows that C(T) € K(T), and hence, since the reverse inclusion is 
always true, C(T) — K(T). a 


1.4 Semi-Regular Operators 


In this section we first introduce a class of operators which are related to semi- 
Fredholm operators. 


Definition 1.40 A bounded operator 7 € L(X), X a Banach space, is said to be 
semi-regular if T has closed range T (X) and ker T C T"(X) for every n € N. 


Note that the condition ker T € T"(X) is equivalent to the conditions listed 
in Theorem 1.16 and Corollary 1.17. Clearly, bounded below, as well as surjective 
operators, are semi-regular. 


Lemma 1.41 Suppose that T € L(X) is semi-regular. Then y (T") > y (T)". 
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Proof We proceed by induction. The case n — 1 is trivial. 
Suppose that y (T") > y (T)". If x € X and u € ker T"*!, we have 
dist(x, ker T^*!) = dist(x — u, ker T”*') 


< dist(x — u, ker T). 
By Theorem 1.16 we also have ker T = T" (ker T"*!) and hence 


dist(T" x, ker T) = dist(T"x, T" (ker T^*!)) 
= inf  |[T"(x— u)l 


ucker T1 


>y(T")- inf dist(x — u, ker T") 
ucker T”+! 


> y(T") dist(x, ker T’*'). 
From this estimate it then follows that 
"tx || > y (T) dist(T"x, ker T) > y (T) y(T") - dist(x, ker T”*!). 
Consequently, from our inductive assumption we obtain that 


CTE VS very) e yir. 


so the proof is complete. [| 


Theorem 1.42 /f T € L(X) is semi-regular and x € X, then Tx € C(T) if and 
only if x € C(T). 


Proof Clearly the equality T(C(T)) — C(T) implies that Tx € C(T) for every 
x € C(T). Conversely, let Tx € C(T). By Theorem 1.33 we then have that C(T) = 
T?* (X), and consequently for each n € N there exists a y, € X such that T’+!y, = 
Tx. Hence z := x — T” yn € ker T € T"(X). Then x = z + T"x € T"(X) for each 
n € N, and consequently x € C(T). 


Theorem 1.43 T € L(X) is semi-regular if and only if T* € L(X*) is semi- 
regular. 


Proof Suppose first that T is semi-regular. Then, by part (i) of Theorem 1.2, T (X) 
is closed so y (T) > 0. Theorem 1.41 entails that y(T") > y (T)" > O0 and this 
implies, again by part (1) of Theorem 1.2, that 7" (X) is closed for every n € N. By 
part (ii) of Theorem 1.2 the same argument also shows that T"*(X*) = T*” (X*) is 
closed for every n € N. Therefore, 


ker T"* = T*"(X*) and tker T*” = T"(X). (1.4) 
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Now, since T is semi-regular we have ker T C T"(X) for every n € N, and 
consequently 


T"(Xy- C ker T- = T*(X*). 


Finally, from the second equality of (1.4) we have ker T*" = T"(X)+, so ker T*" C 
T*(X*) holds for every n € N. Since T*(X*) is closed, it then follows that T* is 
semi-regular. 


A similar argument shows that if T* is semi-regular then T is also semi-regular. 
a 


Theorem 1.44 Let T € L(X) be semi-regular. Then we have 
() T" is semi-regular for all n € N. 
(ii) C(T) is closed and C(T) = K(T) = T™(X). 
(iii) AJ — T is semi-regular for all |X| < y (T), where y (T) denotes the reduced 
minimal modulus. 


Proof 


(i) If T is semi-regular then, by Lemma 1.41, S := T" has closed range. 
Furthermore, S°(X) = T^??(X) and hence, by Theorem 1.16, ker $ C 
T®(X) = S??(X). From Corollary 1.17 we then conclude that T” is semi- 
regular. 

(ii) The semi-regularity of T gives, by definition, ker T C T"(X) for all n € N. 
Hence, by Theorem 1.33, we have T??(X) = C(T). But T" is semi-regular 
for all n € N, so T"(X) is closed for all n € N, so T® (X) = (Yl, T"(X) is 
closed. By part (11) of Theorem 1.39 we then conclude that K (T) = C(T). 

(i) First we show that C(T) C C(AI — T) for all |A| < y (T). Let To : C(T) > 
C (T) denote the restriction of T to C(T). From part (ii) we know that C(T) is 
closed and To is surjective. Thus, by Lemma 1.10, the equalities 


Ql — To)(C(T)) = AI — TY(C(OD) = C(T) 


hold for all |A| < y (Tọ). 


On the other hand, T is semi-regular, so by Theorem 1.33, 
ker T € T? (X) = C(T). 
This easily implies that y (To) > y (T), and hence 
(I—T)C(T)-C(T) forallA| < y(T). 
Note that this last equality implies that 


C(T) C C1 — T) forall|A| < y(T). (1.5) 
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Moreover, for every A 4 0 we have T (ker (AJ — T)) = ker (AI — T), so, from part 
(ii) and Theorem 1.39, we have 


ker AJ — T) C C(T) forall A 40. 
From the inclusion (1.5) we then conclude that the inclusions 
ker (AI — T) € C(AI — T) € (AI — T)” (X) (1.6) 


hold for all |A| < y (T), à # 0 and n € N. Of course, this is still true for à = 0 
since T is semi-regular, so the inclusions (1.6) are valid for all |A| < y (T). 

To prove that AJ — T is semi-regular for all |A| < y(T), it only remains to 
show that (AI — T)(X) is closed for all |A| < y (T). Note that, as a consequence of 
Lemma 1.10, we need only consider the case C(T) 4 (0) and C(T) Z X. Indeed, 
if C(T) = (0) then ker T € C(T) = {0}, and hence T is bounded below, while in 
the other case C(T) = X the operator T is surjective. 

Let X := X/C(T), and let T : X — X be the quotient map defined by Tx:= 
Tx, where x € X. Clearly T is continuous. Moreover, T is injective since from 
T x = Tx = 0 we have Tx € C(T), and this implies, by Theorem 1.42, that 
x € C(T), which yields x = 0. 

We show now that T is bounded below. We only need to prove that T has closed 
range. To see this we first show the inequality y (T) > y (T). In fact, foreach x € X 
and each u € C(T) we have, since ker T C C(T), 


|||  dist(x, C(T)) = dist(x — u, C(T)) 


< dist(x — u, ker T) < -l rx — Tu|. 
y (T) 


From the equality C(T) = T(C(T)) we then obtain that 


lTx|- inf |Tx- Tul forallu e C(T), 
ueC(T) 


hence ||X|| < 1/y (T)||Tx||, from which we obtain that yT)> >y(T). 

Hence T is bounded below. By Lemma 1.10 then A7 — T is bounded below for 
all |A| < y (T), and hence for all |A| < y (T). 

Finally, to show that (AJ — T)(X) is closed for all |A| < y (T), let us consider a 
sequence (xn) in (AJ — T)(X) which converges to x € X. Clearly, the sequence (x5) 
converges to x and x, € (AI — T)(X). The last space is closed for all |A| < y (T), 
and hence X € (AI — T)(X). Let x = (AI — T)v and v € v. Then 


x—(AI— Twe C(T) CAI — TC(T)). forall |à] < y(T), 
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and so there exists au € C(T) for which x = (AJ — T)(v + u), hence x € (AI — 
T)(X) for all |A| < y (T). Therefore, (AJ — T)(X) is closed for all |A| < y (T), 
and, consequently, AJ — T is semi-regular for all |A| < y(T). L| 


Semi-regular operators may be characterized in the following way: 


Theorem 1.45 An operator T € L(X) is semi-regular if and only if there exists a 
T-invariant closed subspace Y such that the restriction T|Y is onto and the operator 
T: X/Y — X/Y induced by T is bounded below. For the subspace Y we can take 
Y = T*(X). 


Proof Let T be semi-regular and set Y :— T” (X). Then Y is closed and T (Y) = Y, 
by Theorem 1.44, and, clearly, the operator T : X/Y — X/Y induced by T 
is injective. To show that T has closed range, observe that T(X) is closed by 
assumption, and Y C T (X). We show that TU Y) — T(Y) + Y is closed. Indeed, 
if Tx, + Y > x + Y in X/Y then there exists y, € Y such that Tx, + y, > x, 
thus x e T(X) andx +Y € T(X/ Y). Therefore, T is bounded below. 

Conversely, suppose that for a closed subspace Y invariant under T, T|Y is onto 
and the operator T : X/Y — X/Y is bounded below. Since T(Y) — Y we have 
Y C K(T) € T™(X), by Theorem 1.39. If x € ker T then T (x +Y) = 0 and since 
T is injective we then have x € Y. Thus, ker T C Y C T??(X). 

To conclude the proof we need only to show that T (X) is closed. Let zt : X > 
X/Y be the canonical homomorphism. We claim that T (X) = n OMe. Y). To 
see this, observe that if y € T (X) then y = Tx for some x € X, so 


m(y)=Tx+Y = T(x +Y) e (T(X/Y)), 
and hence 
T(X) € x (T(X/Y). 


Ify e X and Qy € T(X/Y)), then y + Y = Tx + Y for some x € X, hence 
ye Tx - Y € T(X), since Y C T(X). Thus, T(X) = zx (T(X/Y), and this 
subspace is closed, since 7 is continuous and T has closed range. [| 


The spectrum of a bounded linear operator 7 € L(X) can be divided into subsets 
in many different ways. Another important part of the spectrum is given by the 
semi-regular spectrum defined as 


Ose (T) := {A € C: AI — T is not semi-regular}. 


In the literature ose(T) is sometimes called the Kato spectrum or the Apostol 
spectrum. From Theorem 1.44 we see that fse(T) :— C \ ose(T) is an open 
subset of C, so dse(T) is a closed subset of C. Since a bounded below operator, 
as well as a surjective operator, is semi-regular, we also have ose(T) © oap(T) and 
Ose(T) C os(T). Later, in Chap. 2, we shall prove that ose(T) is non-empty, since it 
contains the boundary 0o (T) of the spectrum. 
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Theorem 1.46 Let M and N be two closed T -invariant subspaces of X and X = 
M ON. Then T is semi-regular if and only if both T|M and T|N are semi-regular. 
Consequently, 


Ose (T) = ose(T| M) U ose (T|N). 


Proof Observe first that ker T|M = M ker T. We also have T(M) = Mna T(X). 
The inclusion T(M) € M N T(X) is obvious. Conversely, if y € MM T (X) then 
y € M and y = Tx. Write x = x4 + x2, with xı € M and x2 € N. Then 
y = Tx = Tx,+T x2 and since Tx; € M we have Tx? = y—Tx; € MAN = {0}, 
soy = Txı € T(M). 

By induction we have (T|M)”(M) = T”(M) = M N T” (X) for every n € N. 
Assume now that T is semi-regular. Then 


ker T|M = M Nker T C M A T”(X) = (T|M)" (M), 


for every n € N. Moreover, (T|M)(M) = M1 T(X) is closed and hence T|M is 
semi-regular. In the same way we obtain that T |N is semi-regular. 

Conversely, if T|M and T|N are both semi-regular then T (X) = T(M) T(N) 
is closed and ker T|M_C T”(M) and ker T|N C T"(N) forall n € N, so 


ker T = ker T|M G ker TIN C T' (M) ® T” (N) = T” (X), 


and hence T is semi-regular. [| 


The open set pse(T), called the semi-regular resolvent, can canonically be 
decomposed into (maximal, open, connected, pairwise disjoint) non-empty com- 
ponents. We want show now that the analytic cores are locally constant on each 
component Q of o,c (T). To do this we need first to introduce the notion of the gap 
between closed linear subspaces and prove some preliminary results. 

Let M, N denote two closed linear subspaces of a Banach space X and define 


8(M, N) := sup{dist(u, N) : u e M, llull 2 1). if M z (0), 


otherwise we define 5({0}, N) = 0 for any subspace N. 
The gap between M and N is then defined by 


(M, N) := max(6(M, N), 8(N, M)}. 
It is easily seen that the function 8 is a metric on the set C (X) of all linear closed 
subspaces of X, see Kato [195, $2, Chapter IV] and the convergence M, — M is 
obviously defined by 6(M,, M) — O as n — oo. We recall that for two closed 


linear subspaces M and N of X we have 


8(M,N) 28(N^,MT) and 6(M,N) =5(Nt, MD), 
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see again Kato’s book [195, Theorem 2.9, Chapter IV]. From these equalities it 
easily follows, as n — oo, that M, — M if and only if M, t — MŁ. Moreover, by 
Corollary 2.6 of [195, $2, Chapter IV], we have 


8(M,N) < 1 > dimM = dim N. (1.7) 


In the sequel we shall need the following technical lemmas. 


Lemma 1.47 Let T € L(X) and consider two arbitrary points à, u € C. Then we 
have: 


(i) y (4I — T): d(ker (ul — T), ker (Al - T) < |u — àl; 
Gi) minty I — T), y (uI — T)} -&(ker (AI — T), ker (uI — T)) < |u — Al. 


Proof The statement is obvious for à = u. Suppose that A ZZ u and consider an 
element 0 Æ x € ker (uI — T). Then x ¢ ker (41 — T), so 


y (1 — T )dist (x, ker (AI — T)) < IOI — T)xl| 
= ||Al—T)x — (ul — T)x|| 


= |à — ul [xl 
From this estimate we obtain, if Y := (x € ker (uI — T) : ||x|| x 1}, that 


y (1I — T): sup dist (x, ker (AI — T)) < |À — pl, 


xeY 
and hence 
y (I — T) - é(ker (AI — T), ker (ul — T)) < |u — 4]. 
(ii) The inequality follows from (i) by interchanging A and u. [| 


Lemma 1.48 For every x € X and 0 < e < 1 there exists an xo € X such that 
x — xo € M and 


(1.8) 


dist(xo, N) > (a - ae) xoll. 


I 4-6(M, N) 


Proof Evidently, if x € M it suffices to put xo = 0. Therefore, we can assume that 
x ¢ M. Let X :— X/M denote the quotient space and put X :— x + M. Clearly, 
Ix ]] = infzez ||z|| > 0. We show that there exists an element xo € X such that 


||<ol| = dist(xo, M) > (1 — &)IIxoll. 
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Indeed, were it not so, then 
Ix] = [Zl] « Q — e)llz|| for every z e x 
and consequently 


Il] < A — e) inf llzl| = Q — e). 
ZEX 


But this is impossible since ||x|| > 0. Define 
u := dist(xo, N) = inf ||xo — u ||. 
ueN 

Clearly, there exists a y € N such that 

lxo — yll < w+ &lixoll. 
From that we then obtain 

Illy ll < d+ e)llxoll + u. 
On the other hand, because dist(y, M) < 6(N, M) - ||y||, we have 


(1— €)||Xol| < dist(xo, M) < ||xo — yl| + dist(y, M) 
< u + &lxoll + CN. M) - |lyll 
< u + e|xoll + CN, MIEC + &)IIxoll + 4], 


from which we deduce that 


fies) y 
FT ITUTESÓU,.M) dne 


The inequality (1.8) is then clear, since € > 0 is arbitrary. a 


Theorem 1.49 Suppose that T € L(X) is semi-regular. Then 
yOG4—T)zy(T)—3|A| forevery A € C. (1.9) 
Proof Clearly, for every T € L(X) and |A| > y (T) we have 
YyO4 — T) z Oz y(T) —-3|A], 
so we need to prove (1.9) only in the case when à < y (T). 


Since T is semi-regular we have C(T) = T™(X), by Theorem 1.44. If C(T) = 
(0) then ker T € T?*(X) = {0}, so T is injective, and since T (X) is closed it then 
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follows that T is bounded below. From a closer look at the proof of Lemma 1.10 we 
can then conclude that 


yal — T) > y(T)—|Al z y (CT) - 3| 


for every |A| < y (T). The case C(T) = X is trivial, since in such a case T is onto, 
hence T* is bounded below, and consequently 


y(Al - T) = y(al* — T*) > y(T*) 23A] = y(T) — 3 IAL. 

It remains to prove the inequality (1.9) in the case when C(T) Z (0) and C(T) 4 
X. Assume that |A| < y(T) and let x € C(T) = T(C(T)). Then there exists a 
u € C(T) such that x = Tu and hence 

dist(u, ker T) < (y(T) ^ Tul = QC)! xl. 
Let € > 0 be arbitrary and choose w € ker T such that 
lu — wll < tQ — 9v (T)] "xl. 
Let 
uj:-u-—w and pu:= (1— &)y(T). 


Clearly, u} € C(T), Tu; = x and [uil] € 7! lix]. Since u; € C(T), by repeating 
the same procedure we then obtain a sequence (un), where uo := x and 


=n 


Un € C(T), Tung1 =Un and |lunl| < wo" |x|). 


Let us consider the function f : D(0, u) — X defined as 


fA) = vas. 


n=0 


Clearly, f (0) = x and f(A) € ker (AJ — T) for all |A| < u. Moreover, 


JA] 
i — | 


lx — FA = 1 Aull < 


n-l 
Consequently, 


^l 


dist(x, ker (AI — T)) < , 
B — |Al 
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SO 


ó(ker T, ker AJ — T)) € Al = "EN ss 
=l]  0-25y()-4X 


for every |A| < u. Since e is arbitrary we conclude that 


À 
ó(ker T, ker (AI — T)) < EN for every |A| < y (T). (1.10) 
y(T) — là] 


Let ô :— ó(ker T, ker (AJ — T)). By Lemma 1.48 we can correspond to the 
element u and £ > 0 an element v € X such that z := u — v € ker (AJ — T) and 


1-5 
dist(v, ker T) > — (1 — 
ty REET) quor Me eel 


From this estimate it then follows that 
AL — Tul] = AZ — T)vll = IIT vll — IA vll 
> y(T) - dist(v, ker T) — |A||lv]| 


1-6 
S VT EM = &)lvll — IALIvIl- 
By using inequality (1.10) we then obtain 


AL — Tyu|| = [EO — e) (T) — 2140 — III vll 
= [Q — 96 (T) — 214p — [Allie — zll 
= [Q0 — e)(y (T) — 2|A]) — [Al] - dist(u, ker(I — T)). 


From the last inequality we easily obtain that 
y GI — T) > (1 — 9Q(7) — 2141) — Al, 


and since e is arbitrary we then conclude that inequality (1.9) holds. a 


In the following result we show that the subspaces K (AI — T) are constant as À 
ranges through a component Q of the semi-regular resolvent pe (T). 


Theorem 1.50 Let T € L(X) and consider a connected component Q of ose (T ). If 
Ao € Q is arbitrarily fixed then 


K (AI — T) = K(Aol — T) for every A € Q. 
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Proof By Theorem 1.44, 
C(AI — T) 2 KAI — T) - (AI — T)Y(X) forall a € pse(T). 


By the first part of the proof of part (iii) of Theorem 1.44 we have K (T) € K (ul — 
T) for every |u| < y (T). Now, take |u| < iy(T) and define S :— uI — T. From 
Theorem 1.49 we have 


y(G$) 2 y(uI — T) = y(Q) —3|u| > lul, 
hence, according to the observation above, 
K(ul —T) — K(S) € K(uI —S) = K(T). 


From this it then follows that K (uI — T) = K(T) when u is sufficiently small. 
Take two arbitrary points A1, A2 in Q. Write 


àil — T = (QQ, —23)1 — (T — dal). 
If we choose A, A» sufficiently near to each other, the previous argument shows that 
K (i1 — T) = K((1 — 23)1 — (T — Aol) = K Qa1 — T). 


The following standard compactness argument proves that K (AJ — T) = K (uI — 
T) forall A, uw € Q. In fact, join a fixed point 49 € Q with an arbitrary point 
à € Q by a polygonal line P C Q. Associate with each point in P a disc in which 
the analytic core is constant. By the classical Heine-Borel theorem already finitely 
many of these discs cover P, so K (ào — T) = K(AI — T). Thus, the subspaces 
K (AI — T) are constant on Q. a 


By Theorem 1.44 if AJ — T is a semi-regular operator then K (AI — T) = (AI — 
T)” (X), so the statement of Theorem 1.50 is equivalent to saying that the subspaces 
(AI — T)** (X) are constant as A ranges through a component Q of ose (T). 

The semi-regularity of an operator may be characterized in terms of the 
continuity of certain mappings. 


Theorem 1.51 Jf T € L(X) and Ao € C, then the following statements are 
equivalent: 


(i) Aol — T is semi-regular; 
GD y(Aol — T) > 0 and the mapping à — y (AI — T) is continuous at the point 


ào; 
(iii) y (ol — T) > 0 and the mapping à — ker (AI — T) is continuous at Xo in the 
gap metric; 


(iv) The range (AI — T)(X) is closed in a neighborhood of ào and the mapping 
à — (ÀI — T)(X) is continuous at Xo in the gap metric. 
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Proof There is no loss of generality if we assume that Ao = 0. 

(i) => (ii) Since T has closed range we have y (T) > 0. Moreover, for every |A| < 
y (T), the operator AJ — T is semi-regular, by Theorem 1.44. Consider |A| < y (T) 
and |u| < y (T). By Theorem 1.49 we have 


IY (I — T) - y (41 - T) < 3]. — ul. 


and this obviously implies the continuity of the mapping à — y(AI — T) at the 
point 0. 

(ii) > (iii) The continuity of the mapping A — y (àI — T) at 0 implies that there 
exists a neighborhood 44 of 0 for which 


T 
yür-T)s E for all A € U. 


From Lemma 1.47 we then have that 


ps 2 
ó(ker(uI — T), ker (AI — T)) € ya^ — u| forall A, u edu, 
y 


and in particular, 


2 


S(ker T, ker (AJ — T)) < XT) 


JA]  forall A €U. 


From this estimate we deduce that ker (AJ — T)) converges in the gap metric to 
ker T, as à — 0, and consequently the mapping à — ker (AI — T) is continuous 
at 0. 

(iii) > (i) It is clear that ker (47 — T) C T” (X) for every n. For every x € ker T, 
n € N and à z 0, we then have 


dist(x, T"(X)) < dist(x, ker (AJ — T)) x (ker T, ker (AJ — T)) - ||x ||. 
This estimate implies that 
dist(x, T" (X)) < d(ker T, ker (AJ — T)) - |x]. 


The continuity at 0 of the mapping à — ker (AJ — T) entails that x € 7"(X) for 
every n. Hence ker T C T"(X) for every n = 1,---. 

To prove the semi-regularity of T it suffices to prove that T" (X) is closed for 
n € N. We proceed by induction. 

The case n = 1 is obvious from the assumption. Assume that T” (X) is closed. 
Then ker T € T"(X) = T"(X), hence ker T + T"(X) = T"(X) is closed. By 
Lemma 1.5 we then have that T(T"(X)) — T"* (X) is closed. Therefore, (i), (ii) 
and (iii) are equivalent. 
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© => (v) If T is semi-regular and D(0,y(T)) is the open disc cen- 
tered at O with radius y(T) then (AJ — T) is semi-regular for all A € 
(0, y (T)), by Theorem 1.44. In particular, (AJ — T)(X) is closed, and hence 
ker (AI — T*)+ = (AI — T)(X) for all A € D(O, y(T)). 

Now, by Theorem 1.43 T* is semi-regular, and by the first part of the proof, this 
is equivalent to the continuity at 0 of the mapping 


AS ker (AI = T*) = (AI — TX(X)Ł. 
Since 
ST (XE, AI — T)(X)*) = S(T (X), QI — T)(X)), 


we then conclude that the mapping à — (AI — T)(X) is continuous at 0. 
(iv) 2 (iii) Let U be a neighborhood of 0 such that (AJ — T)(X) is closed for 
every A € U. Then y (T) > 0, so 
8(ker T*, ker (AI — T*)) = 6(tker T*,. ker (AI — T*)) 
= S(T (X), (41 — T)(X)). 


Hence the mapping A > y (AI — T*) = y (AI — T) is continuous at 0. a 
Theorem 1.52 Let Q be a connected component of pse(T ) and fix 49 € Q. Then 


K(ügl —T)-2 (1941-700 = (Ont = TX), (1.11) 


n=0 nzi 
where (Àn) is a sequence of distinct points of Q which converges to ào. 
Proof We first show the second equality in (1.11). Trivially, the inclusion 


oo OO 


(10941 - noo € (Ont - T)(X) 


n=0 n=1 
holds for every T € L(X). 
To show the opposite inclusion, suppose that x € (| (An 7 — T)(X). Then 


n=1 
dist(x, (Aol — T)(X)) € 8((AnI — T)(X), (91 — T)(X)) - [la 
for every n € N. Since A, — Ao, from Theorem 1.51 it then follows that x € 
(Aol — T)(X) = (Aol — T)(X). Therefore, the equality 


oo 


(1041 - DW = (Ont - 00 (1.12) 


n=0 n=1 


is proved. 


1.4 Semi-Regular Operators 35 


It remains to prove the first equality in (1.11). By Theorem 1.50 we have 
K(Aol — T) = K(ànI — T) C Q4I — T(X), forall n €N, 


and hence 


K Qol - T) € (AnI - 00. 


n-l 


Conversely, let x € NZ 14 — T)(X). From equality (1.12) we know that 
x € (Aol — T)(X), so there exists an element u € X such that x = (Aol — T)u. 
Write 


x = (A41 — T)u + (Ap — Ay)u. 


Since x € (A41 — T)(X) for every n € N, we have that (Ao — A,)u belongs 
to NA AnI — T)(X). Now, by assumption, A, # Ao for every n € N, so 
u € NPL; (AnI — T)(X). This shows that 


x = (Aol — T)u € (Aol — TY( nt — T)(X)), 


n=1 


from which the inclusion 


(1091 = 700 Gol - TX( Ant — T)(X)) 


n=1 n=l 
follows. The opposite inclusion is clearly satisfied. By Theorem 1.39 we then 


obtain that 


( 109541 — T)(X) € KQor - T), 


n=1 


which concludes the proof. a 


The following example shows that the product of two semi-regular operators, 
also commuting semi-regular operators, need not be semi-regular. 


Example 1.53 Let H denote a Hilbert space with an orthonormal basis (ej, j) where 
i, j are integers for which i x j < 0. Define T, S € L(H) and S € L(H) by the 
assignment: 


Te; = 0 ifi=0, j >0 
nds ei+1,j otherwise, 
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and 


ie if 7 =0,i>0 
Sei, j :— . 
f ei, j+1 Otherwise. 


Then 


0 ifi=0, j >0,orj =0, i>0, 


T Sei ; —STej;-— ] 
= w ei+1,j+1 otherwise. 


Hence T S = ST and, as is easy to verify, 


ker T — V {eio} C T”(H), 
j>0 


where \/ j>0 leo, j} denotes the linear subspace of H generated by the set (e; : j > 
0}. Analogously we have 


ker 5 = V (eio) C S" (HD. 
i>0 
Moreover, both T and S have closed range, so T and S are semi-regular. On the 
other hand, eo,o € ker TS and eoo ¢ (T S)(H), thus T'S is not semi-regular. 


The next example shows that the set of all semi-regular operators need not be an 
open subset of L(X). 


Example 1.54 Let H be a Hilbert space with an orthonormal basis (e;, j) where i, j 
are integers andi > 1. Let T be defined by: 


Tei, j := ĉi j+ if j #0, 
$ 0 if j =0. 
Clearly T (H) is closed and 
ker T — V teo) CT CH, 
i-1 


thus T is semi-regular. 
Now let € > 0 be arbitrarily given and define S$ € L(H) by 


€ ER a 
> eio if j = 0, 
l 


Sei, j = 
0 if; £0. 
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It is easy to see that || $|| = £. Moreover, since S is a compact operator having an 
infinite-dimensional range, the range S(H) is not closed. Let M denote the subspace 
generated by the set (e;o : i > 1}. Then the subspace T (H) is orthogonal to M 
and hence is orthogonal to S(H), since S(H) € M. Moreover, (T + S)(H) = 
T(H) + S(H), from which we deduce that (T + S)(H) is not closed, and hence 
T + S is not semi-regular. 


Theorem 1.55 Let T, S € L(X) be commuting operators such that T S is semi- 
regular. Then both T and S are semi-regular. In particular, if T" is semi-regular 
then T is semi-regular. 


Proof It suffices only to show that one of the two operators, say T, is semi-regular. 
From the semi-regularity of T S we obtain 


ker T C ker (T'S) c (TAX € (| r^a0. (1.13) 


n=1 n=1 


We show now that T (X) is closed. Let (yn) :— (Tx,) be a sequence of T(X) 
which converges to some yo. Then 


Sy, = ST Xn = TSx, € (TS)(X) 


and (Syn) converges to Syo. Since by assumption (T S)(X) is closed, we have Syo € 
(TS)(X) = (ST)(X). Consequently, there exists an element zo; € X such that 
Syo = ST zo and hence 


yo — Tzo € ker S C ker (T S). 


From (1.13) we deduce that 


yo — Tzo € () T"(X) C T(X). 


n=1 


From this we then obtain that yo € T(X), so T(X) is closed and T is semi-regular. 
| 


The class of all upper semi-Fredholm operators is defined by 
(X) := (T € L(X) : a(T) < co and T(X) isclosed} 
and the class of all lower semi-Fredholm operators is defined by 


®_(X) := (T € L(X) : B(T) < oo). 
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The class of all semi-Fredholm operators is defined as (X) := ®4(X)U ®_(X), 
while the class of the Fredholm operators is defined as ®(X) := P4 (X) N B_(X). 
The index of T € +(X) is defined by 


ind (T) := o(T) — B(T). 


An easy example of a semi-regular operator which is not Fredholm is given by 
an injective finite-rank operator T acting on an infinite-dimensional X. Indeed, T 
is obviously semi-regular, since T (X) is finite-dimensional and hence closed, and 
obviously 6(T) = codim(T) = oo. 

The classes P4 (X), B_(X), and ®(X) are open subsets of L(X) (see Appendix 
A) and give rise to the following spectra. The upper semi-Fredholm spectrum, 
defined as 


Oust(T) := {A € C: AI — T é 64(X)), 
the lower semi-Fredholm spectrum, defined as 
oi(T) := (4 € C: AI— T ¢ 6 (X)], 


and the semi-Fredholm spectrum (also known in the literature as the Wolf spectrum), 
defined as 


og (T) :— (€ C: AI — T ¢ O4(X)}. 


The semi-Fredholm region of T is defined as pst(T) := C \ osr(T). If pyst(T) := 
C \ ousr(T) and pisr(T) :— C \ oisr(T) then psf = pusr(T) U pisr(T). The essential 
spectrum (also called the Fredholm spectrum) is defined as 


eT): (e C:AL- T ¢ (X). 


The Fredholm region of T is the set p(T) := C \ oe (T). 


Remark 1.56 All the spectra defined above are closed subsets of C. Moreover, these 
spectra are non-empty if X is an infinite-dimensional Banach space. That o¢(T) is 
non-empty is an easy consequence of the Atkinson characterization of Fredholm 
operators, which says that T € L(X) is a Fredholm operator if and only if the 
residual class 7 :— T + K (X) is invertible in the Calkin algebra £ := L(X)/K(X), 
where K(X) denotes the two-sided ideal of all compact operators, see Appendix 
A. Consequently, oe(T) = c (f) is non-empty if X is infinite-dimensional. Also 
Oust (T) and osf (T) are non-empty; this will be proved in Chap. 2. 


Theorem 1.57 [fT € L(X) then the boundary do0¢(T) of the essential spectrum is 
contained in Oys¢(T) N orst (T). 
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Proof If Ao € doe then there exists a sequence {àn} which converges to Ao such 
that 4,7 — T € (X). By Atkinson's characterization of Fredholm operators the 
residual class NI — T is invertible for each n € N in the Calkin algebra £. But 
Aol — T ¢ (X), so rot — T is not invertible, and since An? sT = hal — f, 
as n — oo, it then follows that Ao/ — T is neither injective nor surjective. Hence 
Aol — T € 6,(X) U 6. (X), thus Ao € oysr (T) N ors g (T). a 


The punctured neighborhood theorem for semi-Fredholm operators (see 
Appendix A) establishes that if T € ®4(X) then there exists an € > 0 such 
that AJ + T € (X) and a(AI + T) is constant on the punctured neighborhood 
0 < |A| < £. Moreover, 

a(AI 4 T) x a(T) forall|A| «e, (1.14) 
and 


ind (AZ 4 T) —-indT forall |A| < e. 


Analogously, if T € ®_(X) then there exists an € > 0 such that A7 + T € ®_(X) 
and 8 (AI + T) is constant on the punctured neighborhood 0 < |A| < &. Moreover, 


BOI+T) < B(T) forall|A| <e, (1.15) 
and 
ind (AZ +T)=indT forall |A| < e. 


Definition 1.58 Let T € +(X), X a Banach space. Let € > 0 be as in (1.14) or 
in (1.15). If T € ©, (X) the jump of T is defined by 


jump (T) :=a(T)-aQI+T), O<|Al «e, 
while if T € $. (X), the jump is defined by 
jump (T) :2 B(T) - BAI - T), O<|Al<e. 


The continuity of the index ensures that both definitions of the jump coincide 
whenever T is a Fredholm operator. 

We have seen in Example 1.54 that the set of semi-regular operators S R(X) is, 
in general, not open. Since the sets (X), B+ (X) and ®_ (X) are open, an obvious 
consequence is that SR(X) does not coincide with one of these sets. In the sequel, 
we set T5; :— T|T® (X). 


Lemma 1.59 /f T € (X) then Ty is a Fredholm operator. 


40 1 Fredholm Theory 


Proof Since a(T) < oo, from Theorem 1.33 we have (Tə) = 0, and from the 
inclusion ker 755 C ker T it then follows that ker T is finite-dimensional, thus 755 
is a Fredholm operator. a 


Theorem 1.60 A semi-Fredholm operator T € L(X) is semi-regular precisely 
when T has jump (T) = 0. 


Proof Since T (X) is closed it suffices to show the equivalence 
jump (T) = 0 & N*?*(T) € T” (X). 
Assume first T € $4 (X) and N^? (T) C T™(X). Observe that 
«(X1 T) - a(AI c To) forall 4 € C. 


For A = 0 this is clear, since ker T C N™(T) C T*(X) implies that ker T = 
ker Tæ. For A Æ 0 we have, by part (ii) of Theorem 1.14, 


ker T € N? (AI +T) C T* (X), 


so that ker (AJ + T = ker (AI + Tæ). 

Now, by Theorem 1.33 we know that 8(T55) = 0 and hence, by Theorem 1.10, 
there exists an € > 0 such that 8 (AI + Tə) = 0 for all |A| < £. By Lemma 1.59 we 
know that T5; is Fredholm, so we can assume e is such that 


ind AJ + Tœ) = ind (Too) forall |A| < e. 


Therefore o (AI + Too) = (Too) for all |A| < £ and hence a(AJ + T) = a(T) for 
all |A| < £, thus jump (T) = 0. 

Conversely, suppose that T € $., (X) and jump (T) = 0, namely there exists an 
€ > 0 such a (AI + T) is constant for |A| < £. Then 


G(T5s) € a(T) — a(AI 4- T) —a(AI +T) forallO < |A| « e. 


But T is Fredholm, by Lemma 1.59, and hence, from the punctured neighborhood 
theorem, we can choose £ > 0 such that a (AI + Too) < æ (Tæ) for all |A| < £. This 
shows that œ (Too) = a(T) and consequently, A^ (T) C T?*(X). 

To conclude the proof, we need to consider the case T € ®_(X) and jump (T) = 
0. In this case, T* € $4 (X*) and jump (T) = jump (T*) = 0. From the first part 
of the proof we deduce that V^? (T*) C T**??(X*). From Corollary 1.17 it then 
follows that ker T*" C T*(X*) for all n € N, or equivalently T^(X)- C ker T+ 
for all n € N. Since all these subspaces are closed then 7"(X) 2 ker T for all 
n € N, so, by Corollary 1.17 we conclude that ^? (T) C T® (X). | 
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The following definition comes from Kato’s classical treatment [195] of the 
perturbation theory of semi-Fredholm operators. 


Definition 1.61 An operator T € L(X), X a Banach space, is said to admit a 
generalized Kato decomposition, abbreviated as GKD, if there exists a pair of T- 
invariant closed subspaces (M, N) such that X = M @ N, the restriction T|M is 
semi-regular and T|N is quasi-nilpotent. 


Evidently, every semi-regular operator has a GKD M = X and N = {0} and a 
quasi-nilpotent operator has a GKD M = {0} and N = X. 

A relevant case is obtained if we assume in the definition above that T|N is 
nilpotent, i.e. there exists a d € N for which (T |N)? = 0. In this case the operator 
T is said to be of Kato-type of order d. 

Evidently, if A497 — T admits a generalized Kato decomposition then Ag/* — 
T* also admits a generalized Kato decomposition. More precisely, if T admits a 
GK D(M, N) then the pair (N+, M+) is a GKD for Ag/* — T*. 

An operator T € L(X) is said to be essentially semi-regular if it admits a GKD 
(M, N) such that N is finite-dimensional. Note that if T is essentially semi-regular 
then T|N is nilpotent, since every quasi-nilpotent operator on a finite-dimensional 
space is nilpotent. 

Hence we have the following implications: 


T semi-regular — T essentially semi-regular — T of Kato-type 
— T admits a GKD. 


In the sequel we reassume some results concerning essentially semi-regular 
operators. The reader may find a well-organized exposition of the basic results 
concerning this class of operators in the book of Müller [243, $21], where the 
essentially semi-regular operators are called essentially Kato operators. 


i) T € L(X) is essentially semi-regular if and only if T (X) is closed and there 

exists a finite-dimensional subspace F of X such that ker T C T??*(X) + F. 

(i) If T € L(X) is essentially semi-regular then 7" is essentially semi-regular for 
every n € N. 

(iii) T € L(X) is essentially semi-regular if and only if T* € L(X*) is essentially 
semi-regular. 

(iii) If T and S commutes and T S is essentially semi-regular then both T and S are 
essentially semi-regular. 

(iv) If T € L(X) is essentially semi-regular then there exists an € > 0 such that 
T + S is essentially semi-regular for every S € L(X) such that ST = T S and 
ISI < e. 

(v) If T € L(X) is essentially semi-regular then T + K is essentially semi-regular 
for every finite-rank operator K € L(X). 
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We have already observed that a semi-Fredholm operator is, in general, not semi- 
regular. The following important result was first observed by Kato [195], for a 
simpler proof see also Müller [243, Theorem 16.21]. 


Theorem 1.62 Every semi-Fredholm operator T € L(X) is essentially semi- 
regular, in particular is of Kato-type. 


In the sequel we see that some of the properties already observed for semi-regular 
operators may be extended to operators which admit a GK D. 


Theorem 1.63 Suppose that (M, N) isa GKD for T € L(X). Then we have: 


0) K(T) = K(T|M) and K (T) is closed; 
Gi) ker T|M = ker T AM = K(T) (ker T. 


Proof 


(i) To show the equality K(T) = K(T|M), we need only prove that K(T) € M. 
Let x € K (T) and, according to the definition of K (T), choose a sequence (un) 
in X, and 6 > O such that 


x-—ug, Tunt,=Un, and Jugs|| < "|x|| foralln eN. 


Obviously, T”un = x for all n € N. From the decomposition X = M @ N we 
know that x = y + Z, Un = Yn + Zn, With y, yn € M and z, Zn € N. Then 


X T. — T" y, ER T 


and hence, by the uniqueness of the decomposition, y = T” yn and z = T"z, 
for all n. Let P denote the projection of X onto N along M. From the estimate 


ITIN) P)" j^ < TINY 7g pi? = Ny p, 


we deduce that (T| N)P is also quasi-nilpotent, since, by assumption, T|N is 
quasi-nilpotent. Therefore, if € > 0, there is a positive integer no such that 


IT PPI = qr) Py" < e, 
for all n > no. We have 
izli = IIT" zal = IT" Pun|| = I(T P) usl < e"8" lx]. (1.16) 
for all n > no. Since € is arbitrary, the last term of (1.16) converges at 0, so 
z — O and this implies that x — y € M. 


The last assertion is a consequence of part (ii) of Theorem 1.44, since the 
restriction T'|M is semi-regular. 
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(ii) From part (i) we have K(T) C M and, since T|M is semi-regular, from 
Theorem 1.33 and part (1) we also have that 


ker (T|M) € (T|M)** (M) = K(T|M) = K(T). 
From this we then conclude that 
K(T)nker T = K(T) OA M Aker T = K(T)nker(T|M) = ker (T| M), 


so part (ii) is also proved. a 
For operators of Kato-type the hyper-range and the analytic core coincide: 


Theorem 1.64 Let T € L(X), X a Banach space, be of Kato-type of order d, with 
a GKD (M, N). Then we have: 


(i) K(T) = T*(X) = (T|MY* (M); 
(ii) ker (T|M) = ker T T9? (X) = ker TN T"(X) for all natural n > d; 
(iti) We have T (X) + ker T" = T(M) Q N for every natural n > d. Moreover, 
T (X) + ker T" is closed in X for every natural n > d. 


Proof 
(i) We have (T |N)? = 0. For n > d we have 
T"(X) =T"(M) ® T"(N) = T"(M) (1.17) 
and hence T° (X) = (T|M)??(M). From part (ii) of Theorem 1.44, the semi- 
regularity of T|M implies that (C|M)9?* (M) = K(T|M) and the last set, by 
Theorem 1.63, coincides with K (T). 
(i) Let n > d. Clearly, T"(X) = T” (M). From the equalities (1.17) and part (ii) 


of Theorem 1.63 we obtain 


ker (T|M) = ker T à K(T) C ker TO T"(X) = ker TO T"(M) 
C ker TO M = ker (T|M). 


Hence for all n > d, ker (T|M) = ker TN T"(X). 
(iii) It is obvious that ifn > d then N C ker T”, so 


T(M)ONCT(X)-ker T". 
Conversely, if n 7 d then 
ker T” = ker (T|M)" @ ker (T |N)” =ker(T|M)" ON 


and from the semi-regularity of T |M it then follows that ker T" C T(M)Q N. 
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Because T(X) = T(M) G T(N) C T(M) @N, we then have 
T (X) t- ker T" C T(M) ON. 


Hence T (X) + ker T" = T(M) ON. 
To complete the proof we show that T (M) ® N is closed. Let M x N be 
provided with the canonical norm 


I Gc») :— Tell E lly @ € M. y e N). (1.18) 


Clearly, M x N with respect to this norm is complete. Let Y : M x N > 
M @ N = X denote the topological isomorphism defined by 


V(x,y):—-x-y foreveryx e M, ye N. (1.19) 


We have V (T (M), N) = T(M) @ N and hence, since (T (M), N) is closed in 
M x N,the subspace T(M) @ N is closed in X. | 


If T € L(X) is of Kato-type then AJ — T is semi-regular on a punctured disc 
centered at 0: 


Theorem 1.65 /f T € L(X) is of Kato-type then there exists an & > 0 such that 
AI — T is semi-regular for all 0 < |A| < €. 


Proof Let (M, N) bea GKD for T such that T|N is nilpotent. 

First we show that (AJ — T)(X) is closed for all 0 < |A| < y(T|M), 
where y (T|M) denotes the minimal modulus of 7'|M. Since T|N is nilpotent, the 
restriction AJ — T|N is bijective for every à Æ 0, thus N = (AI — T)(N) for every 
à Æ 0, and therefore 


QI —T)(X) = GI — T)(M) @ (I — TON) = (1 — TOM)ON 


for every A Z 0. By assumption T|M is semi-regular, so by Theorem 1.44 (AI — 
T)|M is semi-regular for every |A| < y (T|M), and hence, for these values of A, the 
set (AI — T)(M) isa closed subspace of M. 

We show now that (AJ — T)(X) is closed for every 0 < |A| < y (T|M). Consider 
the Banach space M x N provided with the canonical norm defined in (1.18) and 
lt» : Mx N — M N = X denote the topological isomorphism defined as 
in (1.19). Then for every 0 « |A| « y (T|M) the set 


V[(AI — T)OM) x NJ = 41 — T)O(M)O N = (I — TY(X) 


is closed since the product (AJ — T)(M) x N is closed in M x N. 
We show now that there exists an open disc D(0, £) such that 


A QI-T)S (AT — T*(X) forall A € D(O, e) V {0}. 
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Since T is of Kato-type, the hyper-range is closed and coincides with K (T), by 
Theorems 1.63 and 1.64. Therefore, T(T™(X)) = T™(X). Let To :— T|T™(X). 
The operator Tọ is onto and hence, by part (ii) of Lemma 1.10, AJ — Tọ is also onto 
for all |A| < y (To), so 


(AI — TOT? (X)) = T° (X) forall |A| < y (Zo). 
Since the hyper-range T?? (X) is closed, by Theorem 1.39, we then have 
T*?(X) C KAI —T) € (A1 — T)F(X)  forall|A| < y (To). 
From Theorem 1.14, part (ii), we then conclude that 
NAL —T) T®(X) C (AI — T)ó(X) forall 0 «|A| < y(To). (1.20) 


Since (AJ — T)(X) is closed for all 0 < |A| < y (T|M), from the inclusions (1.20) 
we then deduce the semi-regularity of AJ — T for all 0 < |A| < e, where € :— 
min (y (To), y (T |M)}. a 


Some special classes of semi-Fredholm operators are given by the class B, (X) 
of all upper semi-Browder operators, defined as 


B4(X) := (T € 64 (X): p(T) < oo], 
and by B. (X) the class of all lower semi-Browder operators, defined as 
B_(X) := (T € ®_(X): q(T) < oo). 
The class of all Browder operators is defined by B(X) = Bs (X) N B_(X). Clearly, 
B,(X) := (T € 600 : p(T) = q(T) < o9). 


These classes, together with some other related classes of operators, will be treated 
in more detail in Chap. 3. It is easy to see that if T € B_(X) then the subspace M 
in the Kato decomposition (M, N) is uniquely determined and M = T” (X), thus 
T|M is onto. 


Lemma 1.66 If T € L(X) is essentially semi-regular then the operator T. : 
X/T9??(X) > X/T9*(X) is upper semi-Browder. 


Proof Let (M, N) be the corresponding Kato decomposition for which X = MON, 
T |M is semi-regular, and T'|N is nilpotent with dim N < oo. Clearly, 


T^ (X) = (TIM* (M) € M. 


Moreover, T ?? (X) is closed and T (T?? (X)) = T??(X), by Theorems 1.63 and 1.64. 
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Letk > 1 and x = x1 Q xo, xı € M and x2 € N, satisfy T*x € T?* (X). Then 
(T|M)x» € T* (X), thus x e N+ T™(X) and dim ker T^ < dim N. Consequently, 
N&(T) < dimN < œ. Let x : X > X/T**(X) be the canonical projection. As 
T^ (X) C T(X), and since the range of T is the set 


(Tx + T*(X),x e X) 2 x(T(X)), 


then the range of T is closed, hence T is upper semi-Browder. a 


In the sequel we give further characterizations of essentially semi-regular 
operators. These characterizations, in a sense, are a natural extension of the result 
of Theorem 1.45, established for semi-regular operators, to the case of essentially 
semi-regular operators. 


Theorem 1.67 For a bounded operator T € L(X), the following conditions are 
equivalent: 


() T is essentially semi-regular; 

(i) there exists a closed T -invariant subspace Y of X such that the restriction T|Y 
is lower semi-Fredholm and the induced operator T : X/Y — X/Y is upper 
semi-Fredholm; 

(iii) there exists a closed T -invariant subspace Y of X such that the restriction T|Y 
is lower semi-Browder and the induced operator T : X/Y — X/Y is upper 
semi-Browder; 

(v) there exists a closed T -invariant subspace Y of X such that the restriction T|Y 
is onto and the induced operator T : X/Y — X/Y is upper semi-Browder; 

(v) there exists a closed T -invariant subspace Y of X such that the restriction T|Y 
is lower semi-Browder and the induced operator T : X/Y — X/Y is bounded 
below. 


Proof By Lemma 1.66 we have (i) > (iv), and the implications (iv) > (iii) > (ii) 
and (v) > (ii) are obvious. We prove (ii) > (i). 

Suppose that statement (ii) holds. We show first that T (X) is closed. Let m : 
X — X/Y be the canonical projection. If z € T(X) then z = Tx for some x € X. 
Then x(z) = Tx Y = T(x +Y) belongs to the range R(T) of T, so that T(X) C 
z-(R(T)).Letz € X such that z(y) € R(T), i.e., y + Y = Tx + Y. Then, for 
some finite-dimensional subspace F of Y we have 


yeTUO +Y CT(X)+(F+TO) S TO JE. 
thus 
zn (R(T)) C T(X) + F Ca (RT) + F. 


Evidently a (R(T)) + F is closed, since z is continuous, R(T) is closed and F 
is finite-dimensional, so T (X) + F is closed and hence T (X) is also closed. 
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To show that T is essentially semi-regular, we only need to prove that ker T C 
G + T??(X) for some finite-dimensional subspace G. As x (ker T) C ker T and 
ker T is finite-dimensional, there exists a finite-dimensional subspace G; C ker T 
such that ker T C Gi + ker T|Y. The operator T|Y is lower semi-Fredholm and 
hence essentially semi-regular, so there exists a finite-dimensional subspace G2 of 
Y such that 


ker T|Y C G5 + (T|Y)**(Y). 
Therefore, if G := G + G5, we have 
ker T C Gy +ker T|Y CG, + G2 + (T|Y)* (Y) C G-- T? (X), 


so T is essentially semi-regular. 
(i) => (v) Let (M, N) be the corresponding Kato decomposition for T, i.e., X = 
M @ N,T|M semi-regular, T|N nilpotent and dim N < oo. Set 


Y:=N@(T|M)~(M) =N OT™(X), 


see Theorem 1.64. Evidently, Y is closed and because T° (X) = K (T), by Theorem 
1.64, we have T (T??(X)) = T??(X). This implies that the restriction T |Y is a lower 
semi-Browder operator. Denote by Toy /Y — X/Y the operator induced by T. If 
x = x1 ® x2, x1 € M, x2 € N, satisfies Tx € Y then Tx; € (T|M)?? (M), so that 
x € (T|M)®(M) and x € Y. Hence ker T = (0). We show now that the range 
R(T) of T is closed. Suppose that in the topology of X|Y we have Tz,+M — z+M 
ask — oo, with z, zk € X. Then z € T(X) +Y= T(X)+Y, since Y C T(X)+N. 
Consequently, x + Y € R (T), hence R (T)i is closed and T is bounded below. NI 
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We start this section with some purely algebraic lemmas, which will be used in the 
sequel. For abbreviation we use the symbol X; = X» to denote that the two linear 
spaces X; and X» are isomorphic. 


Lemma 1.68 Let U, V and W be linear subspaces of a vector space X and E 
a linear subspace of a vector space Y. For every linear operator T : X — Y 
we have: 


(a) IfU € W then[U -- V] AW =U + (VAW). 
(b) U/U n V) € (U + V)/V. 

(c) T-!(T(U)) 2 ker T +U. 

(d T(U N T-K(E) = T(U) E. 
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Proof The assertion (a) is the so-called modular law, see [209]. To show (b), let [x] 
denote a coset in the quotient (U + V)/V. Define for every u € U Ju := [u]. Then 
J is a linear mapping from U into (U + V)/V. If [x] is an element of (U + V)/V, 
then x = u + v with u € U and v € V, hence [x] = [u]. Therefore, J is onto. Since 
the kernel of J is U N V, (b) is proved. The equalities (c) and (d) follow from easy 
calculations. | 


If two quotient spaces are linearly isomorphic under an isomorphism induced by 
the identity, as in (b), we say that these quotient spaces are naturally isomorphic. In 
the following lemma we establish some other isomorphisms, which will be useful 
in the sequel. 


Lemma 1.69 Let T be a linear operator in the linear space X. Then we have: 


(i) For every k =0,1,... andn=0,1,... we have 


T"(X) |. X 
T"-*(X)  TK(X) + ker T"' 
Gi) Forn =0,1,... we have 
ker T^ . ker T n T"(X) 


[ker T^ + T(X)] Aker T^! ^ ker T N T^ (X): 
Proof 


T” (X) 
T”+ 


J: X > T by Jx := [T"x]. If Jx = 0, then T"x = T"**z for some 
z € X, and hence x = T*z e ker T". This shows the inclusion 


(i) Let [y] denote any coset in the quotient , and for every x € X define 


ker J C T^(X) + ker T". 


Conversely, if x € T^(X) 4- ker T", then T"x € T"** (X), and hence Jx = 0. 
This shows the equality ker J = T^(X) + ker T", from which we obtain 


T"(X) X 
T"**(X)  kerJ. 


UN 


ker TOT" (X) 


(ii) Let [y] denote any coset in the quotient TS 


and define the map 


ker T Y T"(X) 


Jike T! > 777 n 
ker TN T^*1(X) 


by 


Jx:=[T"x] foreach x € ker 7"*. 
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In order to prove our isomorphism it suffices to show that J is onto, and that 
ker J = [ker T” + T(X)] A ker T^*. 
Evidently, if 


ker TN T" (X) 
ker T N T^! (X)' 
then y = T"x € ker T for some x € X. Clearly, x € ker T"*! and Jx = 
[T"x] = [y], so J is onto. Take x € ker J. Clearly, T"x € ker T  T^*! (X), 


and T"x = T"*!z for some z € X. But then, x — Tz € ker T", so x € 
ker T" + T (X). This shows the inclusion 


ker J C [ker T" + T(X)] N ker T"*!. 


We show the opposite inclusion. Let x € [ker T" + T(X)] A ker T^*!, Then 
x = u + Tz for some u € ker T" and z € X, and hence 


T"x EY T"u 3 pitt, = T”+!z 
from which we conclude that Jx = 0. Therefore 
ker J = [ker T” + T(X)] N ker T"*, 


and this completes the proof. [| 


Since for every n we have ker T" C ker T"*! we can consider, for every n, the 
mapping 


Oy : ker T”+?/ ker T”+! kere ker T” 
induced by T and defined as 
P, (z + ker T”+!) :2 Tz + ker T” zeker T"*?. 


Analogously, since T”+!(X) C T” (X), we can consider, for every n, the sequence 
of mappings 


Pn : OD T"! (X) > T”+!(X)/ T"? (X) 
defined as 
Y, (z + ey := Tz + T”? (X), pep. 


Evidently, every map 6; is onto, while W, is injective. 
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For every n let us denote by kj; (T) the dimension of the kernel of the map ®,. 
In the following theorem we give useful information on the kernel of ®,, and the 
cokernel of V. 


Theorem 1.70 Let T bea linear operator on a vector space X, and n a nonnegative 
integer. 


(i) the kernel of V, is naturally isomorphic to the quotient 


ker TO T"(X) 
ker T N Tr*1(X)' 


(i) The cokernel of ®, is naturally isomorphic to the quotient 


ker T"*! + T(X) 
ker T^ + T(X) ` 


T ge ker TOT"(X) 
(iil) ka (T) — dim ker TAT (X): 
(iii) k,(T) is equal to the codimension of the image of the linear mapping Yn. More 
precisely, 


ker T"*! + T(X) 


ks, (T) = dim ] 
ker T” + T(X) 


Proof Using Lemma 1.68 we have 
[T^*! (X) + ker TIN T"(X) 
Tati (X) 


| T"* (X) + [ker T N T"(X)] 
E T"+1(X) 


ker ®, = 


$ 


: : : : ker TOT" (X) wx: 
which is naturally isomorphic to ker Tn TH T xj: 89 part (1) is proved. The proof of 


part (i1) is similar, so it is omitted. 
(iii) Kk, (T) = dim ker ®,, by definition, so the equality follows from part (i). 
(iv) The cokernel U of ®, is the quotient 


ker T”+! 
[ker T^*! N T(X)] + ker T^' 


Another application of Lemma 1.68 shows that 7" induces an isomorphism from 
the cokernel U of Y, onto the quotient 


ker TN T"(X) 
ker T N T^t (X)' 


1.6 Operators with a Topological Uniform Descent 51 


and the latter space is linearly isomorphic to ker W,,. Therefore, by part (ii), we have 


ker T^*! + T(X) 
ker T^ ++ T(X) ` 


ka, (T) = dim ker ®, = dim U = dim 
For every linear operator T' on a vector space X define 


T^ (X) 


ca (T) := dim T") 
and 


ker T^*1 
ker T" ` 


c, (T) := dim 
By Theorem 1.70, we have 
egt) > ey) ve 
and, analogously, 
eI) = AT) = 
Moreover, by Theorem 1.70, we also have 
Cn(T) < 00 = ky (T) = cn (T) — cn41 (T) 
and 


c, (T) < œ > k(T) = (T) — chy (T). 


Note that it is possible that k (T) < oo, while both c; (T) and c; (T) are infinite. 


Lemma 1.71 Let T be a linear operator on a vector space X. Then c,(T) = 
codim [7T (X) + ker T”]. 


Proof PD. M isomorphic to 


THO by part (i) of Lemma 1.69. E 


a. CEN 
T(X)+ker T? * 


Definition 1.72 Let T be a linear operator on a vector space X and let d be a 
nonnegative integer. T is said to have uniform descent for n > d if k (T) = 0 for 
alln > d. We say that T has almost uniform descent if k(T) := X ks (T) < œ. 


Note that the condition kj, (T) = 0 means that 
ker T = ker T N (X) = ker T N T*(X) =--- = ker TN T™(X), 


so that k, (T) = 0 for all n € N if and only if ker T C T^? (X). 
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If M and N are (not necessarily closed) subspaces of a Banach space X, then 
we write M C° N (M is said to be essentially contained in N) if there exists a 
finite-dimensional subspace F of X such that M C N + F. Clearly, M C° N if and 
only if the quotient M/M N N is finite-dimensional. If M C^ N and N C^ M we 
write M =° N. Evidently, k(T) < co means that there exists a d € N such that 


ker T =° ker T  T(X) =° --. =° ker TN T4(X) = ker TN T? (X). 


Thus, k(T) < oo if and only if ker T C* T^ (X), while the condition k,(T) < oo 
for all n € N is equivalent to saying that ker T" C° T" (X) for all m,n € N. 


Corollary 1.73 Suppose that T is a linear operator on a vector space X. 


Gi) If T has finite nullity a (T), or finite defect p(T), then T has uniform descent 
for n - 1. 
(i) If T has finite descent p then T has uniform descent for n > p. 
(ii) If T has finite descent q then T has uniform descent for n > q. 


Proof 


(i) Suppose that (T) < oo. Since a(T") < oo for every n > 0, by Lemma 1.21, 
the quotient spaces ker T"*?/ ker T”*! are all finite-dimensional, so the maps 
o, are isomorphisms for all n > 0. Analogously, if 8(T) < oo then 8(T") < 
oo and hence the maps Y, are isomorphisms for all n > 0. 
(ii) If n > p we have ker T” = ker T"*!, so ker T"*! / ker T” = (0). 
(iii) If n > q we have T” (X) = T"*! (X), so T"(X)/T"*! (X) = (0). E 


The operators which have topological uniform descent may be characterized in 
several ways: 


Theorem 1.74 If T is a linear operator on a vector space X and d is a fixed 
nonnegative integer, then the following statements are equivalent: 


G) T has uniform descent for each n > d; 
(i) The sequence of subspaces (ker T O T"(X)] is constant for n > d; 
(iii) ker T N T4(X) = ker T N T9 (X); 
(iv) The maps induced by T from ker T"^?/ker T"*! to ker T"*!/ ker T" are 
isomorphisms for n > d; 
(v) The sequence of subspaces (ker T" + T (X)} is constant for n > d; 
(vi) ker T7 + T(X) 2 N**(T) + T(X). 


Proof The equivalence of (i), (ii), (iv) and (v) follows from Theorem 1.70 and, 
clearly, (iii) implies (ii) and (vi) implies (v). If (ii) holds then T^(X)nkerT C 
T" (X) forall n > d, so that T7(X) ker T C T?*(X) from which the equality (iii) 
easily follows. The proof of the implication (iv) — (v) is similar. | 
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Let T € L(X), X a Banach space. The operator range topology on T (X) is the 
topology induced by the norm || - ||r defined by: 


lyllz := infilxl| : y = Tx}. 
xeXx 


For a detailed discussion of operator ranges and their topology we refer the reader 
to [147] and [159]. 

To study the topological properties of the maps induced by 7", we will 
always assume that in 7"(X) is given the unique operator range topology under 
which T"(X) becomes a Banach space continuously imbedded in X. Then all 
the restrictions of bounded linear operators to maps between operator ranges are 
continuous, by the closed graph theorem, see Grabiner [159, pp. 1433-1444] or 
Filmore and Williams [147, pp. 255-257]. 

We shall need in the sequel the following two lemmas. 


Lemma 1.75 Suppose that T € L(X, Y) has closed range and E C X, F C Y are 
linear subspaces such that ker T C E and F C T (X). Then 

(1) T(E) = T(E). 

Gi) T-(F)- T-MF). 


Proof The statements (i) and (ii) immediately follow once we observe that T 
induces a linear homomorphism from X/ ker T onto 7T (X), and that a subspace Z 
containing ker T is closed if and only if Z/ ker T is a closed subspace of X/ ker T. 

a 


In the following lemma we give some equivalences in the operator range 
topology. 
Lemma 1.76 Let T € L(X) and n be a nonnegative integer. If the map T: 
T"(X)/T"*! — T"*!(X)/ T"? induced by T has a finite-dimensional kernel, 
then the following statements are equivalent: 


(i) T"*!(X) is closed in the operator range topology on T" (X); 
Gi) T"*?(X) is closed in the operator range topology on T"*! (X); 
(iti) T"*?(X) is closed in the operator range topology on T" (X). 


Proof Since T"*!(X) is continuously embedded in T"(X) it suffices to prove 
the equivalence (i) & (ii). Denote by T; : T"(X) — T"*!(X) the restriction 
T|T" (X). Obviously, Ty is onto, and by Lemma 1.75, T"*?(X) is closed in the 
topology of T"*!(X) if and only if T7 tpe ey is closed in the topology of 
T" (X). By assumption T"*! (X) is an operator range which has finite codimension 
in p (T"*?(X)). By using the fact that operator ranges of finite codimension in a 
Banach space are closed, it then follows that T"*! (X) is closed in the topology of 
T" (X) if and only if 7, ! (T"^? (X)) is closed in this topology. 


n 
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Definition 1.77 An operator 7 € L(X), X a Banach space, is said to have 
topological uniform descent for n > d if T has uniform descent for n > d and 
T" (X) is closed in the operator range topology of T7 (X) for each n > d. 


Theorem 1.78 /f T € L(X), X a Banach space, has uniform descent for n > d, 
then the following assertions are equivalent: 


G) T has topological uniform descent for n > d; 

(i) There is an integer n > d and k € N such that T”+k(X) is closed in the 
operator range topology on T" (X); 

(iii) For each n > d and k € N, T"** (X) is closed in the operator range topology 
on T" (X); 

(iv) There is ann > d and k € N such that ker T" + T* (X) is closed in X; 

(v) For all n > d and for all k € N, ker T” + T*(X) is closed in X. This is also 
true fork = oo 


Proof The equivalence of (i), (ii), and (iii) is immediate from Theorem 1.74. Now, 
for each fixed n and k, T" induces a bounded operator from X to 7" (X), with 
respect to the operator range topology. Hence, from Lemma 1.75, T"** (X) is closed 
in the range operator topology on 7"(X) if and only if T"[T"**(X)] = ker T" + 
T^ (X) is a closed subspace in the topology of X. This completes the proof. a 


The following theorem is the major result on the structure of operators with 


topological uniform descent. In the sequel if E is a subspace of T4(X), then E’ 
denotes the closure of E in the operator range topology. 


Theorem 1.79 Let T € L(X) be with topological uniform descent for n > d. Then 
we have: 


(i) The restriction of T to T?? (X) is onto. 
(ii) The map induced by T on T? (X)/T®(X) is bounded below. 
Gii) The restriction of T to T4 (X) n .N** (T) is onto. 
(iv) The map Ta X/N®(T) > X/N®(T) defined by Tix ] = [Tx] is bounded 
below. 


Proof Let Y :— T? (X) and denote by S the restriction T|Y. Then S € L(Y) has 
topological uniform descent for n > 0 and has closed range. From Theorem 1.74, 
part (ii), we have that ker $ C S" (Y) for all n, so that 


STSP Y)) = () SSE) = take S) = S™(Y). 


n=1 n=1 


A simple application of Lemma 1.68, part (d), yields S(S??(Y)) = S??(Y). Now, 
S (Y) = T (X), so the restriction of T to T^? (X) is onto. Because 


ee se y) = Gre 4) T^ aveo. 
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the map induced by T on T4 (X)/ T *(X) is injective, and since S has closed range, 
this induced map also has closed range. This proves (i) and (ii). 

Clearly, for every operator T we have T^! (N?*(T)) = A'?* (T). Moreover, S 
has uniform descent for n > 0 and since, by part (v) of Theorem 1.74, we have 
AF**(S) € S(Y), then S(N'?*(S)) = N®(S). A direct application of Lemma 1.75 
gives $(N?9($) ) = Nosy" and S~!'(W(S)) 2 NO(S) . 

It is easily seen that S°(Y) = T4(X)N N™(T), hence T~4(N™(S)) = 
N@(T). Applying Lemma 1.75, part (b), to the map induced by T7 from X onto 
T7 (X) we then obtain V™(T) = T4 (N> ($^), so we have 


TINET) = TITANES) = T^ T (NY) 
= TINO) = NT. 
Hence the map Î induced by T on X/N®(T) is one-to-one. From part (vi) and 


part (v) of Theorem 1.74 it then follows that T (X) + M®™ (T) is closed, and hence 
T(X)+N™(T) = T(X) + N™(T) is closed, so (iv) is proved. 


From M% (5 = T4(X)NN®&(T) we also have 


€——— ——Ó 
T(TA(X) AN®(T) )= TAE AN®(T) , 


so, in order to complete the proof of part (iii), it suffices to prove the equality 


T^ (X) ANST) = T4(X) ANT). (1.21) 
Since T~4(N™(T)) = N®(T), the left-hand side of equality (1.21) is 


T4 (N**(T)). An application of part (i) of Lemma 1.75 to the map induced by 
T^ from X onto T^(X) then shows that the right-hand side of equality (1.21) 
coincides with T4(V™(T)), hence equality (1.21) is proved and this completes the 
proof of the theorem. a 


The following lemma concerns some identities involving ranges and kernels of 
operators having topological uniform descent that will be needed in the sequel. 


Lemma 1.80 Let T € L(X) be with topological uniform descent for n > d. Then 
we have: 


(i) T**(X) + ker T? = T9 (X) + N* (T) = T” (X) + NO(T). 
Gi) T*O)nA Ora Te nr), 
(ii) T4(X) n N**(T) = T*(X) n.N?«(T). 
(v) (FT? CO n vec] IF CO n NST]. 
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Proof 


(i) From Theorem 1.74, part (iii), we know that, for each n > d we have T” (X) NA 
ker T C T™(X). Applying T~” to both sides of the latter inclusion, and by 
using part (c) of Lemma 1.68, we then obtain ker T"*! c T™(X) + ker T", 
or equivalently, 


T?* (X) + ker T"*! = T (X) + ker T". 
By induction we then deduce that 
T?*(X) -- ker T = T (X) -- N** (T). 


Since, T® (X) + ker T is a closed subspace, by part (v) of Theorem 1.78 we 
then conclude that 


T? (X) -- N**(T) = T? (X) + N*«(T). 


(ii) The proof follows similarly to part (i), by applying 7" to both sides of the set 
inclusion N% (T) C T(X) + ker T" forn > d. 

(iii) Using part (ii), equality (1.21), and the fact that T??(X) is closed in the 
operator range topology on T4 (X), we obtain 


T*(X) ANST) € T^ NNO) = (900 n AP. 
c T? (X) AN®(T), 


from which the equality of part (iii) follows directly. 
(iv) This follows by taking the closure in the topology of X of the equality (iii) 
proved above. [| 


The quantity k(T) defined in Definition 1.72 may be characterized in several 
ways as follows: 


Theorem 1.81 /f T € L(X) then k(T) coincides with each of the following 
quantities: 


(a) sup{dim [ker T/(ker T A T"(X))]; 
(b) dim [ker T/ker TN T? (X)]; 

(c) sup{dim [T (X) + ker T”)/T (X)]}; 
(d) dim[(T(X) + N™(T))/T(X)]. 


Proof From part (i) of Theorem 1.70 it follows that the dimension of the quotient 
ker T/(ker TNT” (X)) for every n € N is equal to ko(T) +k (T) - --+kn-1(T), so, 
from the definition of k(T), we conclude that k(T) coincides with the quantity (a). 
A similar argument, by using part (ii) and (iii) of Theorem 1.70, shows that k(T) 
coincides with the quantity in (c). 


1.6 Operators with a Topological Uniform Descent 57 


Evidently, the quantities in (a) and (b) coincide when k(T) = oo, since ker T N 
T®(X) C ker T N T"(X). Suppose now that k(T) < oo. From part (a) it then 
follows that for some integer d we have 


ker T N T^(X) = ker TO T"(X) C T*(X) forn 2 d. 


From this it then follows that the quantities in (a) and (b) also coincide when k(T) < 
oo. The equality of the quantities in (c) and (d) may be proved in a similar way. M 


The following characterization of operators having almost uniform descent, and 
closed ranges T^ (X) for all k € N, follows immediately from Lemma 1.76. 


Theorem 1.82 Suppose thatfor T € L(X) we have k(T) « co. Then the following 
statements are equivalent: 


à) T*(X) is closed for some k € N; 
(ii) T^(X) is closed for each k € N; 
Gii) T has topological uniform descent for n > k(T). 


Essentially semi-regular operators have topological uniform descent. More 
precisely, we have: 


Corollary 1.83 Let T € L(X). We have: 


() T is a semi-regular operator if and only if T has topological uniform descent 
for n 7 0. 

(i) If T is a essentially semi-regular operator then T has topological uniform 
descent for n > d :— k(T). Furthermore, every Kato-type operator of order 
d has topological uniform descent for n > d. 


Proof 


(i) By Theorem 1.44, if T is semi-regular then T^ is semi-regular for every k € N, 
thus T^(X) is closed. Since ker T C T*(X) for every k € N it then follows 
that ker T + T^ (X) = T (xX) is closed, so T € L(X) has topological uniform 
descent for n > 0, by part (iv) of Theorem 1.78. 

(ii) We know that T is essentially semi-regular if T(X) is closed and there 
exists a finite-dimensional subspace F for which ker T C T™(X) + F. By 
Theorem 1.81 it then follows that the essentially semi-regular are precisely 
those operators T for which T (X) is closed and k(T) < oo. Finally, if T 
is essentially semi-regular then T” is essentially semi-regular for each n, so 
T" (X) is closed for each n, and hence, by Theorem 1.82, T has topological 
uniform descent for n > k(T). The second assertion follows from part (iii) of 
Theorems 1.64 an 1.78. a 


The next theorem describes the quantity k(T) in terms of the nullity and the 
defect of maps induced by T. 
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Theorem 1.84 Let T € L(X). Then we have 


(i) K(T) is the dimension of the kernel of the map induced by T on X/ T?? (X). 
Gi) k(T) is the dimension of the range of the restriction T | N^ (T). 
(ii) If T has closed range then k(T) is the codimension of the range of the 
restriction T |N ^9 (T). 


Proof We only prove statement (iii), omitting the proofs of part (i) and part (ii), 
which are similar and simpler. 

Suppose first that k(T) < oo. From part (iv) of Theorem 1.79 we have 
T-l(N*(T)) = N**(T). Using Lemma 1.68 and part (i) of Lemma 1.80, we 
see that the cokernel of the restriction T|NM™(T) is 


NST) . QOO RACROD) TOP) 
TANT) T(X) T(X)  . 
and the dimension of these quotients is exactly k(T), by Theorem 1.81. 
To conclude the proof, consider the case where k(T) = oo. Statement (iii) 
then follows similarly from part (d) of Theorem 1.81, together with the fact that 
TIN®(T)) € T(X) n N99 (T), so the proof is complete. [| 


In the remaining part of this section we give some perturbation results of 
operators T having topological uniform descent. We consider bounded operators 
S which commute with T for which T — S is “sufficiently small" in the sense of the 
following definition. 


Definition 1.85 Suppose that T € L(X), X a Banach space, has topological 
uniform ascent for n > d, and let S € L(X) bean operator which commutes with T. 
We say that S — T is sufficiently small if the norm of the restriction (S — T)|T (X) 
is less than the reduced minimum modulus y (T | T4 (X)). 


Note that if T7(X) is closed in X and is given the restriction norm, it is easily 
seen that ||S — T || is no greater than the norm of its restriction to T7(X), so the 
definition above is essentially a restriction of ||S — T ||. 

The next theorem gives some information on sufficiently small perturbations 
when T has closed range and has topological uniform descent for n > 0. This 
in particular applies to semi-Fredholm operators. 


Theorem 1.86 Suppose that T € L(X) has closed range and has topological 
uniform descent for n > 0. Suppose that ST = TS and S — T is sufficiently small. 
Then 


(i) S(X) is closed and S has topological uniform descent for n > 0. 
(ii) dim (S” Coys = dim (X/T(X)) for all n > 0. 
(iii) dim (ker $"*!/ker S") = dim ker T for all n > 0. 
(iv) S?*(X) = T” (X). 
(v) Nee (S) = Ne (T). 
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Proof Let Y be any of the four Banach spaces T~(X), X/T??(X), N®(T) and 
X/.N'* (T). The proof is based on considering the maps induced by T and S on 
these spaces. Let T and $ be the maps induced by T and S on Y. By Theorem 1.79 
we know that 7 is either bounded below or onto, and obviously || ST | x IS—T|. 
Since both T (X) and N ** (T) contain ker T and are contained in T (X), by using 
part (iii) and part (iv) of Theorem l. 74, we easily obtain y(T) > y (T). Hence, if 
S — T is sufficiently small, then I$ — ÎI < < y(Î). Suppose now that Î is bounded 
below. A trivial calculation yields that $ is also bounded below and 


y ($) > y (f) - |$ — fj. (1.22) 


Analogously, by duality, if T is onto then $ is onto and inequality (1.22) also holds. 

To show assertion (i), let us consider the cases Y = T™(X) and Y = X/N™(T). 
Then S(T^?(X) = T®(X) and S-!(N**(T) C N(T), thus, by using 
Lemma 1.80, part (1), we obtain 


ker $ € N?*(S) CN™(T) € T?(X) € S™(X) € S(X), (1.23) 


which, by Theorem 1.74, implies that S has uniform descent for n > 0. 

(ii) Consider the case Y = X/T^?(X). Then T and $ are both bounded below. 
Moreover, Y / T(Y ) and Y/ $ (Y) both have the same dimension (a proof of this may 
be found in [156, Corollary V.1.3, p. 111]). From (1.23) it then follows that S(X) is 
closed and that the quotients X/S(X) and X/T (X) have the same dimension. The 
assertion (ii) then follows from the fact that S has uniform descent for n > 0, by 
part (1). 

(iv) To prove the equality S°(X) = T™(X), we use the maps induced on 
X/T??(X). For each 0 < A < 1, define $} := T -- A(S — T). We need only to show 
that the hyper-range 57? (X) is locally constant. Since each 5; has closed range and 
uniform descent for n > 0, it will be enough to prove that if ||S — T|| < f then 
$99 (X) = T® (X). By (1.23) we need only to show that S°(X) C T®(X). As we 
observed above we have I B T x ||S— T || and y (f) > y(T), so from (1.22) we 
have I = S| < y (S). Therefore, by using the inclusions (1.23), with S replaced 
by T and T replaced by S, we obtain that the hyper-range of $ is contained in the 
hyper-range of T and this is equal to 0. Hence $??(X) € T™(X), thus equality (iv) 
is proved. 

The proofs of parts (iii) and (v) are omitted, since they follow by using an 
argument similar to that given above, where the maps induced on X/T™(X) are 
replaced by the maps induced on A ^9 (T). a 


Let us consider the case when T has topological uniform descent n > d Æ 0. The 
previous theorem describes the restriction of the perturbed operator S to 77 (X). In 
the sequel we need the following technical result, which provides a useful tool for 
studying S in terms of its restrictions to T“(X). We omit the proof, which is very 
similar to the proof of Theorem 1.70. 
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Lemma 1.87 Suppose that T and S are commuting linear operators on a vector 
space X. If n, d € N are nonnegative integers, we have: 


(i) The mapping ® induced by T^ from the quotient S" (X)/S"*(X) to the 
quotient (S PO Xy TA) is onto. The kernel of ® is naturally 
isomorphic to the space (S" (X) N ker T4)/(S"*! (X) n ker T^). 

(ii) The mapping Y induced by the identity on X from the quotient (ker S"*! N 
T4 (X))/(ker S" N T4(X)) to ker S"*! / ker S" is injective. Furthermore, the 
cokernel of the mapping Y is naturally isomorphic to the quotient (ker S"* + 
T4 (X))/(ker S" + T^(X)). 

(iii) T^ induces an isomorphism from ker T4*"*! / ker T4*" onto the quotient 
(ker T^*! A T7(X))/(ker T” n T^(X)). 


Now we consider arbitrary small commuting perturbations of operators having 
topological uniform descent. 


Theorem 1.88 Suppose that T € L(X) has topological uniform descent for m > d, 
and that S € L(X) commutes with T. If S — T is sufficiently small, then: 


(i) dim (T" (X)/ T"*! (X)) < dim (S"(X)/T"*! (X)) for all n > 0 and m > d. 
(ii) dim (ker T+! / ker T")) < dim(ker 5"*!/ ker S”) for all n > 0 and m > d 
(iti) T9*(X) € S? (X) € T?(X) +N (T). 
(iv) T?? (X) n.N** (T) € N?*(S) € N®(T). 


Proof Since T has topological uniform descent for m > d, the dimension of 
T"(X)/T"*!(X), as well as the dimension of ker T"*!/ker T", is constant 
for m > d. Therefore, parts (i) and (ii) follow directly from Theorem 1.86 and 
Lemma 1.87. 

For the proof of (iii), let us denote by S the restriction of S to Y :— T4). By 
Theorem 1.86, part (iv), we have go (Y) = T??(X), and since SY) C S?"(X) 
we then have T*(X) C S?*(X). Now, applying T ^ to both sides of the identity 
Tx = NX T4 S" (X), and using part (c) of Lemma 1.68 and part (a) of 
Theorem 1.79, we then obtain 


T* (X) +ker T? = MIS + ker 77] 2 $995. 


n=1 
The assertion (iii) then follows directly from part (i) of Lemma 1.80. 
To prove (iv), observe that from part (v) of Theorem 1.86 we obtain 
=] se eu 
T4(X)nAN*«(T) =TI(X) AN(S) c Se(x). 


The first inclusion of part (iv) now follows from the equality (1.21) and part (iii) of 
Lemma 1.80. Finally, as observed in the proof of Theorem 1.86, the map induced 


——L—————— ———d 
by S on T? (X)/T4(X) AN®(T) is one-to-one. Hence, as in the proof of part (iv) 
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of Theorem 1.79, we can conclude that S~'(W™(T)) C A'?*(T). This obviously 
implies A/?9 (S) C N©(T), so the proof is complete. " 


We now consider the important case, when S — T is invertible. This case, of 
course, subsumes the case S = AJ — T, when A 4 0. 


Theorem 1.89 Suppose that T € L(X) has topological uniform descent for n > d, 
and that S € L(X) commutes with T. If S — T is sufficiently small and is invertible, 
then: 


G) S has closed range and topological uniform descent for n > 0. 
(ii) dim (S"(X)/S"*! (x)) = dim (T^(X)/T4*! (X), for all n > 0. 
(iii) dim (ker T"*! / ker T") = dim (ker T4*!/ ker T2) for all n > 0. 
Gv) SOX) = T? (X) -N?* (T). 

(v) N®(S) = [T (X) n.N?*(T)]. 


Proof We first show the inclusions 
N”(S) € T?(X) and N”(T) € S?* (X). 


Let us consider the invertible operator U :— S — T. Since S and T commute, it 
follows from the binomial theorem that for each fixed k, there is a bounded operator 
W, depending on k, for which 


U*s-r-TW. 


Hence, if x € ker S* then x = T"W"x € T"(X) for all n. Since k is arbitrary, we 
then have A/??(S) C T?*(X), and by interchanging the roles of S and T we also 
deduce the second inclusion N^? (T) C S*9(X). 

(i) By Theorem 1.86, part (1), we know that ST4(X) is closed in the topology of 
T4 (X), so that 


T-"(ST" (X)) = S(X) + ker T^ = S(X) 


is closed in X. The inclusion V™~(S) C T*?(X), together with part (iii) of 
Theorem 1.88, yields A/??(S) C S??(X), which implies, by Theorem 1.74, that 
S has topological uniform descent for n > 0. 

The equalities in (ii) and (iii) easily follow from Theorem 1.86, part (ii) and part 
(iii), and Theorem 1.88, part (i) and part (ii). 

(iv) The equality easily follows from the inclusion N??(T) C S**(X), together 
with Theorem 1.88, part (iv). 

(v) By Theorem 1.88, part (iv), we obtain T??(X) N NST) € N&(S) 
and N°(S) C T®(X) NN®(T). By taking closures, and applying part (v) of 
Lemma 1.80, we then conclude the proof of (iv). | 
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Since an operator which has topological uniform descent n > 0 is semi-regular 
we easily have: 


Corollary 1.90 Suppose that T € L(X) has topological uniform descent forn > d. 
If S € L(X) is an invertible operator which commutes with T and is sufficiently 
small, then T + S is semi-regular. Moreover, 


(T 4-S)(X)2 T?(X)-MA?*(T) and NST +8) = T9*(X)n N^«(T). 


Theorem 1.89 has some important consequences, if we assume further properties 
on ker T N TeX) and T (X) + ker qu. 


Corollary 1.91 Supposethat T € L(X) has topological uniform descent for n 7 d, 
and that S € L(X) commutes with T. If S — T is sufficiently small and is invertible, 
then the following assertion holds: 


Q) Jf ker T 9 T4(X) has finite dimension, then S is upper semi-Fredholm and 
a(S) = dim (ker T N T^(X)). 

(i) If T(X) + ker T^ has finite codimension, then S is lower semi-Fredholm and 
B(S) = codim (T (X) 4- ker T^). 


Proof We know that S(X) is closed, by Theorem 1.89. Furthermore, 


. ker 7741 . d 
dim "e T^ = dim (ker TM T^ (X)), 


and 


T"(X 
dim ei = codim (T (X) + ker T4). 
Again, by Theorem 1.89 we have that a(S) = dim (ker T N T4^(X)) and B(S) = 
codim (T (X) + ker T4), from which we deduce that (i) and (ii) hold. | 


The next corollary is an immediate consequence of part (i) and part (ii) of 
Theorem 1.89 applied to some special classes of operators having topological 
uniform descent. 


Corollary 1.92 Suppose that T € L(X) has topological uniform descent for n > d, 
and that S € L(X) commutes with T. If S — T is sufficiently small and is invertible, 
then: 


G) S has infinite ascent or descent if and only if T does. 

(ii) S cannot have finite ascent p(S) > 0, or finite descent q(S) > 0. 

(iii) S is onto if and only if T has finite descent. 

(v) S is injective (or also bounded below) if and only if T has finite descent. 
(v) S is invertible if and only if p(T) = q(T) « oo. 
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The following corollary is just a special case of Corollary 1.92, part (v). 


Corollary 1.93 Suppose that X belongs to the boundary of the spectrum 8o (T), 
and XI — T has uniform descent. Then p(AI — T) = q(4I — T) < œ, so à isa 
pole of the resolvent. 


A more precise result than that of Corollary 1.93 will be obtained in Chap.2, 
by using the localized SVEP. We conclude this section by proving that the dual of 
an operator having topological uniform descent may have not topological uniform 
descent. 


Example 1.94 We first give an example for which T? (X) = T(X) and T(X) is 
not closed. Let X be a Hilbert space with an orthonormal basis (e; j). Let T be 
defined by: 


0 if j — 1, 
Tei j:= leg if j =2, 
ej, j-) otherwise. 


Let Mı denote the subspace generated by the set {e;,; : j > 2,i > 1}, and M2 
the subspace generated by the set (e;2 : i > 1). It is easily seen that T?(X) = 
T(X) = Mı + T(M»). Further, if M3 denotes the subspace generated by the set 
{e;,1 : i > 1}, the intersection T (X) N M3 is not closed, from which we deduce that 
T (X) is not closed. Therefore, q(T) < 1 so that T has topological uniform descent. 
We show that T* does not have uniform topological descent. In fact, suppose that 
T* has topological uniform descent n > d. Then T*(X*) + ker T*? is closed, by 
part (v) of Theorem 1.78. Since T?(X) = T(X) we then have ker T* = ker ques 
so p(T*) < 1. By Theorem 1.19 we also have T*(X*) N ker T" = (0) and this, 
by Theorem 1.30, implies that T* has closed range, or equivalently, T (X) is closed, 
and this is impossible. Therefore, T* does not have uniform topological descent. 
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The class of quasi-Fredholm operator was first introduced by Labrousse [208], who 
considered this class in the case of Hilbert space operators. Consider the set 


A(T):— (ne N:mzn,meN- T'"(X)nker T € T"(X)nker T). 


The degree of stable iteration is defined as dis(T) :— inf A(T) if A(T) z Ø, while 
dis(T) = oo if A(T) = ø. 
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Definition 1.95 T € L(X) is said to be quasi-Fredholm of degree d if there exists 
ad c N such that: 


(a) dis(T) — d, 
(b) T" (X) is a closed subspace of X for each n > d, 
(c) T(X) + ker T7 is a closed subspace of X. 


Evidently, condition (a) entails that the quantity kn (T), introduced in the previous 
section, is equal to 0 for every n > d, hence, from part (ii) of Theorem 1.74, we see 
that every quasi-Fredholm operator has uniform descent for n > d. In the sequel, 
by QF (d) we denote the class of all quasi-Fredholm operators of degree d. 


Theorem 1.96 [fT € L(X) then the following implications hold: 


T € ®4(X) > T quasi-Fredholm = T has topological uniform descent. 


In particular, if T € QF(d) then T has topological uniform descent for n > d. 


Proof Every semi-Fredholm operator T has topological uniform descent for n > 0, 
by Corollary 1.83, so, by Theorem 1.74, T" (X) + ker T is constant for all n > 1. 
Moreover, T” is semi-Fredholm for all n € N, hence all T"(X) are closed. 
Condition (c) is trivially satisfied, by Theorem 1.78. This shows the first implication. 
As observed before, T has uniform descent. Since condition (iv) of Theorem 1.78 
is satisfied by part (c) of the definition of quasi-Fredholm operators, it then follows 
that T has topological uniform descent for n > d. [| 


Remark 1.97 The converse of the second implication in Theorem 1.96 does not hold 
in general. The operator defined in Example 1.94 has topological uniform descent 
but is not quasi-Fredholm since 7" (X) = T (X) is not closed for all n € N. 


In the sequel we will need the following lemmas. 


Lemma 1.98 Let T € L(X) and let m € NU{0}, andn > k > 1. IfT"(X)+ker T" 
is closed then T" (X) + ker T"'** is closed. In particular, if T" (X) is closed then 
T(X) + ker T"-! is closed. 


Proof We first show the equality 
T' ry + ker TO = TOT (X) + ker T7]. (1.24) 


To show this equality it suffices to prove the inclusion 2, since the opposite 
inclusion is trivial. Let z € T-*[T"(X) + ker T"], i.e., 


Thee T” (X) + ker T”. 
Then 


Tkz=T"x+u_ forsomex € X, u € ker T”, 
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from which we obtain 
u = T*z = T*(T** x) T(x). 
Let v € X be such that u = T*v. Clearly, 
T", = T”T*v = T”u = 0, 
from which we obtain v € ker T"'**. Then we have 
T*(z — T"-*x — v) = T'z + T"x — Tikv = T'z - T'x — u = 0, 
thus, z — T"—* x — v € ker T* and hence 
z € T" (X) + ker T"** + ker T*. 


Because ker T” C ker T"^* we then conclude that z € T"-^(X) + ker T”**, so 
the equality (1.24) is proved. Since T" (X) + ker T” is closed by assumption, this 
equality entails that T"—* (X) + ker T"'** is closed. 

The last assertion is immediate, by taking m — 0 and n — k 4 1. a 


Lemma 1.99 Let T € L(X) and let n € NU {0}. If T"(X) is closed and T (X) + 
ker T" is closed then T"* (X) is closed. 


Proof Let (yy) be a sequence of elements of T"*(X) which converges to some 
z € X. Then there exist uj € X such that y, = T"*!y,, and since T"*!(X) C 
T"(X), we have that y, € 7T"(X), and hence z € 7T"(X). Letu € X be such 
that z = T”u. Obviously, T” (u — Tux) — O0 as k — oco. Consider the operator 
T" : X/ ker T" — X induced by T". Evidently, T” is bounded below, and T" (u — 
Tuy + ker T") — 0 as k — oo, so the quotient classes u — Tug + ker T" — 0 
in X/ ker T". Therefore there exists for each k an element v, € ker T" such that 
Tuy + v — u € T(X) + ker T", from which we conclude z e 7"*! (X). a 


The following result plays a crucial role in the characterization of quasi- 
Fredholm operators. 


Theorem 1.100 Let T € L(X), d € N and suppose that k;(T) < œ for all i > d. 
Then the following statements are equivalent: 


(i) there exists an n > d + 1 such that T" (X) is closed; 
(ii) I! (X) is closed for every j > d; 
Gii) TJ (X) + ker T” is closed for all m, j € N with m + j 7 d. 
Proof The implications (iii) = (ii) > (1) are clear, while the implication (ii) => (iii) 
follows from Lemma 1.98. It only remains to show that (i) > (ii). 
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Suppose 7" (X) is closed and let us consider first the case n > d + 1. Then, by 
Lemma 1.98, T (X) + ker T"-! is closed. Since k;(T) < oo for all j = d we have 


T(X) + ker T^ C? T(X) + ker T” C? TOO + ker T ce... 


and this gives that T (X) + ker T7 is closed for every j > n. By Lemma 1.99, 
inductively we obtain that T / (X) is closed for every j > n. 

Consider the other case d < j < n. We show that T”! (X) is closed. Observe 
first that 


T(X) + ker T^! = T-"-Ü(T"(X),, 


so T (X) + ker T"-! is closed. Further, T" (X) N ker T is closed and it has finite 
codimension in T"-!(X) N ker T, and hence is closed by Theorem 1.70. By the 
Neubauer lemma (see Appendix A), we then conclude that pue (X) is closed. By 
repeating these arguments, we conclude that 7/ (X) is also closed for every d < 
jzn. [| 


Theorem 1.100 in particular applies to operators having finite ascent p :— p(T) 
(in this case, by Corollary 1.73, kKj(T) = 0 for all i > p) or applies to operators 
having finite descent q := q(T) < oo (in this case, k; (T) = 0 for all i > q). 


Corollary 1.101 Let T € L(X), and suppose that T has finite ascent p := p(T) < 
co. Then the following statements are equivalent: 


(i) there exists an n > p + 1 such that T" (X) is closed; 
(ii) T/(X) is closed for every j > p; 
(iii) TJ (X) + ker T" is closed for all m, j € N with m + j > p. 
Analogous statements hold if T has finite descent q := q(T) < oo. 


Dealing with quasi-Fredholm operators, another application of Theorem 1.100 
gives a characterization of these operators: 


Theorem 1.102 T € L(X) is quasi-Fredholm if and only if there exists a p € N 
such that T(X) + ker T? = T(X) + N® (T) and TP* (X) is closed. 


Proof If T € QF(d), then T has uniform topological descent for n > d, so, by 
Theorem 1.74, the sequence (T (X) + ker 7") is constant for n > d. Hence, for 
n > d we have 


T (X) + ker T7 = T(X) + ker T" = T(X) + N?*(T). 


Moreover, T” (X) is closed for all n > d, by definition of the class QF (d). 
Conversely, suppose that there exists a p € N such that T(X) + ker T^ = 
T(X) + N*?*(T) and T?+!(X) is closed. Then T(X) + ker T” = T(X) + ker T? 
for all n > p, and hence the sequence of subspaces (T (X) + ker T") is constant 
for all n > p, or equivalently, by Theorem 1.74, k,(T) = 0 for all n > p. By 


Theorem 1.100, then T” (X) is closed for all n > p. Moreover, T (X) + ker T? is 
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closed, since it coincides with the set T~?(T?+!(X)). Hence, T is quasi-Fredholm 
of degree p. [| 


The operators QF(d) may be characterized in terms of semi-regularity as 
follows: 


Theorem 1.103 Suppose that T € L(X) and d € N. Then the following statements 
are equivalent: 


(i) T € QF(d); 
(ii) there exists an integer n > Q such that T" (X) is closed and the restriction 
T, := T|T" (X) is semi-regular. 


Proof (i) = (ii) We know that T^(X) is closed. Consider the restriction Ty :— 
T| T^(X). Then the range of Ty is T4 (X), which is closed, and the equalities 
ker T4 = ker T N T^ (X) = ker T  T"(X) 


hold for all m > d. The latter intersection is obviously contained in the range of 
T7, so the operator Ty is semi-regular. 

(ii) => (i) Suppose that T" (X) is closed and that the restriction Tp :— T|T” (X) 
is semi-regular. Observe first that the range of T% is T"^* (X). Since T, is semi- 
regular, T% is semi-regular for each k = 1,2,..., so T”+k (X) is closed for each 
k = 1,2,.... The semi-regularity of T, gives that ker 7, = ker T N T” (X) C 
T"*tk(X), from which we obtain ker NT” (X) C ker T  T"** (X). On the other 
hand, T"^**(X) C T"(X), so ker T  T"(X) = ker TN T"**(X) for all k = 
1,2, .... By Theorem 1.74 it then follows that 


ker T" + T(X) = ker T"** + T(X) = N* (T) + T(X). 


But T”+! (X) is closed, thus T is quasi-Fredholm, by Theorem 1.102. [| 
Evidently, by part (iii) of Theorem 1.103, 


T semi-regular => T quasi-Fredholm. 


The dual of a quasi-Fredholm operator is also quasi-Fredholm: 
Theorem 1.104 T € QF(4) if and only if T* € QF(d). 


Proof Suppose that T € QF (d). Then T"(X), and hence T*” (X*), is closed for all 
n > d. We show first that for n > d we have 


ker T* N T*" (X*) = [T (X) + ker T”]+. (1.25) 
To see this note that since ker T* A T*"(X*) is closed, we have 


Liker T^ N T" (X*)]* = ker T* n T" (X*). 
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It is easily seen that T (X) + ker T" C+ [ker T* N T*"(X*)], so that 
ker T* N T" (X*) — [ker T* n T" (X*)]* € [T(X) + ker 7^]*. 


On the other hand, from T (X) C T (X) + ker T" and ker T" C T(X) + ker T" we 
deduce that 


[T(X) + ker T^]- c T(X)- + (ker T") - € ker T* n T" (X5), 


hence the proof of equality (1.25) is complete. Now, since T has uniform descent, 
the sequence {T (X) + ker 7") is constant for n > d, by Theorem 1.74, and hence 
the sequence (ker T* N T*"(X*)) is also constant for n > d, i.e., dis(T*) = d. 
Since T*^*! (X*) is closed, T* € QF (d). 

Conversely, suppose that T* is quasi-Fredholm of degree d. By Theorem 1.100, 
T*/ (X*) is closed for all j > d, hence TÍ (X) is closed for all j > d, and by the 
Sum theorem (see Appendix A) we have 


T* (X*) N ker T* = (ker T/)* n T(X)- = (ker T) + T(X))5, (1.26) 
for all j > d. Moreover, from the equality 
T (r/*'(x) = ker T/ - T(X) forall j > d, 


we deduce that ker TÍ + T(X) is closed for all j = d. Since k;(T*) = 0 for all 
j = d, from Eq. (1.26) we then obtain 


ker TÍ +. T(X) = H(ker TJ + T(X))*] = H (ker T7 + T(X))+] = ker T7 + T(X), 
for all j > d. Therefore, ker T4 + T(X) 2 N* (T) + T(X), and since T4*! (X) is 
closed, by Theorem 1.102, T is quasi-Fredholm. a 


A natural question is: when is a quasi-Fredholm operator of Kato-type? We shall 
prove that this is always the case for Hilbert space operators, while for Banach space 
operators it is true under some additional conditions. We first need a preliminary 
lemma. 


Lemma 1.105 Suppose that T € L(X) has uniform descent n > d and j > 1. 
Then ker Tİ N T^ (X) € T^ (X). 


Proof We prove the statement by induction on j. We have 


ker T N T^(X) = ker TY T"(X) € T'(X) foralln >d, 
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so ker T N T4 (X) C T™(X). Suppose that the statement is true for some j > 1. 
Let x € ker T/*! N T7 (X) and n > d. Then 


Tx € ker T/ n T^(X) C T'*! (x), 


so Tx = T"*y for some y € X. Therefore, x — Ty € ker T and x = T" y + u for 
some u € ker T. Clearly, also u € T? (X), and hence 


x € T” (X) + (ker T O T^(X)) € T” (X) 


holds for all n > d. Therefore, x € T” (X). | 


Theorem 1.106 Let T € L(X), X a Banach space, be quasi-Fredholm of degree d. 
Suppose that T (X) + ker T^ and ker T N T^* (X) are complemented. Then T is 
of Kato-type. 


Proof If T € QF(d) then T^(X) is closed, and, by Lemma 1.105, 
ker Tn T^(X) € T*(X) € T/(X) foralli, j > 0. 


If d = 0 then To = T is semi-regular, and hence of Kato-type. Suppose d > 1 
and let L be a closed subspace for which X = (ker T N T4(X)) Q L. Consider the 
following subspaces Nj, inductively defined for each j = 0,1,...,d as follows: 
No = 0, while 


Nj: T(N AL forall j «d. 
Clearly, T(Nj+1) € Nj MT (X). On the other hand, if x e N; OT (X), then x = Tu 
for some u € X, and writing u = v + w, with v € ker T a T4(X) and w € L, 


we have u — v = w € L and T(u — v) = Tu = x. Thus u — v € Nj,, and 
x € T(Nj41),so Nj NT(X) C T(Nj+1). Therefore 


N;OT(X) 2 T(Nj41), forall j <d. 

We prove by induction on j that N; C Nj+1 forall 0 < j < d. This inclusion 

is clear for j = 0. Suppose that N; C Nj+1 for j > 0, and let x € Nj41. Then 

Tx € Nj € Nj+1 and hence x € T-1(Nj44). Since x € Nj+1 © L, we have 
x € Nj+2, So 


N; GNj+i forallO x j «d. 


It is easily seen that N; € ker TJ for all j. We now prove by induction on j the 
following inclusion 


ker Tİ C Nj + ker T/ n T^(X). (1.27) 


70 1 Fredholm Theory 


This inclusion is obvious for j = 0. For j = 1 we have 
ker T = ker TOL + (ker T N T^(X)) 2 Ni + ker TNT4(X). 


Let j > 1 and suppose ker Tİ C Nj + ker T/ N T4 (X). If x € ker T/*! then 
Tx € ker T/, and so Tx = vı + v? for some v, € Nj and 


v) € ker TIN T^(X) = ker Tİ n TIt! (X) 2 T(ker(T/*) n T^(X). 
Thus, vj € Nj Y T(X) = T(Nj41) and 


x € Nj41 + ker T/* n T(X) E ker T 


= Nj t ker T/*! N T^(X) + (ker TNL) + (ker TN T^(X)) 


= Nj41 t ker Ti+! T4(X), 
from which the inclusion (1.27) follows. We show now by induction that 
N; A T? (X) = {0} forall j <d. (1.28) 


For j = 0 it is clear. Let j > 0 and N; N T4(X) = {0}. If x € Nj+1 N T^(X) then 
Tx € Nj T? (X) and by the induction assumption we deduce that Tx = 0. Thus, 
x € ker T N T^(X), and x € Nj+1 € L, hence x = 0, which proves (1.28). 

We show now that T is of Kato-type. Set N :— Ng. Then N is T-invariant and 
N C ker T4, (T|N)? — 0,so T|N is nilpotent. Furthermore, ker T! CN+T4(X) 
and N N T7(X) = (0). Note also that the space N + T^ (X) = ker T7 + T^(X) is 
closed, by Theorem 1.78. Since T* € QF(d), by Theorem 1.104, we can use the 
same construction as above for T*. By assumption T (X)--ker T4 is complemented, 
and ker T*T** (X*) = (T (X)+ker T7], so we can choose a w*-closed subspace 
L’ of X* such that 


X* = (ker T^ n T (X*) OL’. 


As before, for all 0 « i « d we can construct subspaces M; of X* by Mo = {0} and 
Mi41-— T*-! M; N L’. Note that all the subspaces M; are w*-closed. We have 


T*(M4) € M, C ker T*^. 
Moreover, Mg  T*^ (X*) = (0) and 
ker TT? C Ma + T^ (X). 


where the latter space is closed. 
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Finally, set M := +My. Clearly, T (M) € M and 
M = 4M, 2 tker T*^ = T*(X). 
We have 
M + ker T7 =“ + 7" *(x*) = {Ma N T" (x*)] = x, 
where the equality 
TMa + iT** (x*) = Man T* (X*)] 


follows by the Sum theorem (see Appendix A), since the space Mg + TTX") is 
closed. Furthermore, 


TÁ(X) = tker T*? 5 My + T^ (x*)] = wy N I T*^ (x*) M ker T^, 
Thus, 
M+N2DM+4+T74(X)+NDM+ker T? =X. 
But, 
MnruNCMfhker TAN C TIX) AN = {0}, 


thus X = M G N. As proved before, T|N is nilpotent, so we have only to show that 
T |M is semi-regular. Let Ty = T|M. If x € ker Ty then 
x € ker TAM € ker TÀ n M € Mhker T^ n T^(X) 
C Mna T??(X) = Ty% (M). 
Further, T4^ (M) = T*(X) and hence Ty? (M) is closed. Therefore, Tyf is semi- 
regular, and hence T'|M is also semi-regular. [| 


Since every closed subspace of a Hilbert space is complemented, by Theo- 
rem 1.106 we have: 


Corollary 1.107 Every quasi-Fredholm operator acting on a Hilbert space is of 
Kato-type. 


We now want to show that a finite-dimensional perturbation of a quasi-Fredholm 
operator is also quasi-Fredholm. We first need to do some preliminary work. 


Lemma 1.108 /f T, K € L(X) and K € L(X) is finite-dimensional, then 
(T + K)'(X) =° T” (X). 
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Proof We have 


n—1 
(T +K)" — T" =) (TAT + Ky — TIt! (T + ky 1] 
j=0 
n—1 
=X TİK(T + K), 
j=0 


from which we see that (T + K)” — T” is finite-dimensional. Consequently, (T + 
K)” (X) =° T” (X). E 
Lemma 1.109 Let T € QF(d) and let K € L(X) be one-dimensional. If Tg := 
TIT (X) and xo € ker T; then, for every n € N, there exist vectors x1, X2, ... Xn in 
the hyper-range of Tq such that T x; = xj—1, with x; € ker K forall j = 1,2,...n. 
Proof Let M :— T4 (X) and set Ty :— TIT! (X). We proceed by induction on n. 
For n = O0 the statement is obvious. Suppose that the statement is true for n, i.e., 
there exist x1, x2, ... x, in the hyper-range T? (M) of T4 such that Tx; = xj-1, 
with x; € ker K for all j = 1,2,...n. Since Ty is semi-regular, see the proof 
of Theorem 1.106, 74?? (M) = K (T1), by Theorem 1.44, so there exists a vector 
Xn41 € D; (M) such that Ty x; 4.1 = Xn. If Kxn+1 = 0 then the statement holds for 
n+ 1. Suppose that Kx,41 4 0, and let k be the smallest integer for which ker T% is 
not contained in ker K. Clearly, k < n+ 1, since xn+1 € ker que \ker K. Since K 
is one-dimensional, we can find z € ker Tr C T?* (M) such that K (x44. — z) = 0. 
Set 


Yn+1 t= Xn41 — Z, Yn t= Ta nti, Yn-1:— n Yn+1; 

and 

.— Tk _ rk = 

Yn-1—k := Ty Ynti = Tj Xn+1 = Xn+1-k, 

Yn—k = Xn-rs-++5 VI — X1. 
Evidently, y; € T7°(M), and T; yj = yj-1 for j = 1,...n + 1. Moreover, 
Kyn41 = Oand Kx; 2Oforl x jf s<n+1—-k.Ifn+2-k<e5 jen 
then 


Ky; = K(yj xi) + Kxj = K(yj — xj) 20, 


since yj — x; € ker pest by definition of k. [| 
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Quasi-Fredholm operators are stable under (not necessarily commuting) finite- 
dimensional perturbations: 


Theorem 1.110 Jf T € L(X) is quasi-Fredholm and K € L(X) is finite- 
dimensional then T + K is quasi-Fredholm. 


Proof Suppose that T € QF (d). It is sufficient to prove the case where K is one- 
dimensional. Since, by Lemma 1.108, (T + K)'(X) —* T"(X) for every n € N, 
(T + K)'(X) is closed if and only if T"(X) is closed. To show that T + K is 
quasi-Fredholm it is sufficient to prove, by Theorem 1.102, that 


(T + K)(X) + ker T^ = (T + K)(X)+N™(T + K). 


Since T € QF(d) then T has topological uniform descent for n > d, so, by 
Lemma 1.105, ker T N T4(X) € T?*(X) and T^(X), T^*! (X) are both closed. 
If M :— T^(X) and Ty; = T|M, then 74 is semi-regular, by Theorem 1.103. We 
claim that ker 7; C (T + K)* (X). Indeed, since 


ker Ty = ker T N T^(X) = ker (T + K) (T + K'(X), 
we have 
ker (T + K) N (T + K' (X) C* (T + K)* (X). 
This means that 
ker (T + K) A (T + K)” (X) = ker (T + K) (T + K) (X) 
for some n > d. By taking x, as in Lemma 1.109 we have 
(T + KY'x, = (T + KY ay = o = (T + K)n = xo, 


thus xo € (T + K)"(X) for each n, and hence ker Ty C (T + K)®(X), which 


concludes the proof. [| 


The quasi-Fredholm spectrum is defined as 
Ogf (T) := {A € C: AI — T is quasi-Fredholm]. 


The spectrum ogf(T) is a closed subset of C, which may be empty. This is the 
case, for instance, for the null operator O. A less trivial example may be obtained 
as follows. The spectrum o; (T) is a subset of the Drazin spectrum, which will be 
studied later, and the Drazin spectrum can be empty, as in the case of an algebraic 
operator. Note that, by Theorem 1.110, we have ogs (T) = og¢(T + K) for all 
finite-dimensional operators K. 


74 1 Fredholm Theory 
1.8 Semi B-Fredholm Operators 


This section concerns a class of operators, introduced by Berkani et al., which 
extends the class of semi-Fredholm operators. For every T € L(X) and nonnegative 
integer n, let us denote by T, the restriction of T to T”(X) viewed as a map from 
the space 7" (X) into itself (we set To = T). 


Definition 1.111 An operator T € L(X), X a Banach space, is said to be B- 
Fredholm, (respectively, semi B-Fredholm, upper semi B-Fredholm, lower semi 
B-Fredholm), if for some integer n > 0 the range T”(X) is closed and T, is 
a Fredholm operator (respectively, semi-Fredholm, upper semi-Fredholm, lower 
semi-Fredholm). 


It is easily seen that every nilpotent operator, as well as any idempotent bounded 
operator, is B-Fredholm. Therefore the class of B-Fredholm operators contains the 
class of Fredholm operators as a proper subclass. 


Theorem 1.112 Let T € L(X) and suppose that T"(X) is closed and T, isa 
Fredholm operator (respectively, semi-Fredholm, upper semi-Fredholm, lower semi- 
Fredholm). For every m > n, T" (X) is closed and Ty, is a Fredholm operator 
(respectively, semi-Fredholm, upper semi-Fredholm, lower semi-Fredholm), with 
ind 7,, = ind T}. 


Proof Suppose that T, : T"(X) — T"(X) is Fredholm and let m > n. Then 7T" 
is a Fredholm operator on 7"(X), so that T^ "(T"(X)) = T"(X) is a closed 
subspace of 7" ( X), and hence is closed in X. Clearly, 


ker Tn = ker T YT" (X) € ker T A T"(X) = ker Th, 


so a(Tin) < oo. Since B(T,) < oo and the range of T, is T"+1(X), there exists a 
finite-dimensional subspace U of T"(X) such that T"(X) = U + T"*! (X). Then 


T"(X) = T" (X) + T”! (x), 


and Tm has range TmH (X) of finite codimension in T"(X). Consequently, 
(Tm) < oo, so the restriction Tn is Fredholm. By Lemma 1.69 we have 


ker T N T"(X) . ker T" + T(X) 


im ———— ————Á—— = dim ————————, 
ker TN T”+1(X) ker T" + T(X) 
and, by Lemma 1.71, we also have 


.  T”(X) . X 
dim ———— = dim ————— —-., 
T"*l(X) T (X) + ker T” 
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and analogously, 


| THX) x X 
dim — mm E dim a N 
T”+2(X) T(X) + ker T”+! 


Therefore, æ (Ta) — œ(Tn41) = (Tn) — Bn), so ind 7,4; = ind Tinj. An 
inductive argument then proves that ind T, = ind 7; for all m > n. 

The assertions concerning semi-Fredholm operators are proved in a similar way. 

a 


The previous theorem has a crucial role, since it permits us to extend the 
concept of index to semi B-Fredholm operators. Indeed, the index of semi B- 
Fredholm operators is independent of the choice of the integer n which appears 
in the following definition. It is clear that in the case of semi-Fredholm operators 
we recover the usual notion of index. 


Definition 1.113 Let T € L(X) be semi B-Fredholm and let n € N be such that Tn 
is a Fredholm operator. Then the index ind T of T is defined as the index of T,. 


The upper semi-Fredholm operators (respectively, the lower semi-Fredholm 
operators) are exactly the upper semi B-Fredholm operators (respectively, the lower 
semi B-Fredholm operators) for which we have a (T) < co (respectively, B(T) < 
oo): 


Theorem 1.114 Let T € L(X). Then we have: 


(i) T is upper semi B-Fredholm and a(T) < oo & T € o, (X). 
(ii) T is lower semi B-Fredholm and p(T) < oo & T € o. (X). 


Proof (i) If T is upper semi B-Fredholm then there exists ann € N such that T” (X) 
is closed and T, is upper semi-Fredholm. Since a (T) < oo then «(T") < oo, hence 
T" is upper semi-Fredholm. From the classical Fredholm theory then T is also upper 
semi-Fredholm. The converse is obvious. 

Part (ii) may be proved in a similar way. a 


The next corollary is an obvious consequence of Theorem 1.114, since every 
semi-Fredholm operator has closed range. 


Corollary 1.115 /f T € L(X) is injective and upper semi B-Fredholm then T is 
bounded below. 


Every semi B-Fredholm operator T has topological uniform descent. Indeed, we 
show now that every semi B-Fredholm operator is quasi-Fredholm. 


Theorem 1.116 Every semi B-Fredholm operator is quasi Fredholm. More pre- 
cisely, we have: 


Gi) T is upper semi B-Fredholm if and only if there is an integer d such that T € 
OF (d) and ker T T? (X) has finite dimension. 
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(ii) 
(iii) 
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T is lower semi B-Fredholm if and only if there is an integer d such that T € 
Q F (d) and T (X) + ker pu has finite codimension. 

T is B-Fredholm if and only if there is an integer d such that T € QF(d), 
ker TOT? (X) has finite dimension and T (X) 4- ker T? has finite codimension. 


Proof 


© 


i) 


Let n € N such that T”(X) is closed and T, is upper semi-Fredholm. Then 
a(T,) < oo and since ker T N T"(X) C ker TO T"(X) = ker T, for each 
m > n, it then follows that the sequence of subspaces (ker TNT" (X)} becomes 
stationary for k large enough. This shows, by Theorem 1.74, that T has uniform 
descent d = dis(7) and dim (ker TM T7(X)) < oo. Since, by Theorem 1.112, 
Tim] is upper semi-Fredholm for all m > n, T" (X) is closed for all m > n. By 
using Theorem 1.100, we then conclude that T" (X) is closed for all m > d. 
Moreover, 


T (X) + ker T^ = (T^) (rt?! (x) 
is a closed subspace of X, so T € QF (d). 
Conversely, suppose T € QF(d) and dim (ker T N TO « oo. Then 
T" (X) is closed for all n > d. Moreover, 


a (T4) = dim (ker T N T^(X)) < 00, 


thus T4 is upper semi-Fredholm. 


The proof is similar to that of part (i). If T is lower semi B-Fredholm and T, is 
lower semi-Fredholm on the Banach space T" (X), then, by Lemma 1.71, 
T"(X X 
BS) = dun eo = dim ———————_., 
Tn*l(X) T(X) + ker T4 


hence the sequence (T (X) -- ker 7^), becomes stationary for k large enough. 
Since 


ker T N T*(X) . ker T**! + T(X) 
1m ———————————— = dim —— ———————, 
ker T N T** (X) ker T* + T(X) 


we then conclude, by Theorem 1.74, that T has uniform descent d = dis(T) 
and T (X) -- ker T? has finite codimension. Moreover, by Theorem 1.112, Tin is 
upper semi-Fredholm for all m > n, so T" (X) is closed for all m > n. Using 
Theorem 1.100, we then conclude that T" (X) is closed for all m > d. Hence 
T € QF(d). 
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Conversely, suppose that T € QF (d) and that T (X) + ker T? has finite 
codimension. Then 7" (X) is closed for all n > d. Moreover, by Lemma 1.71, 
we have 


T4(X) . X 


T4) = dim ——— = ———————À 
B(T4) = dim TAX) im TOD ke T? < oo 


from which we see that T4 is lower semi-Fredholm. 
(iii) This easily follows from part (i) and (ii). | 


The following punctured disc theorem is obtained by combining Corollary 1.91 
and Theorem 1.116, in the special case when S = AJ — T, with A sufficiently small. 


Theorem 1.117 Suppose that T € L(X) is upper semi B-Fredholm. Then there 
exists an open disc D(0, £) centered at O such that XI — T is upper semi-Fredholm 
for all X € DO, £) V (0) and 


ind (AZ — T) 2 ind(T) forall € D(0, e). 


Moreover, if à € D(0, £) V (0) then 


a(AI — T) = dim (ker T N T^(X)) for some d €N, 
so that a (XI — T) is constant as à ranges over D(0, £) \ {0} and 
«(AI —T) x a(T) forall X € D(0, €). 
Analogously, if T € L(X) is lower semi B-Fredholm then there exists an open 


disc D(0, £) centered at O such that X1 — T is lower semi-Fredholm for all à € 
»(0, £) V {0} and 


ind (ÀZ — T) = ind (T) forall X € DCO, €). 
Moreover, if à € ID(0, £) V {0} then 
BAI — T) = codim (ker T + T(X)) for some d €N, 
so that (àI — T) is constant as à ranges over D(0, £) \ {0} and 
BI —T)zxp(G) forall X € DO, e). 
Theorem 1.117 may be viewed as an extension of the classical punctured 


neighborhood theorem for semi-Fredholm operators (see Appendix A) to semi B- 
Fredholm operators. 
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Theorem 1.118 /f T € L(X) is quasi-Fredholm then there exists an € > O such 
that NY (XI — T) € (AI — T)* (X) for all 0 < |A| < £. If T is semi B-Fredholm 
then XI — T is semi-regular in a suitable punctured open disc centered at 0. 


Proof Observe first that if T is quasi-Fredholm of degree d then T” (X) is closed 
for all n > d, so T??(X) is closed. Furthermore, by Theorem 1.79 the restriction 
T|T?? (X) is onto, so T(T?*(X)) = T™(X). Let To :— T|T™(X). Clearly, To is 
onto and hence, by Theorem 1.10, AJ — T is onto for all |A| < £, where e :— y (To) 
is the minimal modulus of To. Therefore, 


(AI — T)(T?(X)) = T?(X) forall|A| < e. 
Since T ?? (X) is closed, by Theorem 1.39 it then follows that 
T?(X)C K(AI —T) C (AI — T*(X) forall|A| < e. 


By part (ii) of Theorem 1.14 we have V™ (AI — T) € T™(X) for all A 4 0, so we 
conclude that 


AN**(AI —T)C(AI—T)*(X) forallO < |A| <e, 


and the first assertion is proved. 

To show the second assertion, suppose that T is semi B-Fredholm. By The- 
orem 1.117, there exists an open disc D centered at 0 such that AJ — T is 
semi-Fredholm for all à € D X {0}. Since semi-Fredholm operators have closed 
range, the last assertion easily follows. [| 


The B-Fredholm operators on Banach spaces may be characterized through 
a decomposition which is similar to the Kato decomposition (but recall that a 
Fredholm operator may be non-semi-regular): 


Theorem 1.119 Let T € L(X), X a Banach space. Then 


(i) T is B-Fredholm if and only if there exist two closed invariant subspaces M and 
N such that X = M ® N, T|M is Fredholm and T|N is nilpotent. 

(i) T is B-Fredholm of index O if and only if there exist two closed invariant 
subspaces M and N such that X = M Q N, T|M is Fredholm having index 0 
and T |N is nilpotent. 


Proof 


() If T is B-Fredholm then, by Theorem 1.116, there is an integer d for which 
T € OF(d), ker T'T^(X) has finite dimension and T (X) + ker T4 has finite 
codimension, and hence both subspaces are complemented. By Theorem 1.106, 
T is of Kato-type, so there exist two closed T-invariant subspaces M and N 
such that X = M @N, T|N is nilpotent of order d, and T'|M is semi-regular. 
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Define o (T) = a(T,) = dim(ker T N T"(X)) < oo and ,(T) := 


dim TUO « oo. Clearly, 


ag(T|M) = ag(T|N) + e4(T|M) = ag(T) < oo, 
and 
Ba(T|M) = Ba(T|N) + Ba(CT|M) = Ba(T) < oo. 


Since k;(T|M) = 0 for all j, we conclude that ag(T|M) = ag(T|M) < oo 
and Bo(T|M) = Ba(T|M) < oo, so T|M is Fredholm. 
(ii) The proof is clear from part (i). | 


According to Caradus [87] an operator T € L(X) is said to be generalized 
Fredholm if there exists an operator S. € L(X) such that TST = T and 
I —ST —TS € ®(X). Examples of generalized Fredholm operators are projections 
and finite-dimensional and Fredholm operators. This class of operators has been 
studied in several papers by Schmoeger [275, 277—281], and a remarkable result 
is that an operator T is generalized Fredholm if and only if there exist two closed 
invariant subspaces M and N such that X = M@N, T|M is Fredholm and T|N isa 
finite rank nilpotent operator, see [280, Theorem 1.1]. Therefore, by Theorem 1.119, 
every generalized Fredholm operator is B-Fredholm, but the converse is not true. 
For instance, a nilpotent operator with non-closed range is a B-Fredholm operator 
but not a generalized Fredholm operator. The relationship between B-Fredholm 
operators and generalized Fredholm operators is fixed by the following theorem. 


Theorem 1.120 T € L(X) is B-Fredholm if and only if there exists an n € N such 
that T" is a generalized Fredholm operator. 


Proof As observed above, every generalized Fredholm operator is B-Fredholm. 
Suppose that T is B-Fredholm. Then, by Theorem 1.119, T = Ti Q T», where 
Tı is Fredholm and 7» is nilpotent. Let T2” = 0. Then 


T" = Tı” [es] T?" = Tı” 80, 


and since 71" is Fredholm we then conclude that T" is generalized Fredholm. W 


The following concept of invertibility was introduced in [267] and was inspired 
by the work of Drazin [123]. 


Definition 1.121 Let A be an algebra with unit e. An element a € A is said to be a 
Drazin invertible element of degree n if there is an element b € A such that 


a"ba- a", bab=b, ab=ba. (1.29) 


The element b is called the Drazin inverse (of degree n). If a € A satisfies the 
equalities (1.29) for k — 1 then a is said to be group invertible. 
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Theorem 1.122 An element a has at most one Drazin inverse. If it exists, the Drazin 
inverse of a belongs to the second commutant of a, i.e., the Drazin inverse of a 
commutes with every x € A which commutes with a. 


Proof Suppose that b; and bz are Drazin inverses of a, with corresponding integers 
m; and m» in the first equality of (1.29) and let m := max(m;, m2}. Then bja”t! = 
a" = q"tlb, and b, = bj?a and b; = abo’. By induction, we easily have b} = 
byt! ak and by = akby**! fork = 1,2,.... In particular bj = b,”*!a” and 
b, = a" p,"*!. Hence 


bi = bi = bymtlgm = p," tlgmtlp, = byab> 


and similarly we obtain b? = b2ab;, so that bı = bp. 
To prove the second assertion, assume that ax — xa and let b be the Drazin 
inverse of a. We have 


ba" x = bxa" = bxa'" *1p = ba™ *lxp = a" xp. 
Hence p" *1g" y = a™xb™*!, and because b = b" 1a" we then obtain 
bx = b”tla”x = a”xb”t! = xp™t1q™ = xb, 


which concludes the proof. a 


Let a € A be Drazin invertible. The index i(a) of a is the least non-negative 
integer n for which the equations (1.29) have a solution. 

Drazin [123] proved a number of interesting properties which we now mention, 
in the following remark, without proof. We shall also reassume some other basic 
properties of group invertible elements. 


Remark 1.123 Let A denote a Banach algebra with unit e. 


(a) An element a € A is Drazin invertible of degree n if and only if a” is group 
invertible in A, see [267, Lemma 1 and Corollary 5]. 

(b) An element a € .A is group invertible if and only if a admits a commuting 
generalized inverse, i.e. there is a b € A such that ab = ba and aba = a, or 
equivalently there exists a b € A such that aba = a and e — ab — ba is invertible 
in A, see [275, Theorem 3.3 and Proposition 3.9]. 

(c) If a, b € .A are two commuting Drazin invertible elements then ab is Drazin 
invertible, see [72, Proposition 2.6]. 

(d) If a € A has a Drazin inverse b, then a^ has Drazin inverse b* for all k € N. 

(e) The Drazin inverse b of an element a € A, if it exists, is also Drazin invertible. 
The index of b is equal to 1 and the Drazin inverse of b is a?b. 

(f) If a € A has Drazin inverse b then the Drazin inverse of b is a if and only if a 
has index 1. 

(g) If a has Drazin inverse b and b has Drazin inverse c then the Drazin inverse of 
c is a. 
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If a € A is Drazin invertible, denote by a? its Drazin inverse. 


Theorem 1.124 Let A denote a Banach algebra with unit e and a, b € A. Then ab 
is Drazin invertible if and only if ba is Drazin invertible. Moreover, 


(ba)? = b((ab)PY?a and (ab)? = a((ba)Py?b, (1.30) 


and |i(ba) — i(ab)| < 1. 


Proof Let d be the Drazin inverse of ab and let k :— i (ab). Then d(ab) = (ab)d, 
d (ab)d = d, and 


(ab)'d(ab) = (ab). 
Let u :— bd?a. We have 
u(ba) = bd?aba = bd?aba = bda, 
and 
(ba)b = (ba)bd?a = (ba)babd?a = bababd?a = bda, 
from which we obtain that u(ba) — (ba)u. From u(ba) — bda it then follows that 


u(ba)u = (bda)bd*a = (bdab)abd?(da) = (bdab)abd (da) 


= bd?a = u, 
and 


(ba)**lu(ba) = (ba) *!bda = (ba) b(abd?)a = b(abY'ab(abd?)a 
= b(ab)*labd?a = b(ab)*!da = b(ab)*a = (ba)! 


Therefore, ba is Drazin invertible and its Drazin inverse is (ba)? = b((ab)P)?a. 
Evidently, i (ba) < i(ab) + 1. 

A similar argument shows that if ba is Drazin invertible, then ab is Drazin 
invertible with Drazin inverse 


(ab)? = a((ba)?)*b 


and i(ab) < i(ba) + 1. E 


Let F(X) denote the two-sided ideal of all finite-dimensional operators in L(X), 
and denote by £ the normed algebra L(X)/.F(X) provided with the canonical 
quotient norm. Let m : L(X) — CL be the canonical quotient mapping. The well- 
known Atkinson's theorem says that T € ®(X) if and only if z (T) is invertible 
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in £. A version of Atkinson’s theorem may be stated for B-Fredholm theory as 
follows: 


Theorem 1.125 T € L(X) is B-Fredholm if and only if t (T) is a Drazin invertible 
element of the algebra L. 


Proof We know that T is generalized Fredholm if and only if x(T) is group 
invertible in the Calkin algebra £. Using Theorem 1.120 we see that T is B- 
Fredholm precisely when z(T") = z(T)" is group invertible for some n € N. 
By using (b) of Remark 1.123 we then conclude that T is B-Fredholm if and only if 
z (T) is Drazin invertible in £. a 


The class of B-Fredholm operators is stable under finite-dimensional 
perturbation: 


Theorem 1.126 /f T, S € L(X) are B-Fredholm operators. Then we have: 


(i) If TS = ST then ST is B-Fredholm. Moreover, ind (ST) = ind (S) + ind (T). 

(i) If K € F(X) then T + K is B-Fredholm and ind (T + K) = ind T. 

Proof 

(i) We have z (ST) = xz (S)zx(T) = x (S)n (T). By using (c) of Remark 1.123 we 
then deduce that zr (ST) is Drazin invertible in £, hence ST is B-Fredholm by 
Theorem 1.125. Furthermore, according to Theorem 1.117, choose no € N such 
that HE T and lj— S are Fredholm operators for n > no, ind ŒI- T) = ind T 
and ind GI — S) = ind S. Choosing n large enough, the difference 


1 1 1/1 
sr- (ž1-s) (-1-1r)=2(-1-+5) 
n n n\n 


is of small norm. As both ST and (47 — s) (47 — T) are B-Fredholm then, 
by Theorem 1.117, 


ind (ST) — ind IE = s) (<1 = 7) 
n n 


But both il — S and +] — T are Fredholm, so 


w (21-3) Gen] Qr) m o) 


and this implies ind (ST) = ind (S) + ind (T). 
(ii) Since z (T + K) = z (T) then T + K is B-Fredholm, again by Theorem 1.125. 
By Theorem 1.117 we may choose no € N such that 1] —T, il —(T+K) are 


Fredholm, and ind (41 — T) = ind (T) and ind GI — (T +K) —« ind(T +K). 
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Since 1] — T is Fredholm then ind (17 — (T + K)) = ind(1I — T), thus 
ind (T + K) = ind T. a 


Theorem 1.127 Let T € L(X) and X = M È N, where M and N are two closed 
subspaces of X. If T is B-Fredholm then T|M and T|N are B-Fredholm. 


Proof We show that U :— T|N is B-Fredholm. Let P be the projection of X 
onto N along M. Clearly R is B-Fredholm and commutes with T, so by part 
(i) of Theorem 1.126, T P is B-Fredholm. Consequently, there exists an integer 
n € N such that (T P)" (X) is closed and the restriction (T P), = T P|(T P)" (X) is 
Fredholm. Since (T P)" (X) = U(X) and (T P), = U, then U is B-Fredholm. BI 


Consider now the Calkin algebra L(X)/K(X) provided with the usual quotient 
norm, where K (X) denotes the two-sided ideal in L(X) of all compact operators. 
Lett : L(X) — L(X)/K(X) be the canonical quotient mapping. By Atkinson’s 
characterization of Fredholm operators we know that T € d(X) if and only if 
T (T) is invertible in L(X)/K(X). The following example shows that the analogue 
of Theorem 1.125 is not true if we replace L(X)/.F(X) with L(X)/K(X). 


Example 1.128 Let (Ay) be a sequence in C which converges to 0 and assume 
that A, Æ O for all n. Let LN) denote the space of all 2-summable sequences 
of complex numbers, and denote by T the operator on the Hilbert space £? (N) 
defined by: 


T (x1, x2,...) = Quxi, A232, ...) forall (xn) € (N). 
Then 
T" (xi, x2, ...) t= Qu" x1, A2" xo, ...). 


Since Ax” Æ 0 for all k and A4" — 0, ask — oo, T" € K(X) and T" is not a finite- 
dimensional operator for every n. Hence, 7" (X) is not closed for all n, thus T is 
not B-Fredholm. Obviously, the image t(T) in the Calkin algebra L(X)/K(X) is 0, 
so v (T) is Drazin invertible. This example also shows that the class of B-Fredholm 
operators is not stable under compact perturbations. Indeed, 0 is B-Fredholm while 
0+ T =T is not B-Fredholm. 


Theorem 1.129 /f T € L(X) then the following assertions are equivalent: 


(i) T is B-Fredholm; 
(ii) T" is B-Fredholm for all integers m > 0; 
(ii) T" is B-Fredholm for some integer m > 0. 


Proof The implication (1) => (ii) follows from Theorem 1.126. The implication (ii) 
=> (iii) is obvious. (iii) = (i) Suppose that T” is B-Fredholm for some integer m > 
0. Then there exist an integer n such that 7"" (X) is closed, and T” : T"" (X) > 
T"" (X) is Fredholm. Since 


ker TO T"" (X) C ker T" NT" ( X), 
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it then follows that ker T N T""(X) has finite dimension, by Theorem 1.116. 
Moreover, the inclusions 


To tbm (X) € gane c Tum (X) 


entail that T""'*! (X) has finite codimension in T"" (X). Consequently, Tym is a 
Fredholm operator and hence T is B-Fredholm. 


The next result shows that a characterization similar to that of Theorem 1.119 
established for Fredholm operators on Banach spaces also holds for semi B- 
Fredholm operators in the case of Hilbert space operators. 


Theorem 1.130 Jf T € L(H), H a Hilbert space, then T is semi B-Fredholm 
(respectively, upper semi B-Fredholm, lower semi B-Fredholm) if and only if there 
exist two closed T-invariant subspaces M and N such that X = M @ N, T|M is 
semi-Fredholm (respectively, upper semi-Fredholm, lower semi Fredholm) and T |N 
is nilpotent. 


Proof Suppose that T is semi B-Fredholm. Then T is quasi-Fredholm, so, by 
Corollary 1.107, T is of Kato-type, i.e. there exist closed invariant subspaces M and 
N such that X = M ® N, T|M is semi-regular and T |N nilpotent. Let (T|N)7 = 0. 
From parts (ii) and (iii) of Theorem 1.64 we know that ker T|M = ker TM Tax ) 
and Ty(M) = T(M)® N = T(X) + ker T? . Now, if T is upper semi B-Fredholm 
then ker T|M = ker T N T^(X) has finite dimension and since the range of T|M 
is closed, since T|M is semi-regular, T|M is upper semi-Fredholm. If T is lower 
semi B-Fredholm, then there exists a finite-dimensional subspace Y of H such that 
H = Y ® T(M) ON. Let Py denote the projection of H onto M along N. Then 
M = Pyu(Y) + T(M), from which we deduce that T (M) has finite codimension on 
M. Therefore, T | M is lower semi-Fredholm. 

Conversely, suppose that there exist closed invariant subspaces M and N such 
that H = M @ N, T|M is semi-Fredholm and T|N is nilpotent of order d. Then 
(T | M) is semi-Fredholm, and hence T7(H) = T*(M) is a closed subspace of M, 
so is a closed subspace of H. Evidently, 7; = (T|M)4, so, using Theorem 1.112, 
and the fact that T|M is semi-Fredholm, we conclude that Ty is semi-Fredholm, 
hence T is semi B-Fredholm. 

The proofs of the assertions concerning upper semi B-Fredholm and lower semi 
B-Fredholm operators are omitted. 

a 


We also omit the proof of the following theorem, since it is similar to The- 
orem 1.129, and may be easily obtained by using Theorem 1.130 instead of 
Theorem 1.119. 


Theorem 1.131 /f T € L(A), H a Hilbert space. Then the following assertions 
are equivalent: 


(i) T is upper semi B-Fredholm, (respectively, lower semi B-Fredholm); 
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(ii) T" is upper semi B-Fredholm, (respectively, lower semi B-Fredholm), for all 
integer m 0; 

(iii) T" is upper semi B-Fredholm, (respectively, lower semi B-Fredholm), for some 
integer m > 0. 


1.9 Drazin Invertible Operators 


A bounded operator T which is Drazin invertible in the Banach algebra A := L(X) 
is simply said to be Drazin invertible. Drazin invertibility for operators may be 
characterized in several ways: 


Theorem 1.132 /f T € L(X) then the following statements are equivalent: 


(i) T is Drazin invertible, i.e. there is an S € L(X) such that T S = ST, STS = S 
and T" ST = T" for somen € N; 

(ii) there is an S € L(X) which commutes with T and n € N such that T"*! $ = 
T"; 

Gii) p(T) =q4(T) < n; 

(iv) T = Ti ® Th, where T| is nilpotent and T» is invertible; 

(v) Either 0 € o (T) or0 € isoo (T), and the restriction of T onto the range P(X) 
of the spectral projection associated at {0} is nilpotent. 


Proof (i) = (ii) Suppose that there exists an $ € L(X) which commutes with T 
such that ST S = S and T" ST = T". Then 


T"Hsg-TT"S-—T"ST =T". 
(ii) > (iii) We have 
T” (X) = [T" ISX) 1), 


hence q(T) < n. If x € ker T"*! then T”x = ST"+!x = 0, so x € ker T” and, 
consequently, p(T) < oo. 

(iii) > (iv) If p := p(T) = q(T) then, by Theorem 1.35, X = ker TP o TP (X) 
and, by Theorem 1.36, 0 is a pole of the resolvent of T and T? (X) is closed, since 
it coincides with the kernel of the spectral projection associated with 0. Let 7; := 
T|ker TP and T» := T|T?(X). Then TıP = 0 and because ker TP = ker TP+! 
and TP (X) = TP+! (X) itis easily seen that T» is invertible. 

(iv) & (v) If X = X, Q X» with Tj = T|X; nilpotent and 7» = T |X» invertible 
then either 0 ¢ o (T) or 0 € isoo(T). Moreover, X4 coincides with the range of 
the spectral projection associated with 0, hence (iv) = (v). The reverse implication 
(v) (iv) is clear, so (iv) and (v) are equivalent. 

(iv) > (i) Define S := 0 @ 757! and let n € N be such that Tj" = 0. Then S 
satisfies (i). | 
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From Theorem 1.119 we immediately have 
Corollary 1.133 Every Drazin invertible operator is B-Fredholm. 

In the sequel we denote by S the Drazin inverse of a Drazin invertible operator, 
i.e., 


T"ST 2T", STS=S, TS=ST. (1.31) 


The next result shows that the index of T € L(X), where T is regarded as an 
element of the Banach algebra A :— L(X), coincides with the order of the pole 
p := p(T) = q(T) of the resolvent of T. 


Theorem 1.134 /f T € L(X) is Drazin invertible of index i(T) — k then p(T) — 
q(T) =k. 


Proof Let S be the Drazin inverse of T. We have 
TS=ST STS=S T'st=T*, (1.32) 


and hence, by Theorem 1.132, p(T) = q(T) < k. On the other hand, if p := 
p(T) = q(T) then X = ker T? @ T?(X) and if we denote by P the spectral 
projection associated with (0) then 7; :— T|ker P is invertible and the operator 
S:= hou — P) is well-defined, since (J — P)(X) = ker P. It is easily seen that 
TS = ST = I — P. Moreover, 


STS=TS’ =(1—P)S=S, 
since $(X) = (J — P)(X), and 
TP+HLS = TTS =T?(1— P) = (I P)T? = TP, 


since TP (X) = (I — P)(X)). Therefore, i(T) < p. | 


By Theorem 1.132 we know that T € L(X) is Drazin invertible if and only if 
there exist two closed invariant subspaces Y and Z such that X = Y € Z and, with 
respect to this decomposition, 


T=T, ®7T2, with T; := T|Y nilpotent and 75 :— T|Z invertible. (1.33) 
Moreover, by Theorem 1.122, the Drazin inverse S of T, if it exists, is uniquely 
determined, and in the proof of Theorem 1.132, it has been observed that S may be 


represented, with respect to the decomposition X = Y @ Z, as the directed sum 


S:=0@ $; with S :— T5. (1.34) 
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Theorem 1.135 Suppose that T € L(X) is Drazin invertible with p := p(T) = 
q(T) > 1. If P is the spectral projection associated with (0) and S is the Drazin 
inverse of T, then 
Gi) P = I — TS, ker S = ker (TP) = P(X). 
(i) S(X) = ker P = T?” (X). 
(iii) S is Drazin invertible and p(S) = q (S) = 1. The Drazin inverse of S is T ST. 
Proof 
(i) The equality P = I — TS has been observed in the proof of Theorem 1.134. 
If p := p(T) = q(T) then P(X) = kerT? and ker P = T?(X), by 
Theorem 1.36. If x € X then Sx = 0 if and only if Px = x, from which 
we obtain that ker S — P(X). 
(i) From P = I — TS = I — ST itis easily seen that S(X) = ker P. 
(iii) Evidently, S is Drazin invertible, since from the decomposition (1.34) we know 


that S is the direct sum of a nilpotent operator and an invertible operator. Let 
U := TST. Then 


S'U = SUS = STSTS = S. 
Furthermore, 
SU = STST = TSTS = US, 
and 
USU =TSTSTST =TSTST =TST =U. 


Therefore, U = T ST is the Drazin inverse of S, and obviously i(S) = 1. WM 


A simple consequence of the spectral mapping theorem for the spectrum shows 
that if T € L(X) is invertible then the points of the spectrum of the inverse T ^! are 
the reciprocals of the spectrum o (T), i.e. 


c(T )- n Ae «| . 


The relationship of “reciprocity” observed above, between the nonzero parts of 
the spectrum, is also satisfied when we consider Drazin invertibility. 


Theorem 1.136 Suppose that T € L(X) is Drazin invertible with Drazin inverse 
S. Then 


1 
a(S) \ {0} = firean co} (1.35) 
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Proof If T is invertible then S = T~!, so (1.35) is clear. Suppose that 0 € a(R). By 
Theorem 1.132 T = T; ®7T, where T; is nilpotent, T> is invertible, and S := 0c S5, 
with $5 :— 75-1. Clearly, 


o(T) —o(T) Uo(12) = (0)Uo(72) ando(S) = {0} U o ($2), 


where 0 ¢ o (75) and 0 ¢ o (S5). Since S» is the inverse of 7», we then conclude 
that the nonzero part of the spectrum of S is given by the reciprocals of the nonzero 
points of the spectrum of T. [| 


The spectral mapping theorem also holds for the approximate point spectrum, so, 
by using similar arguments as above, we obtain 


1 
a(S) V {0} = h :A € o,(T) \ ie] : (1.36) 


An operator 7 € L(X) is said to be relatively regular if there is an S € 
L(X) such that TST = T. S is also called a pseudo inverse of T. An operator 
T is relatively regular if and only if ker T and T (X) are both complemented, 
see Appendix A. In general, a relatively regular operator admits infinite pseudo- 
inverses, in fact, if S is a pseudo-inverse then all operators of the form ST S + U — 
STUT S, with U € L(X) arbitrary, are pseudo-inverses of T, see [87, Theorem 2]. 
The next example shows that for a pseudo-inverse formula (1.35), in general, does 
not hold. 


Example 1.137 Let T be the unilateral right shift in £2 (N), defined as 
T(xi,X2,...) :2 (0, x1, 32,...) forall (xn) € £2(N), 


then T is relatively regular. Indeed, the range of T is closed and hence comple- 
mented in the Hilbert space £2(N), and the same happens for the kernel ker T, 
so T is relatively regular. We have o (T) = D(O, 1). Consequently, the points of 
o (S) \ {0}, for any pseudo-spectral inverse S of T, cannot be the reciprocals of 
o (T) \ {0}, otherwise o (S) would be unbounded. 


Remark 1.138 The Drazin inverse S of a Drazin invertible operator is relatively 
regular, since STS — S, and T is a pseudo-inverse of S. But generally a Drazin 
invertible operator T may have no pseudo-inverse. For instance, if V € L(X) does 


not have a closed range then the operator T :— ( ; o) is nilpotent, since T? = 0, 


and hence is Drazin invertible, but T has no pseudo-inverse, since its range is not 
closed. 


An interesting generalization of Drazin invertibility has been introduced by 
Koliha [201], see also [202]. In the case of the Banach algebra L(X), an operator 
T € L(X) is said to be generalized Drazin invertible if 0 ¢ acc o (T), i.e. either T 
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is invertible or O is an isolated point of c (T). This is equivalent to saying that there 
exists an operator B € L(X), called the generalized Drazin inverse of T, such that 


STS=S, TS=ST andT(I — T S) is quasi-nilpotent, 


see, for instance, Djordjević and Rakočević [114]. 


1.10 Left and Right Drazin Invertible Operators 


The concept of Drazin invertibility suggests the following definition: 


Definition 1.139 T € L(X), X a Banach space, is said to be left Drazin invertible 
if p := p(T) < oo and TP*!(X) is closed, while T € L(X) is said to be right 
Drazin invertible if q := q(T) < co and T1 (X) is closed. 


The operator considered in Example 1.94 shows that the condition q = q(T) < 
oo does not entail that 77 (X) is closed. Clearly, T € L(X) is both right and left 
Drazin invertible if and only if T is Drazin invertible. In fact, by Theorem 1.36, if 
0 < p := p(T) = q(T) then TP(X) = T?+1(X) is the kernel of the spectral 
projection Po associated with the spectral set {0}. We show now that the concepts 
of Drazin invertibility may be characterized in a very simple way by means of the 
restrictions 7; :— T|T" (X). 


Theorem 1.140 /f T € L(X) then we have: 


(i) T is left Drazin invertible if and only if there exists a k € N such that T* (X) 
is closed and Ty is bounded below. In this case T/ (X) is closed and T; is 
bounded below for all natural numbers j > k. 

(ii) T is right Drazin invertible if and only if there exists ak € N such that T* (X) 
is closed and Ty is onto. In this case TÍ (X) is closed and Tj is onto for all 
natural numbers j > k. 

Gii) T is Drazin invertible if and only if there exists a k € N such that T*(X) is 
closed and Tx is invertible. In this case TJ (X) is closed and Tj is invertible for 
all natural numbers j > k. 


Proof 


(i) Suppose p :— p(T) < oo and that T?+1(X) closed. Then Ty is injective 
and R(T,) = T?+1(X) is closed. Conversely, if Tą] is bounded below for 
some k € N then, by Lemma 1.23, p :— p(T) « co and by Remark 1.25 we 
have p < k, and hence p + 1 < k + 1. Since R(T) = T**(X) is closed 
then, by Lemma 1.100, T?*! (X) is closed and, consequently, T is left Drazin 
invertible. The last assertion is clear, by Remark 1.25, T; is injective for all 
j > k and Tj (X) is closed, again by Lemma 1.100. 

(ii) Suppose that q := q(T) < oo and T7(X) is closed, then R(T7) = THUR) = 
T^? (X), so Tg is onto. Conversely, suppose that T*(X) is closed and Tj is onto 
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for some k € N. Then, by Lemma 1.23, q = q(T) < œ andq +1 <k+1. 
By Lemma 1.100, T (X) is closed, and hence T is right Drazin invertible. By 
Lemma 1.100, TÀ(X) is closed for all j > k, and, by Remark 1.25, T is onto 
for all j > k. 

(iii) Clear. | 


Theorem 1.141 Every left Drazin invertible operator T is upper semi B-Fredholm 
with ind T < 0; every right Drazin invertible T operator is lower semi B-Fredholm 
with ind T > 0. Every Drazin invertible operator T is a B-Fredholm operator 
having index indT = 0. 


Proof Suppose that T is left Drazin invertible. By Theorem 1.140, T, is bounded 
below for some n € N, in particular 7; is upper semi-Fredholm. Hence T is upper 
semi B-Fredholm, and, by part (i) of Theorem 1.22, ind 7, < 0. Analogously, if T 
is right Drazin invertible, then, by Theorem 1.140, T, is onto for some n € N, in 
particular T, is lower semi B-Fredholm. Again, part (ii) of Theorem 1.22 implies 


that ind T, > 0. The last assertion is clear. [| 


The next result characterizes the left Drazin invertible and the right Drazin 
invertible operators among the operators which have topological uniform descent. 


Theorem 1.142 Suppose that T € L(X). Then the following statements are 
equivalent: 


(i) T is left Drazin invertible; 
(i) T is quasi-Fredholm and has finite ascent; 
Gii) T has topological uniform descent and has finite ascent. 
Dually, the following statements are equivalent: 
(v) T is right Drazin invertible; 
(v) T is quasi-Fredholm and has finite descent: 
(vi) T has topological uniform descent and has finite descent. 


Proof The implications (i) > (ii) = (iii) are obvious, so, in order to show the 
equivalences of the statements (i), (ii), and (iii), it suffices to prove the implication 
(iii) > (i). 

Suppose that p := p(T) < œo and T has topological uniform descent for n > p. 
By Theorem 1.74 we know that ker Tİ + T* (X) is closed in X for all k € N and 
j > p. In particular, ker T? + T^(X) is closed in X for all integers k > 0. By 
Corollary 1.101 it then follows that T? tI(X ) is closed, and hence T is left Drazin 
invertible. 

The implications (iv) = (v) = (vi) are obvious, so, in order to show the 
equivalences of the statements (iv), (v), and (vi), we only need to prove the 
implication (vi) > (iii). 

Suppose that q :— q(T) < œ and T has topological uniform descent for n > q. 
By Lemma 1.19 we know that the condition q = q(T) < co entails that for every 
n € N and m > q the subspace 7"(X) admits a complementary subspace Y, C 
ker T". hence X = ker T" + T"(X) forall n € N, m > q. In particular, the sums 
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ker T" + T"(X) for all n € N and m > q are closed. From Corollary 1.101 it then 
follows that 74 (X) is closed. Therefore T is right Drazin invertible. [| 


By Theorem 1.22, if T is a Fredholm operator with index O and either p(T) 
or q(T) is finite then T is Browder. This result, in the framework of B-Fredholm 
theory, may be generalized as follows: 


Theorem 1.143 For an operator T € L(X) the following statements hold: 


Gi) If T is upper semi B-Fredholm with index ind T < 0 and q(T) < oo, then T 
is Drazin invertible. 
(i) If T is lower semi B-Fredholm with index ind T > 0 and p(T) « oo, then T 
is Drazin invertible. 
(ii) If T is B-Fredholm with index ind T = 0 and has either ascent or descent 
finite, then T is Drazin invertible. 


Proof 


(i) By Theorem 1.142 we know that T is right Drazin invertible, thus ind T > 0 
by Theorem 1.141. Hence ind 7 = 0, so that there exists an n € N such that 
T" ( X) is closed and T,, is Fredholm with ind Tm = a(Tm) — B(Tin) = 0 for 
allm > n. Now, since q :— q(T) < oo, it is evident that the range R(Tm) 
of Tn is T"*1(X) = T"(X) for all m > q, thus Tm is onto. If we choose 
m > max{n, q} then T,, is both onto and Fredholm with index 0, so æ (Tm) = 
(Tm) = 0, i.e., Tm is invertible. Consequently, T. is invertible for all k € N, 
from which we deduce that 


ker T N T"(X) = ker T^ = {0} forallk €N, 


and this implies that p(T) < oo, by Lemma 1.19. 

(ii) By Theorem 1.142 we know that T is left Drazin invertible, thus ind T < 0 
by Theorem 1.141. Hence ind T = 0, so for some n € N, T"(X) is closed 
and Tn is Fredholm with ind Tm = o(T,) — (Tm) = O for all m > n. By 
Lemma 1.19, the assumption p :— p(T) « oo entails that 


ker T4, = ker TO T"(X) = {0} forall natural m > p. 


Choosing m > max{n, p) then Tm is both injective and is Fredholm with index 
ind Tm = — (Tm) = 0, hence T; is invertible. Consequently, 


Tix) = R(T4) = T"(X), 


and hence q(T) « oo. 
(iii) This is evident from part (1) and (ii). | 
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We now show that the concepts of left and right Drazin invertibility are dual to 
each other: 


Theorem 1.144 For every T € L(X) the following equivalences hold: 


(i) T is left Drazin invertible <> T* is right Drazin invertible. 
(ii) T is right Drazin invertible = T* is left Drazin invertible. 
(iii) T is Drazin invertible if and only if T* is Drazin invertible. 


Proof 


(i) Suppose that T is left Drazin invertible. Then p := p(T) < oo and, by 
Corollary 1.73, T has uniform descent for n > p. Since T? (X) is closed, 
Theorem 1.100 entails that T?+!(X) is also closed, and hence T*?*!(X*) is 
closed. From the equality ker T? = ker TP+! and from the classical closed 
range theorem (see Appendix A) we then deduce that 


T*? (X*) = [ker T?]+ = [ker T^ *1]- = T*?*! (x*, 


This shows that T* has finite descent q := g(T*) < p and since T*?(X*) = 
T*? (X*) is closed it then follows that T* is right Drazin invertible. 

Conversely, suppose that T* is right Drazin invertible. Then q := q(T*) < 
oo and 7*4 ( X*) is closed. From the equality T*4(X*) = T*4*! (X*) and from 
the closed range theorem we then obtain: 


ker T4 = HT*1(X*)] = T*** (T*)] = ker T4, 


and hence p :— p(T) x q. Since T*4*! (X*) is closed then T4*! (X) is also 
closed, again by Theorem 1.100 it then follows that TP+! (X) is closed, so T 
is left Drazin invertible. 

(ii) This may be proved in a similar way to part (i). 

(iii) This is obvious, since both left and right Drazin invertibility entail Drazin 
invertibility. [| 


The concepts of Drazin invertibility may be relaxed as follows. For every linear 
operator T on a vector space X consider the quantities already introduced: c, (T) = 


n n+l 
dim PH and c, (T) = dim T . Evidently, the descent q(T) is the infimum 


of the set (n € N : c, (T) = 0} (also here the infimum of an empty set is defined to 
be oo), while the ascent is the infimum of the set (n € N : c, (T) = 0}. 


Definition 1.145 For a linear operator T' on a vector space X the essential descent 
is defined as 


qe(T) := inf{n € N : c4(T) < oo], 
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while the essential ascent is defined as 
pe(T) := inf{n € N : c, (T) < oo]. 


If T € L(X) is such that pe(T) « oo and T P«(D*1 (X) is closed then T is said to 
be essentially left Drazin invertible, while T € L(X) is said to be essentially right 
Drazin invertible if ge(T) < oo and T4« (X) is closed. 


Note that if q :— qe(T) < oo then T7(X) =° T"(X) for all n > q, and T has 
finite essential descent if and only if there exists a d € N such that c,(T) < oo for 
all n > d. 


Remark 1.146 In the sequel we list some important properties of the essential 
ascent and descent: 


(i) If T has finite ascent p(T) then pe(T) = p(T). Analogously, if T has finite 
descent q (T) then g.(T) = q(T). 

(ii) If both pe(T), ge(T) are finite then pe(T) = ge(T) and T"? (X) is a 
complemented subspace of X, see [245, Chap. III, Lemma 11]. T has both 
Pe(T), qe (T) finite if and only if T is B-Fredholm, see [63, Corollary 3.7] or 
[245, Chap. III, Theorem 12]. 

(iii) If T has essential finite ascent then T" (X) is closed for some n > pe(T) if 
and only if 7" (X) is closed for all n > pe(T), see [163]. 

(iv) Every essentially left or right Drazin invertible operator is quasi-Fredholm. 

More precisely, T is essentially left Drazin invertible if and only if T is quasi- 

Fredholm and T4 :— T | Td (X) is upper semi-Fredholm (as usual, d = dis(T) 

is the degree of stable iteration). Analogously, T' is essentially right Drazin 

invertible if and only if T is quasi-Fredholm and T; :— T|T^(X) is lower 
semi-Fredholm, [63, Corollary 3.5]. 
T is essentially left Drazin invertible if and only if 7 is upper semi B- 
Fredholm and analogously, T is essentially right Drazin invertible if and only 
if T is lower semi B-Fredholm, [63, Theorem 3.6]. 
(vi) Itis easily seen that T is essentially left (respectively, right) Drazin invertible 
if and only if its dual T* is essentially right (respectively, left) Drazin 
invertible. 
(vii) The essential ascent spectrum and the essential descent spectrum are compact 
subsets of C, see [150] and [85] 

(viii) Evidently, every lower semi-Fredholm operator has finite essential descent. 
As observed in Lemma 1.19, T € L(X) has finite descent if and only if 
X = T(X) + ker T? for some integer d 7 0. Similarly, T € L(X) has finite 
essential descent if and only if T (X) + ker T^ has finite codimension for 
some integer d > 0, see [163]. 


(v 


— 
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1.11 Comments 


The concept of the algebraic core of an operator was introduced by Saphar [270], 
while the analytic core was introduced by Vrbova [294] and further studied by 
Mbekhta [233]. Theorem 1.33 is due to Aiena and Monsalve [19]. 

The theory of semi-regular operators has its origins in Kato’s classical treatment 
[195] of perturbation theory, but these operators did not originally go by this name. 
Kato’s pioneering work led many other authors to study this class of operators, in 
particular it was extensively studied by Mbekhta [229, 230, 233, 234], Mbekhta 
and Ouahab [236], and Schmoeger [273]. Originally the semi-regular spectrum was 
investigated for operators acting on Hilbert spaces by Apostol [51], and for this 
reason this spectrum was sometimes called the Apostol spectrum. This spectrum 
was defined, for Hilbert space operators, as the set of all complex A such that 
either AJ — T is not closed or A is a discontinuity point for the function A — 
(AI — T)~!, see Theorem 1.51. Later the results of Apostol were generalized to 
Banach space operators by Mbekhta [229, 230], and Mbekhta and Ouahab [236], 
see also Harte [172] and Miiller [243]. The methods adopted in the fourth section 
are strongly inspired by the work of Mbekhta and Ouahab [236], and Schmoeger 
[272]. Example 1.53 and Theorem 1.55 are taken from Müller [243]. 

The generalized Kato decomposition was studied in several papers by Mbekhta 
[230, 231] and [232]. The particular case of essentially semi-regular operators 
was systematically investigated by Müller and Rakočević [263]. The material 
presented here is completely inspired by Müller in [243], and Theorem 1.67 is 
taken from Kordula, Müller and Rakočević [205]. The fundamental result that a 
semi-Fredholm operator is essentially semi-regular was proved by Kato [195]. The 
section concerning the operators having uniform descent is entirely based on the 
work by Grabiner [162], while the sections relative to quasi-Fredholm operators are 
modeled after Labrousse [208], Mbekhta [230] and Berkani [62]. Theorem 1.110 
was proved by Mbekhta and Müller [235]. 

The work of Berkani et al. [62—64, 71, 72] also inspired the section concerning 
B-Fredholm theory. Theorem 1.106 is taken from an unpublished paper of Müller, 
which also proved, for Banach space operators, Theorem 1.130 previously proved 
by Berkani [62] for Hilbert space operators. The concept of Drazin invertibility in 
associative rings and semigroups were introduced by Drazin [123], and has been 
investigated by several authors, see for instance Patricio and Hartwig [255], Wang 
and Chen [295], Roch and Silbermann [267]. 

The formula (1.30) for the Drazin inverse of ba is due to Cline [96] and it is a 
useful tool to finding the Drazin inverse of a sum of two elements and that of a block 
matrix, see [255]. Numerous mathematicians have studied the analogue of Cline's 
formula for other kinds of "invertibility", see Barnes [56], Corach et al. [102]. The 
last section concerning Drazin invertible operators is patterned after Caradus [87], 
and Caradus et al. [88]. Theorem 1.118 is taken from [38], while Theorem 1.142 is 
taken from Aiena and Triolo [26]. 


Chapter 2 ff) 
Local Spectral Theory sd 


In this chapter we shall introduce an important property, defined for bounded linear 
operators on complex Banach spaces, the so-called single-valued extension property 
(SVEP). This property dates back to the early days of local spectral theory and 
appeared first in Dunford [140] and [141]. Subsequently, this property has received 
a more systematic treatment in the classical texts by Dunford and Schwartz [143], 
as well as those by Colojoará and Foias [98], by Vasilescu [292] and, more recently, 
by Laursen and Neumann [216], and Aiena [1]. 

The single-valued extension property has a basic importance in local spectral the- 
ory since it is satisfied by a wide variety of linear bounded operators in the spectral 
decomposition problem. An important class of operators which enjoys this property 
is the class of all decomposable operators on Banach spaces, which includes normal 
operators on Hilbert spaces, Riesz operators and more generally operators which 
have a discrete spectrum. Another class of operators, not necessarily decomposable, 
is given by the class of all multipliers defined on a semi-prime commutative Banach 
algebra, and in particular by the class of all convolution operators of group algebras 
L1(G), where G is a locally compact abelian group. Other classes of operators 
which satisfy the SVEP are obtained by the H (p)-operators, which will be studied 
in Chap. 4, and these classes include several kinds of operators on Hilbert spaces, 
obtained by weakening, in some way, the condition of normality. As we shall see in 
Chaps. 5 and 6, a localized version of the single-valued extension property will be a 
very precious tool for establishing Browder-type and Weyl-type theorems. 

In the first section we introduce the basic tools of local spectral theory, as the local 
spectrum and the local spectral subspace X r (F) associated to a subset F C C, and 
we give an important characterization of the analytic core K (T) as a special case of 
a local spectral subspace. In the second section, we introduce the concept of a glocal 
local subspace, a somewhat more useful variant of the concept of an analytic local 
subspace, which is better suited for operators without the single-valued extension 
property. The third section also deals with another important subspace in local 
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spectral theory: the quasi-nilpotent part of an operator. This subspace, which is 
the glocal spectral subspace associated with the set {0}, also has a relevant role 
in Fredholm theory. 

The fourth section is devoted to the study of a localized version of the single- 
valued extension property, in particular we shall employ the basic tools of local 
spectral theory to establish a variety of conditions that ensure the single-valued 
extension property at a point Ag. We shall see that the relative positions of all the 
subspaces introduced in the previous section are intimately related to the SVEP at a 
point. Most of the conditions which entail the localized SVEP at a point Ao involve 
the kernel type and the range type of subspaces previously introduced, as well as the 
analytic core and the quasi-nilpotent part of A97 — T. Furthermore, in this section 
we shall give results concerning the particular case that Ao is an isolated point of 
the spectrum, or is an isolated point of the approximate point spectrum oap (T), or, 
dually, Ao is an isolated point of the surjectivity spectrum o,(7 ). 

In the fifth section we shall show that the localized single-valued extension 
property behaves canonically under the Riesz functional calculus, while in the 
sixth section we shall see that for operators having topological uniform descent, 
in particular for a quasi-Fredholm operator T', the SVEP at 0 is equivalent to several 
other conditions, some of them concerning the quasi-nilpotent part and the analytic 
core of T. 

The seventh section deals with the preservation of the localized SVEP under 
some commuting perturbations, in particular we show that the localized SVEP is 
preserved under Riesz commuting perturbations, while the global SVEP is preserved 
under algebraic commuting perturbations. We shall also study the preservation of the 
localized SVEP under quasi-nilpotent equivalence. In this chapter we will introduce 
another local spectral property, the Dunford property (C), which is stronger than 
the SVEP. The last part of the chapter is centred around the spectral properties of 
the product of operators RS and SR, and we shall show that these products share 
many spectral properties, as well as many local spectral properties. We shall also 
consider the case when RSR = R? and SRS = S?. The last section concerns the 
transmission of many local spectral properties from a Drazin invertible operator R 
to its Drazin inverse S. 


2.4 The Single-Valued Extension Property 


Before introducing the typical tools of local spectral theory, and in order to give 
a first motivation, we begin with some considerations on spectral theory. It is well 
known that the resolvent function R(A, T) := (AI — T)! of T € L(X), X a 
Banach space, is an analytic operator-valued function defined on the resolvent set 
p(T). Setting 


fx) := RO,T)x forany x € X, 
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the vector-valued analytic function f; : o(T) — X trivially satisfies the equation 
(41 — T) fx (4) 2 x forall A € p(T). (2.1) 


Suppose that T € L(X) is a bounded operator on a Banach space X such that the 
spectrum o (T) has an isolated point Ao, and let Po denote the spectral projection of 
T associated with Ao. It is known that the spectrum of the restriction 7o := T'| Po(X) 
is {Ao}, thus AJ — Tọ is invertible for all A Æ Ao. Let x € P9 (X). Obviously, Eq. (2.1) 
has the analytic solution 


gx (A) := (AI — To)! x. forall a € C V {Ao}. 


This shows that it is possible to find analytic solutions of the equation (AI — 
T) f(A) = x for some, and sometimes even for all, values of A that are in the 
spectrum of T. 

These considerations property lead to the following concepts: 


Definition 2.1 Given an arbitrary operator 7 € L(X), X a Banach space, let pr (x) 
denote the set of all A € C for which there exists an open neighborhood Lf, of 4 in 
C and an analytic function f : U, — X such that the equation 


(uI — T)f(u) 2x holds for all u € 4. (2.2) 


If the function f is defined on the set pr (x) then f is called a local resolvent 
function of T at x. The set or (x) is called the local resolvent of T at x. The local 
spectrum oT (x) of T at the point x € X is defined to be the set 


or (x) := CV pr Qo. 


Evidently pr (x) is the open subset of C given by the union of the domains of all 
the local resolvent functions. Moreover, 


P(T) € prx) and or(x) C o(T). 


It is immediate to check the following elementary properties of o (x): 


(a) ar (0) = Ø; 

(b) or (ox + By) € or(x) U or (y) forall x, y € X; 

(c) For every F € C, o; 1,7 (x) € F if and only if or (x) € F — {A}. In particular, 
oa-r) (x) € {0} if and only if oz (x) € {A}. 


The next example shows that o7 (x) may also be empty for some x Z 0. 


Example 2.2 Let R and L denote the right shift and the left shift on £?(N), 
respectively. Obviously, LR = I and L is the adjoint of R. Let (ey : k > O} be 
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the canonical orthonormal basis of £2(N) and set 


EST 
X =) ye 


k=1 
Then Lx = 5. Now, for |A| > 1, an easy computation shows that the function 
p k 
L*x 
fO =) sat 
k=0 


satisfies the equality (AJ — L) f(A) = x. Also, if we set 


oo 
gA) = ges 
k=0 


then it is easily seen that 


oo oo 
(Al — L)g(a) = RE Ue y — 5 Rax 2x forall |A| <1, 
k=1 k=1 
in particular for all |A| < 1. Hence o; (x) = Ø. 
Lemma 2.3 If T, S € L(X) commutes then oT (Sx) € or (x). 


Proof Let f : U — X be an analytic function on the open set Y € C for which 
(ul — T) f (wu) = x holds for all u € U. If TS = ST then the function So f : U — 
X is also analytic and satisfies the equation 


(UI —T)(So f)(u) = S(ul—T)f(u)) = Sx  forall u €U. 


Therefore pr (x) € pr (Sx) and hence or ($x) C or (x). a 


It is well known that given two operators R, S € L(X), the spectra o (RS) and 
o (SR) may differ only by the inclusion of 0, see also the next Corollary 2.150. The 
following theorem shows a local spectral version of this result. 


Theorem 2.4 Let X and Y be Banach spaces and consider two operators S € 
L(X, Y) and R € L(Y, X). Then we have: 


(i) For every x € X the following inclusions hold: 
OsR(Sx) € ons(x) € osn(Sx) U {0}. 


If S is injective then ogs(x) = osr(Sx) for all x € X. 


2.1 


i) 
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For every y € Y the following inclusions hold: 


ors(Ry) € osn(y) € ogs(Ry) U {0}. 


If R is injective then ogs(Ry) = osn(y) for all y € Y. 


Proof 


(i) 


Let A € ogs(x) and f : U — X be an analytic function defined in a 
neighborhood U of à such that (uI — RS) f (u) = x for all u € U. Then 


S(uI — RS) f (u) = (uI — SR)Sf (u) = Sx, 


hence A d osr(Sx) since Sf (u) is analytic on U, so the first inclusion in (i) 
is proved. To show the second inclusion, let à ¢ osg(Sx) U {0} and denote by 
g(u) a Y -valued analytic function defined on a neighborhood U of à such that 
(uI — SR)g(u) = Sx for all uw € U. If we set 


1 
h(n) := —(x — Rg(u)), 
u 


it is easy to check that (uJ — RS)h(u) = x, so à ¢ ogs(x). 

To show the second statement, assume that à ¢ osr (Sx). There is no harm 
in assuming A = 0. Thus, assume 0 ¢ osr(Sx), and let g(u) be a Y-valued 
analytic function defined in a neighborhood U of 0 such that (uJ — SR)g(u) = 
Sx. For u = 0 we have — SRg(0) = Sx and from the injectivity of S it follows 
that x = Rg(0). Moreover, 


uglu) = Sx + SRg(u) = S(x + Rg(u)) 


so 
1 
g(u)-s E + Reo) : 
Note that 
R — SR R 
SRe'(0) = lim SRg(u) -SRg(0) _ lim SRg(u) + Sx 
n0 H u>0 H 
= lim g(u) = g(0). 

u—>0 

Set 


1 
Ps — Rg(u)) ifu #0, 
Rg'(0) ifu — 0. 


h(u) := 
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We have 
S[(u1 — RS)h(u) —x] 20 forall u eU. 
Indeed, we have seen in the first part of the proof that for u zz 0 we have 
(uI — RS)h(u) — x = 0, 
while for u = 0 we have 


S[-RSRg'(0) — x] = —SR(SRg' (0) — Sx = —SRg(0) — Sx 


= Sx — Sx = 0. 
Since S is injective we have (uJ — RS)h(u) = x for all u € U, hence 0 ¢ 
Oms(x). 
(ii) The proof is analogous. a 


For an injective operator T € L(X) the local spectra of Tx and x coincide: 
Corollary 2.5 Let T € L(X) and x € X. Then we have 
Q) or (Tx) € or) € or(Tx) U (0j. 
(ii) If T is injective then or (T x) = or (x). 
Proof Take S = T and R = I in Theorem 2.4. a 


The following example shows that if S is not injective we may have ogs(x) Æ 
osr(Sx). 


Example 2.6 Let S denote the shift operator defined in the usual Hardy space 
H? (D) of all analytic functions f : D — C, on the open unit disc D, for which 


T . 
sup ul fee Pap: 0r <1 } <o, 


=y 


and let R := S* be the adjoint of S. Then, RS is the identity operator, while SR is the 
projection of X onto the range S(H). In particular, ogs(x) = {1} for all 0 Ax € H, 
osr(x) = {1} if x e S(H), osr(x) = {0} if x € ker R and osr(x) = {0, 1} 
otherwise. In this case, ogs(Sx) is strictly contained in osp (x). 


Now we consider the case when S, R € L(X) satisfy the operator equation 
RSR = R?. Evidently, the operator equation RSR = R? implies that (SR)? = 
SR?. Examples of operators which satisfy this equation are given by R — PQ, 
where P and Q are idempotents, see Vidav [293]. 


Lemma 2.7 Suppose that R, S € L(X) satisfy RSR = R?. Then we have 
oR(Rx) C osn(x) and ogr(SRx) € or(x), (2.3) 


for all x € X. 
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Proof To show the first inclusion, suppose that Ao € osr(x), i.e. Ao € PsR(x). Then 
there exists an open neighborhood Mo of Ao and an analytic function f : Uo > X 
such that 


(Al —SR)f() 2x forall à € Uo. 
From this it then follows that 
Rx = RAI — SR) f (A) = (AR — RSR) f (A) 
= (AR — R?) fA) = (Al — R(Gf)0), 


for all A € Uo. Obviously, Rf : Uo — X is analytic, so Ao € Pr( Rx) and hence 
ào € og (Rx). This shows the first inclusion. 

To show the second inclusion, let Ay ¢ og (x). Then Ao € og(x) and hence there 
exists an open neighborhood /4o of Ao and an analytic function f : Uo — X such 
that 


QI—R)fQ) =x forall A € wo. 
Consequently, 
SRx = SRAI — R) f(X) = (ASR — SR’) f(a) 
= (ASR — (SR) f(A) = (Al — SR(Rf)0., 


for all A € Up, and since (SR) f is analytic we then obtain Ag € psr(SRX), i.e. 
ào € osa (S Rx). Hence the second inclusion is also proved. | 


Example 2.8 A very important example of a local spectrum is given in the case of 
multiplication operators on the Banach algebra C(Q) of all continuous complex- 
valued functions on a compact Hausdorff space Q, endowed with point-wise 
operations and supremum norm. Let 7; «€ L(C(X2)) denote the operator of 
multiplication by an arbitrary function o € C(Q2). We show that 


oT, Cf) = (supp f) forall f € C(Q), 
where the support of f is defined by 
supp f := (4 € Q: f) FO}. 
Indeed, we easily have that f (u) = 0 for all u € Q with e(u) € or (f), so that 


pu € 2: fu) x 0)) € or, Cf). 
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and hence, since g is continuous, g(supp f) € or, (f). To prove the opposite 
inclusion, let A ¢ (supp f) and let D(A, ô) be a closed disc centered at A with 
radius ó such that 


D(A, 5) N (supp f) = Ø. 


If u € D(A, 8), where D(A, 5) denotes the open disc centered at A with radius ô, 
and w € Q, define 


f (o) 


—— df D, ô), 
poe Gon ORRA 
0 


if p(w) € e (supp f). 


Clearly, for fixed u € D(A,8) we have g, € C(Q) and, evidently, the equation 
(To — U)8&u = f holds. Since g, is analytic on D(A, ô) it then follows that A € 


pr, C) = C Vor, (P. 


The next theorem shows that the local resolvent functions preserve the local 
spectrum. 


Theorem 2.9 Let T € L(X), x € X and U be an open subset of C. Suppose that 
f:U — X is an analytic function for which (uI — T) f (u) = x for all u € U. 
Then 4 € pr Cf .)) for all X € U. Moreover, 

or(x) 2orT(f(À)) forall X eu. (2.4) 


Proof Let A be arbitrarily chosen in U. Define 


f00- FM) , 
hQ):- | > pon EF 
-f'Q) ifu-2X 


for all u € U. Clearly, the function h is analytic, and it is easily seen that (uJ — 
T)h(u) = f(A) for all u € U \ {A}. By continuity the last equality is also true for 
H = À, so 


(I—T)hQ)- fO) foralu ceu. 


This shows that A € pr(f(A)). Since A is arbitrary in U, U C pr(f(A)) for all 
rAEU. 

To show the identity (2.4), we first prove the inclusion or (f (A)) € or(x), or 
equivalently, pr (x) € or (f (4)) for all A € U. If w € U then w € or (f Q.)) for all 
à € U, by the first part of the proof. Suppose that w € or (x) \U. Since w € pr (x), 
there exist an open neighborhood W of w such that à ¢ W and an analytic function 
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g: W — X such that (ul — T)g(u) = x for all u € W. Define 


kj uo NUM feline. 
nh-—X 


then, as is easy to verify, (uI — T)k(uw) = f(A) holds for all u € W. This shows 
that w € pr (x), and hence or (x) € or (f (4)). 

It remains to prove the opposite inclusion or (f (A)) € or (x). 

Let n ¢ or(f(A)) and hence y € pr(f(A)). Leth : V — X be an analytic 
function defined on the open neighborhood Y of 5 for which the identity (uJ — 
T)h(u) = f () is satisfied for all u € V. Then 


(4I — T)(AI — T)h(u) = (I — T)(uI — T)h(u) = (1 — T)f() =x, 


for all u € V, so that n € or (x) and hence  £ or (x). | 


We have seen that the uniqueness of the analytic solution of Eq. (2.2) is a non- 
trivial issue. With this in mind we make the following definition: 


Definition 2.10 Let X be a complex Banach space and T € L(X). The operator T 
is said to have the single-valued extension property (SVEP) at Aog € C if for every 
neighborhood 4 of ào the only analytic function f : U — X which satisfies the 
equation 


G1 - T)fQ) =0 


is the constant function f = 0. 
The operator T is said to have the SVEP if T has the SVEP at every A € C. 


Remark 2.11 In the sequel we collect some basic properties of the single-valued 
extension property. 


(a) The SVEP ensures the consistency of the local solutions of Eq. (4.13), in the 
sense that if x € X and T has the SVEP at Ag € pr (x) then there exists a 
neighborhood U of Ao and a unique analytic function f : U — X satisfying the 
equation (AJ — T) f(A) = x for all à € U. 

The SVEP also ensures the existence of a maximal analytic extension f of 
R(A, T)x := (AI — T)~!x to the set pr (x) for every x € X. This function 
identically satisfies the equation 


(ul — T)f(u) =x forevery u € pr (x) 
and, obviously, 


fu) = (ul — T) x for every u € p(T). 
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(b) 


(c 


— 


(d 


wm 


(e) 
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It is immediate to verify that the SVEP is inherited by the restrictions on 
invariant subspaces, i.e., if T € L(X) has the SVEP at Ao and M is a closed 
T-invariant subspace, then T'| M has the SVEP at A9. Moreover, 


or(x) Corim(x)  forevery x € M. 


Obviously, an operator T € L(X) has the SVEP at every point of the resolvent 
p(T) := CN o (T). From the identity theorem for analytic functions it easily 
follows that an operator always has the SVEP at every point of the boundary 
ðo (T) of the spectrum o (T). In particular, T has the SVEP at every isolated 
point of the spectrum o (T). 

Let oy (T) denote the point spectrum of T € L(X), i.e., 


op(T) := {A € C: X is an eigenvalue of T}. 


It is easy to see that if o5 (T) has empty interior then T has the SVEP, in 
particular every operator with real spectrum has the SVEP. A rather immediate 
argument shows the following implication: 


op(T) does not cluster at Ay — T has the SVEP at Ao. 


Indeed, suppose that o; (T) does not cluster at A9. Then there is an open 
neighborhood U of Ao such that AJ — T is injective for every A € U, X Æ Ao. 
Let f : V — X be an analytic function defined on another neighborhood Y of 
Ao such that the equation (AJ — T) f(A) = 0 holds for every à € V. We may 
assume that Y C U. Then f(A) € ker (AJ — T) = {0} for every à € V, à Æ do, 
so f(A) = 0 for every à € V, A z Ao. Since f is continuous at Ao we then 
conclude that f (Ao) = 0. Hence f = 0 in Y and therefore T has the SVEP at 
ào. 

It should be noted that T may have the SVEP, although op(T) # Ø. For 
instance, if X is the Banach algebra B(Q) of all bounded complex-valued 
functions on a compact Hausdorff space Q, endowed with point-wise operations 
and supremum norm, the operator T € L(X), defined by the assignment 


(TAQ) :=AfQ) forall A € Q2, 
has oy (T) 4 Ø, while T has the SVEP since the ascent p(uJ — T) < 1 for all 
u € C, and this, as we shall see later, entails the SVEP of T at u. 
A similar argument to that of part (d) shows that 
Oap(T) does not cluster at Ao > T has the SVEP at Ao 


and dually, 


os(T) does not cluster at Ag = T* has the SVEP at Ao. 
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(f) Evidently, T has the SVEP if oap(T) is contained in the boundary of the 
spectrum ôo (T), while T* has the SVEP if o5 (T) is contained in 00 (T). 

(g) The SVEP is transmitted under translations, i.e. T € L(X) has the SVEP if and 
only if AJ — T has the SVEP. 


Now we introduce an important class of subspaces which play an important role 
in local theory. 


Definition 2.12 For every subset F of C the local spectral subspace of an operator 
T € L(X) associated with F is the set 


Xr(F):-(xeX:or(x) € F}. 
Obviously, if F} C Fy € C then Xr(F1) € Xr(F5) and 
XTr(F) = Xr(F no(T). 


Indeed, Xr (F) No(T)) € Xr(F). Conversely, if x € Xr(F) thenor(x) € FN 
co (T), and hence x € X7(FNo(T)). Moreover, from the basic properties of the local 
spectrum it is easily seen that X; ;4 7T (F) = Xr(F X {A}). Further basic properties 
of local spectral subspaces are collected in the sequel. 


Theorem 2.13 Let T € L(X) and F a subset of C. Then the following properties 
hold: 


G) Xr(F) is a linear T-hyper-invariant subspace of X, i.e., for every bounded 
operator S such that TS = ST we have S(XrT(F)) € Xr(F). 
Gi) If4 € F, then (AI — T)(Xr(F)) = Xr(F). 
(ii) Suppose that X € F and (AI — T)x € Xr(F) for some x € X. Then x € 
XT(F). 
(iv) For every family (Fj) je; of subsets of C we have 


Xr(() Fj- () XT(Fj). 


jeJ jeJ 


(v) If Y is a T-invariant closed subspace of X for which o(T |Y) C F, then 
Y C Xr(F). In particular Y € Xr(o(T |Y)) holds for every closed T- 
invariant closed subspace of X. 


(vi) ker (AJ — T)” € Xr((A) for all 4 € C andn EN. 
Proof 


(i) Evidently the set Xr (F) is a linear subspace of X, since the inclusion op (ax + 
By) € or (x) U or (y) holds for alla, 8 € C and x, y € X. 
Suppose now that x € Xr(F) and TS = ST. Then or (Sx) C or(x) € F, 
hence Sx € Xr(F). 
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(ii) The operators AJ — T and T commute, so from part (i) it follows that (AJ — 
T)(Xr(F)) € Xr(F) for all A € C. Let A ¢ F and consider an element 
x € Xr(F). Then or(x) € F and hence à € pr(F). Therefore, there exist 
an open neighborhood MU of à and an analytic function f : U — X for which 
(ul — T)f(u) = x for all u € U. In particular, AJ — T)f (à) = x. By 
Theorem 2.9 we obtain or (f (4)) = or(x) € F, and hence f(A) € Xr(F), 
from which we conclude that 


x — (AI — T)f(X) € (G1 — T(Xr(CP)). 


(iii) Suppose that (47 — T)x € Xr(F), 4 € F. We need to show that or (x) C F, or 
equivalently, CX F C pr(x). Take u ¢ F. By assumption CV F C pr((Al — 
T)x), so there is an analytic function f : U, — X defined on some open 
neighborhood U, of u such that A ¢ U and (wI — T) f (o) = (Al — T)x for 
all w € A. Define g : Up > X by 


f (ev) 


PE 
g(a) Doh or all w 7 


Clearly the analytic function g satisfies the equality (wl — T)g(@) = x for all 
w € Upu, so u € pr (x). Therefore CXV F C pr (x). 

(iv) This easily follows from the definition. 

(v) From c (T | Y) € F we obtain CXV F C p(T | Y), hence for any y € Y we 
have 


GI—-T)AI—-T|Y)!y-2y forallà € CF. 


Clearly, f(A) := (AI — T |Y)-! y is analytic for all A € CX F, hence C \ F C 
PT (y), and consequently or (y) € F. 
(vi) This is obvious from part (iii). [| 


We have already observed that 0 has an empty local spectrum. The next result 
shows that if T has the SVEP then 0 is the unique element of X having empty local 
spectrum. In other words, this property characterizes the SVEP. 


Theorem 2.14 [fT € L(X) the following statements are equivalent: 


(i) T has the SVEP; 
(ii) Xr (Ø) = {0}, ie. or (x) = Ø if and only if x = 0; 
(iii) X 7 (Ø) is closed. 


Proof (i) & (ii) Suppose that T has the SVEP and o7 (x) = Ø. Then pr(x) = C, 
so there exists an analytic function f : C — X such that (AI — T)f(À) = x 
for every A € C. If A € p(T) we have f(A) = (AI — T)-!x, and hence, since 
IAZ- T)-!|| > Oas |A| — -Foo, f(A) is a bounded function on C. By Liouville’s 
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theorem f (A) is then constant, and therefore, since (AT spy — Oas|A| — +00, 
f is identically 0 on C. This proves that x = 0. Since 0 € X7(@) we then conclude 
that Xr (f) = {0}. 

Conversely, let Ag € C be arbitrary and suppose that for every 0 4 x € X 
we have or (x) # Ø. Consider any analytic function f : U — X defined on a 
neighborhood U of Ao such that the equation (AJ — T) f(A) = 0 holds for every 
à € U. From the equality 


or(f(A)) = or(0) = 9, 


see Theorem 2.9, we deduce that f = 0 on U and therefore T has the SVEP at Ao. 
Since Ag is arbitrary, T has the SVEP. 

(ii) > (iii) Trivial. 

(iii) = (ii) Suppose that Xr (Ø) is closed. From part (iii) of Theorem 2.13 we 
deduce that 


(I — T)(Xr@)) = Xr) for every à e C. 


Now, let S denote the restriction T |X 7(@). The operator AJ — S is surjective and 
therefore AJ — S* is bounded below for all A € C, i.e. o35(S*) = Ø. This implies, 
by Theorem 1.12, that the dual of X7 (Ø) is trivial. A standard consequence of the 
Hahn- Banach theorem then implies that Xr (Ø) = {0}. a 


Theorem 2.14 implies that a left shift L does not have the SVEP. Indeed, in 
Example 2.2 we have shown that there is 0 4 x € £2(N) such that oz (x) = @. 

Note that X7(Q) need not be closed for a closed subset Q C C. Indeed, 
Theorem 2.14 shows that X r (Ø) is not closed if T does not have the SVEP. 

Later, Example 2.33 will show that for a closed subset €2 C C the local spectral 
subspaces X 7 (Q) need not be closed even in the case when T has the SVEP. 


Theorem 2.15 Suppose that T; € L(X;), i = 1,2, where X; are Banach spaces. 
Then Ti ® T» has the SVEP at Xo if and only if both Ti, T» have the SVEP at Ao. If 
Ti, T? have the SVEP then 


er, er, (xi 0 x2) = or (x1) U on (x2). (2.5) 


Proof First, suppose that T, and T, have the SVEP at Ao and let f = fi ® f2 : U —> 
X4 Q X» be analytic on a neighborhood U of Ao, where f; : U — Xj, i = 1,2, are 
also analytic on U. Obviously, for every à € U the condition (47 — T1 675) f (4) = 0 
implies that (AJ — T;) fi (à) = 0, i = 1,2. The SVEP of T| and 7» then entails that 
fi = 0and f? = 0on U. Thus f = 0 on YU. 

Conversely, assume that 7; ® 75 satisfies the SVEP at Ao and let f; : U — Xi 
be two analytic functions, defined on a neighborhood U of Ao, which satisfy for 
i = 1,2, the equations (AJ — 7;) fi(A) = 0 for all A € U. For all A € U we then 
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have 


0 — (AI — T AO) 6 (I — T) ha = (6 — T 6 MAA) 9 Cf20)]. 


The SVEP of 7; ® 75 at Ao then implies f(A) 9 (f2(A) = 0 on U, and hence f; = 0 
on for i = 1,2. 

To show equality (2.5), suppose that Tj © Tz has the SVEP. Assume that à € 
PT, QT (xı ® x2). Then there exists an open neighborhood U of à and an analytic 
function f := fi ® fh :U — X, ® X2, with fı and fo analytic, such that 


QJ —T1) fi) e AL — Tr) 20) = AL - 10 Tr) f(A) = x1 8 x2. 


Therefore, (AI — T;) fi (à) = xi, i = 1,2, so € pr (x1) N pr, (x2). This shows the 
inclusion or, (x1) Uo 7, (x2) € oTi en (x1 9 x2). The opposite inclusion has a similar 
proof. a 


As an immediate consequence of Theorem 2.15 we have: 


Corollary 2.16 Suppose that T € L(X) has the SVEP and X = M È N, where M 
and N are two closed and invariant subspaces. If Ty := T | M and T» :— T |N, 
then we have Xr(32) = Mr, (F) ® Nr, (F) for all closed F C C. a 


Theorem 2.17 Suppose that T € L(X) admits, with respect to a decomposition 
X = M ON, the representation T = k 

3 
the SVEP if and only if Tj has the SVEP. 


Proof Suppose that Tı has the SVEP. Fix arbitrarily 4o € C and let f : U > X 
be an analytic function defined on an open disc U centered at Ao such that (AJ — 
T) f(A) = 0 for all A € U. Set fQ) := fiQ) @ f2(3) on X = M È N. Then we 
can write 


) , where T3 is nilpotent. Then T has 


0= Al —T)fA) = E " 2 E b 


2 n —T)h0)— ae 
(AI — T3) fo(a) f 


Then (AI — T3) f2 (å) = 0 and 
QJ — T) fi) — T2 fr) = 0. 
Since a nilpotent operator has the SVEP, fo(A) = 0, and consequently 


(AI — Ty) fı (à) = 0. But Tj has the SVEP at Ao, so f1(A) = 0 and hence f(A) = 0 
on U. Thus, T has the SVEP at Ao. Since Ao is arbitrary then T has the SVEP. 
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Conversely, suppose that T has the SVEP. Since 7; is the restriction of T to M 
and the SVEP from T is inherited by the restriction to closed invariant subspaces, 
then Tı has the SVEP. | 


In the sequel we shall need the following lemma. 


Lemma 2.18 Let T € L(X) and K C C be a compact set and let Y be a contour 
in the complement C \ K that surrounds K. Suppose that f : CN K — X isan 
analytic function which satisfies (AI — T) f(A) = x for all à € CX K. Then 


1 
x= TE dh. 


Proof Let U := CV K. Observe first that we may suppose that I’ is contained in the 
unbounded connected component of the open set U. Indeed, f is analytic on U and 
by Cauchy's theorem only the part of F which lies in the unbounded component of 
U contributes to the integral f; r f(A) da. 

Let A be the boundary, positively oriented, of a disc centered at 0 and having 
radius large enough to include in its interior both the sets T and o (T). From 
Cauchy’s theorem we have 


/ fQ)dA = | fAydr. 
i A 
Now, if A € A we have A € p(T) and 


oo 
fü)eqremqy xm y ctp 
n=0 
A simple calculation then gives that f A SA)dA = Zzix. [| 


Next we want to establish a local decomposition property that will be needed 
later. 


Theorem 2.19 Suppose that T € L(X) has the SVEP. If F; and F are two closed 
and disjoint subsets of C then 


Xr(Fi U F5) = Xr(F1) 6 Xr(P2), 


where the direct sum is in the algebraic sense. 


Proof The inclusion Xr (F1) ® Xr(F2) € Xr (Fi U F5) is obvious. 

To show the opposite inclusion, observe first that we may assume that F; and F2 
are both compact, since, by part (ii) of Theorem 2.13, we have Xr(F) = Xr (F A 
o(T)) for all subsets F of C. Now, if x € Xr(F1U F5), the SVEP for T entails that 
there is an analytic function f : C \ (F1 U F2) > X such that 


GI—T)fO)-ox forallà € CA (F U F5). 
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Let A1, A2 be two compact disjoint sets such that Aj, fori = 1,2, is a 
neighborhood of F; and the boundary T; of Aj is a contour surrounding F;. From 
Lemma 2.18 we have x = x; + x2, where 


1 
al fO) dà fori = 1,2. 
2i Ti 


We show now that x; € Xr (Aj). Set 


1 A 
gi (u) := — FO) dA forall we CX Aj. 
2zi Jr; 4L — À 


Clearly, the functions g; (A) : C \ A; — X are analytic. Furthermore, for every 
u € CN A; we have 


A 
(ul = Dai) = 5 f 49 A 
T E 
-— fo- nie Z atf f(a) da 
2zi rj 
E dox 
Te a 5 


But, from Cauchy’s theorem, we have that 


zl —.dA-0 forally € CV Aj, 
2 r 5 — À 
thus (ul — T)g;(u) = x; fori = 1, 2 and this implies x; € Xr(A;). 

To conclude the proof observe that, again by Cauchy's theorem, the definition of 
x1 and x2 does not depend on the particular choice of A; and A», with the properties 
required above. This implies that x; € Xr (A;) for every compact neighborhood A; 
of F;, hence x; € Xr(Fi) fori = 1,2. Therefore, x = x1 +x2, where x; € Xr(F;). 
To see that the sum is direct, observe that since Fi; N F2 = Ø, from part (v) of 
Theorem 2.13, we have 


Xr(Fi)) Xr U2) = Xr (Ø) = {0}, 


because, by assumption, T has the SVEP. a 


We now turn to an important local spectral characterization of the analytic core 
K(T). 


Theorem 2.20 For every T € L(X) we have 


K(T) = Xr(CV(0) = {x e X : 0 ¢ or(x)). 
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Proof Let x € K(T). We can suppose that x # 0. According to the definition of 
K(T), let 6 > 0 and (un) C X be a sequence for which 


x-—uo, Tünş41 =n, unl < ó"|x|| forevery n 20, 1,.... 


Then the function f : D(0, 1/8) — X, where D(0, 1/8) is the open disc centered at 
0 with radius 1/6, defined by 


oo 
fQ):- XOA lun for all A € D(0, 1/8), 


n=1 


is analytic and satisfies the equation (AJ — T) f(A) = x for every à € ID(0, 1/6). 
Consequently 0 € por (x). 

Conversely, if 0 € or (x) then there exists an open disc D(0, £) and an analytic 
function f : D(O, €) — X such that 


(AI — T)f (4) =x forevery A € D(0, €). (2.6) 


Since f is analytic on D(0, £) there exists a sequence (u,) C X such that 


fQ)=— Y A" lun forevery A € DO, €). (2.7) 


n=1 
Clearly f (0) = —u1, and taking A = 0 in (2.6) we obtain 
Tu, = -T(f (0) = x. 
On the other hand 
x= I — T)fQ) = Tuy  A(Tuo — u1) t A3 (Tus — u2) +- -- 
for all A € ID(0, £). Since x = Tu, we conclude that 
Tug41-— ug  foralln =1,2,---. 


Hence letting uo = x the sequence (un) satisfies for all n = 0, 1,... the first of the 
conditions which define K (T). 

It remains to prove the condition ||u,|| < ó"||x|| for a suitable 6 > O and 
for all n = 0,1,.... Take u > 1/e. Since the series (2.7) converges we have 
[A[^7! lus || — Oas n — oo for all ||A|| < £ and, in particular, 1/4"-! ||un|| > 0, 
so there exists a c > O such that 


1 


lus] xcu" foreveryn EN. (2.8) 
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From the estimates (2.8) we easily obtain 


n 
c 
Ius] < (u+ i) III 


and therefore x € K(T). a 


The following theorem shows that the surjectivity spectrum o; (T) of an operator 
is closely related to the local spectra. 


Theorem 2.21 For every operator T € L(X) we have 


oT) = |] ero. 


xeX 
The set {x € X : op (x) = o(T)) is of the second category in X. 


Proof If X € U,exor(x) then A € pr(x) for every x € X and 
hence, directly from the definition of or(x), we conclude that the equation 
(AI — T)y = x always admits a solution for every x € X, hence AJ — T is 
surjective and à ¢ o&(T). 

Conversely, suppose à ¢ o,(T). Then AJ — T is surjective and therefore X = 
K (AI — T). From Theorem 2.20 it follows that 0 ¢ o5; 7 (x) for every x € X, and 
consequently A ¢ or (x) for every x € X. 

To show the second assertion, let A denote a countable subset of o,(T). Then 
(AI — T)(X) # X for all A € A, and the range (AJ — T)(X) is of the first category 
in X (see Appendix A). Consequently, the subspace 


M := () M —T)(X) 


AEA 


is of the first category in X. Since X is of the second category, the complement 
X \ M is also of the second category in X. Now, if x € X \ M then A C or (x), and 
hence 


os(T) € A € or(x), 


so the second assertion follows. [| 


2.2 Glocal Spectral Subspaces 


We now introduce a variant of the concept of an analytic subspace X 7 (€2). These 
subspaces are more appropriate, for certain general questions of local spectral 
theory, than the analytic subspace X7 (F), and in particular these subspaces are 
more useful in the case when T does not have the SVEP. 
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Definition 2.22 Let F C C be a closed subset. If T € L(X) the glocal spectral 
subspace X7(F) is defined as the set of all x € X such that there is an analytic 
function f : CX F — X such that 


QI-T)fQ)=x forallà e CV F. 
It is easy to verify that Xr (F) is a linear subspace of X. Clearly 
Xr(F) C Xr(F) for every closed subset F CC. (2.9) 


In the following theorem we give a few basic properties of the glocal subspaces. 
Some of these properties are rather similar to those of local spectral subspaces. The 
interested reader may find further results on glocal spectral subspaces in Laursen 
and Neumann [216]. 


Theorem 2.23 For an operator T € L(X), the following statements hold: 


(i) Xr Ø) = {0} and Xr(o(T)) = X; 

GD XrT(F) = Xr(F No(T)) and QI — T)XT(F) = Xr(F) for every closed set 
F C Cand all € CXV F; 

(ii) If (A1 — T)x € Xr(F) for some X € F, then x € Xr(F); 

(iv) AXr(F|U Fy) = Xr(F1) + Xr (F2) for all disjoint closed subsets F; and F> of 
C; 

(v) T has the SVEP if and only if Xr (F) = Xr(F), for every closed subset F C C, 
and this happens if and only if Xr(F) N Xr(G) = {0} for all disjoint closed 
subsets F and G of C. 


Proof (i) Suppose that x € Xr() and let f : C — X be an analytic function 
such that (AJ — T) f(A) = x for all A € C. Then f(A) coalesces with the resolvent 
function R(A, T) := (AI — T)! on p(T), so f(A) — O0 as |A| — oo. By the 
vector-valued version of Liouville's theorem f = 0, and therefore x = 0. The 
second equality of part (1) is straightforward. 

The proof of (ii) easily follows from Theorem 2.9. To show the assertion (iii) let 
f :C\F — X bean analytic function which satisfies (uJ — T) f (u) = (AL — T)x 
for all € CX F). Define 


gu): DELL forall u eC F. 
nh —2A 


Clearly, g is analytic and satisfies (ul — T)g(u) = x forall u € CV F, sox € 
Xr (CF). 

The proof of the decomposition (iv) is similar to the proof of that given for 
spectral local subspaces. 

(v) Evidently, if T has the SVEP and F C C is closed then Xr (F) = Xr(F). 
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Conversely, if Xr(F) = XT(F) for all closed sets F C C then 
Xr (Ø) = Xr (Ø) = {0}, 


so, by Theorem 2.14, T has the SVEP. To show the second equivalence, assume 
that T has the SVEP. Since F N G = Ø we then have {0} = Xr() = Xr(F)N 
Xr(G) = Xr (F) NA Xr (G). Conversely, suppose that Xr (F) Xr (G) = (0) for all 
disjoint closed subsets F and G and assume that T does not have the SVEP. Then 
there exists a non-trivial analytic function f : O — X on an open set O such that 
Ql — T)f (4) = 0 for all A € O. Let 49 € O be such that f (A9) z 0, and set 
F := (Ao) and G := C \ O. The subsets F and G are closed and disjoint, moreover 
f (Xo) € ker(AoJ — T), and hence f (Ao) € Xr(F), by part (iii) of Theorem 2.23. 
Define g : O > X as follows 


fQ) = f Qo) 
g00:1 AA for all A Æ Ao 
f'o) for A = Ao. 


Then we have (AJ — T)g(A) = f(Ao) for all A € O and hence f (ào) € Xr(G). 
Therefore, O Æ f(ào) € XTr(F) N Xr(G), a contradiction. Hence T has the 
SVEP. E 


If T € L(X) is onto then, by Theorem 2.20, X = K (T) = Xr (CV (0). Actually, 
if T is onto, X is the local spectral subspace associated with a smaller set than C\{0}. 


Theorem 2.24 If T € L(X) is onto then there exists a 6 > 0 such that X = 
Xr (C X DO, 8)) = Xr (C \ DOO, 5)). 


Proof From the open mapping theorem we know that there exists a ô > 0 such that, 
for every u € X, thereisa v € X for which Tv = u and ó|v|| < |||]. For an 
arbitrary x € X, set xo :— x and define a sequence (xn) such that Tx, :— Xn—1 and 


| xal < |lan-1|| for all n € N. Since ||x,]| < Flix, the series defined as 


oo 


f(u) = p A" Xn44 


n=0 
converges locally uniformly on the open disc D(0, ô), and hence defines an analytic 
function f : D(0, 8) — X for which 


co oo 
(4I — T)f(u) = 2 A" xy — > MntiXn+1 = X 
n=0 n=0 


for all u € ID(0, 5). Therefore, x € Xr (CX D(O, 5). This shows that X = ¥7(C \ 
(0, 5)). Obviously, X = Xr(C \ D(0,8)), since Xr(CX D(0,8) € Xr(C \ 
(0, ô)). E 
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Theorem 2.25 [fT € L(X) is of Kato-type, then there exists a ô > 0 for which 


K(T) = Xr(CXD(0,8)) = Xr (C \ DOO, 5)). (2.10) 


Proof By Theorem 1.63 K (T) is closed, and, by Theorem 1.64, we have K(T) = 
T^? (X). From T(K(T)) = K(T) we see that T|T?*(X) is onto. Furthermore, by 
Theorem 2.24, we have T? (X) € XT(C X DO, 8)) for 6 small enough. From 
Theorem 2.20 we also deduce that 


Xr (CX D(0,8)) € Xr(CXVD(0,8)) € Xr (C \ (0) = K(T), 
SO, 
K (T) = Xr (C \ DO, 8)) € Xr (C \ DO, 8)) 


for some sufficiently small ô > 0, so equality (2.10) is proved. a 


Part (iv) of Theorem 2.23 also shows that for an operator without the SVEP the 
direct sum proved in Theorem 2.19 may fail. 

The next result shows that if T € L(X) has a disconnected spectrum then X may 
be decomposed as the topological direct sum of closed glocal spectral subspaces. 


Theorem 2.26 Suppose that for T € L(X) we have o (T) = Fi Q Fy, where Fi 
and F^» are disjoint closed subsets of C. Then the subspaces Xr(F;), i = 1,2, are 
closed and X = Xr (F1) ® Xr (P). 


Proof From the Riesz functional calculus we know that there is a decomposition 
X = X, Q X», with X4 and X» closed and T-invariant subspaces. Moreover, 
c(T|X;) = F; fori = 1,2, and it is immediate that X; C Xr(F;), so X = 
Ar (Fi) + Xr (P2). 

To show that this sum is direct, let x € Ar (F1)O Xr (F5). Then, foreach i = 1,2, 
there exists an analytic function f; : C V F; — X such that (AJ — T) f; (A) = x for 
all A € CX F;. For every 


à € (C\ FDN (CV A) 2 CVo(T) = p(T), 
we have 
AQ = AI- T) x = pA). 


Therefore, fı and f? must coincide whenever they are both defined. Because (C V 
F1) U (C \ Fy) = C, there exists an analytic function f defined on C for which 
(I — T)f (4) = x holds for all A € C. From part (i) of Theorem 2.23 we then 
conclude that x = 0. Hence, X = Xr (F1) 9 Xr(P5) and Xr(F;) = Xj, in particular 
both XT (F;), i = 1,2, are closed. E 
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Evidently, Xr (F) = X for a closed subset F of C implies that o,(T) C F. The 
next result shows that the reverse implication holds. This result is based on a deep 
result of Leiterer [226] and we refer to [216, Theorem 3.3.12] for a proof. 


Theorem 2.27 [If T € L(X) and F C C is closed then the following assertions 
hold: 


Gi) &Xr(F) = X if and only if os(T) € F. 
Gi) Vr (F) = {0} if and only if ea (T) A F = Ø. 


Remark 2.28 Let U denote an open neighborhood of o (T) and f : U — C bean 
analytic function. Define g : U x U — C as follows 


S- fA) 
g(u, A) := = a for all à, u € U, A £ yu, 


F'O) for w=. 


Clearly, g is analytic in each of the two variables jz and A, and satisfies f(u) — 
fO) = (u — 2)g(p., A) for all w, A € U. From the Riesz functional calculus we 
have f(T) — f(A) = (T — XDg(T, X) for all A € U. Furthermore, it is easily 
seen, from the integral formula for the Riesz functional calculus, that the function 
à — g(T, A) is an analytic operator function from U into L(X). 


The next theorem shows that the glocal spectral subspaces behave canonically 
under the functional calculus. 


Theorem 2.29 /f T € L(X), and f : U — X is analytic on an open neighborhood 
of the spectrum o (T), then 


Xfi (F) = Xr( f! (F)) for all closed subsets F C C. 


Proof Let F be a closed subset of C, and x € JYXy(r)(F). Choose an analytic 
function h : CX F — X such that (ul — f(T))h(u) = x forall u € Cw F. 
Then, for every A € U\ f -!(F) = f - (CN F), we have (AI — f (T)h(f (A)) = x. 
From Remark 2.28 we have that 


Al — T)g(T, ACF (3)) = x 


holds for all A € UV f ^! (F). From Remark 2.28 we also have that the function A > 
g(T, A)h Cf (A)) is analytic on the setU\ f—!(F), hence x € XT (f-'(F))U(C\U)). 
But o (T) CU, so, by part (ii) of Theorem 2.23, we conclude that x € Vr (fT! (F)). 
Therefore, Vp(r)(F) € X¥r(f71(F)). 

To show the reverse inclusion, observe that if K := f —!(F) N o (T) then, by 
part (ii) of Theorem 2.23, it suffices to prove that ¥7(K) C XT(F). Since K is 
a compact subset of the open set U, there exists a closed disc D(0, £ọ) such that 
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K + D(0, £o) € U. The compactness of K and the continuity of f entails that 


(| SK +DO, £0)) € f(K) CF, 


0«e& «6&0 


and hence 


CVFCc LU (CV fi +DO@, 20). 


O0<e<eg 


Now, let x € Xr(K) and let h : CXV K — X be an analytic function for which 
(AI — T)h(A) = x holds for all A € CX K. For 0 < € < £ọ, consider the open 
disc D(0, £) and denote by T, a contour in K + D(0, £) which surrounds K. Set 
V; := C \ f(K + DO, &e)). Clearly, f(A) Æ V; for all A € T. Define 


1 h(a) 
dni Jr, w— fO) 


Clearly, g; : V; — X is analytic, and, by our Remark 2.28 and by Lemma 2.18, for 
every u € Vs, we have 


ge (u) = dA forall u € Ve. 


h(a) 
(ul — fT) ge) = 5 Í. Ms E 


hA) 1 
i (091 - f» O^ ae f roa 


X 


By Cauchy's integral theorem the last integral is 0, since for arbitrary u € V; the 
function à > (u — fa) !g(T, A)x is analytic on K + D(0, £). Hence, 


(ul — f(T))ge(u) =x forall u € Ve. 


Another application of Cauchy’s theorem gives that gs is the restriction of every 
gs to V; for allO < à < € < eo. Since CV F C Qi Vs, the family of 
functions {gs} leads to a well defined analytic function g : CX F — X which 
satisfies (ul — f(T))g(u) = x forall u € CX F, so x € Xr(r)(F), and hence 
Xr (f—-\(F)) € Xir (F). a 


The glocal spectral subspace £r (D(0, €)) associated with the closed disc D(O, £) 
may be characterized as follows: 


Theorem 2.30 /f T € L(X) then 


Xr (D(0, €)) = b € X : limsup||T"x||!/" < e] . (2.11) 


n—oo 
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Proof For every x € X suppose that 7 (x) :— lim sup, , o | T" x||/^ 


the series 


< e. Clearly, 


FO) = MX" T", X € CAD(02) 
n=1 


converges locally uniformly, so it defines an X-valued function on the set C\D(0, £). 
Clearly, 


(AI—T)f() =x forallA € Xr(D(0, e), 


so x € Xr (DCO, €). 

Conversely, assume that x € Xr (D(0, €)) and consider an analytic function f : 
C D(0, 6) — X such that AJ — T) f(A) = x holds for all A € C \ DOO, €). If 
|A| > max fe, ||T ||} we have 


oo 
fA) = (A1 — T) x = 3 AT 
n 
and consequently f(A) — 0 as |A| — oo. Consider now the open disc D(0, 1/&) 


of C centered at O with radius 1/e. The analytic function g : D(0, 1/e) > X 
defined by 


IY. 
TTE f (=) if0 Æ u € DOO, 1/8), 
0 if u = 0, 


satisfies the equality 


oo 
1 
= nrpn—l < : : 
gw) de T^ "x forall (wl < ay (2.12) 
Since g is analytic on D(0, 1/5), from Cauchy’s integral formula (proceeding 
exactly as in the scalar setting) we conclude that equality (2.12) holds even for 
all uw € D(0, 1/2). This shows that the radius of convergence of the power series 
representing g(jz) is greater then 1/e. The standard formula for the radius of 
convergence of a vector-valued power series then implies that nr (x) < £ and hence 
equality (2.11) holds. [| 


2.3 The Quasi-Nilpotent Part of an Operator 


We now introduce an important subspace in Fredholm theory and local spectral 
theory. 
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Definition 2.31 The quasi-nilpotent part Ho(T) of an operator T € L(X) is 
defined as Ho(T) = XT ({0}). 


The quasi-nilpotent part of an operator may be characterized as follows: 


Theorem 2.32 For every T € L(X) we have 


Ho(T) = {x € X : limsup||T"x||/^ = 0}. (2.13) 


noo 


Moreover, if T has the SVEP then Ho(T) = Xr ({0}). 


Proof Clearly, the equality (2.13) is obtained by taking e = 0 in Theorem 2.30. If 
T has the SVEP then Xr ({0}) = X7 ({O}), by part (iv) of Theorem 2.23. a 

It should be noted that in general the limit lim, 09 ||T”x||!/" does not exist. In 
fact it has been observed, by Danes in [107], that the set of all accumulation points 
of the sequence (|| Tx || /") is the whole interval (a, b) where 


l/n 1/n 


and b := limsup||7" x || 


a :— liminf | T"x | 
NEROS, noo 


The quantity 


r,(T) := lim sup || T” x|!” 
n—> oo 


is called the local spectral radius of T at x. It should be noted that in general, 
rx(T) < max{|à| : à € or(x)]. 

If T has the SVEP then 
rx(T) = max(|A| : à € or(x)]. 

For a proof, see Laursen and Neumann [216, Proposition 3.3.13]. 


The following example shows that the quasi-nilpotent part Ho(T) need not be 
closed even if T has the SVEP. 


Example 2.33 Let X :— £5 Q £2--- be provided with the norm 


oo 1/2 
Ixl = (x iar) for all x := (xy) € X, 
n=1 


and define 


ei+1 Wfi=l,---,n, 
Thei :— 4 €i op. 
ndi LU afi xg 

i—n 
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It is easily seen that 


T 
1 ] \ 7k 
nt+ky | 
I7 l=% and (z) — Qas k > oo, 
from which we obtain that o (Tp) = {0}. Moreover, every T, is injective and the 
point spectrum op (75) = Ø, thus T, has the SVEP. 
Let us define T := Tj 9 --- ® T, ®---. From the estimate ||[7,|| = 1 for every 


n € N, we easily obtain ||T || = 1. Moreover, since op(T,) = Ø for every n € N, it 
also follows that o; (T) = Ø, hence T has the SVEP. 
Now, let us consider the sequence x = (x4) C X defined by x, := a for every 
n € N. We have 
1 
(oe) 1 T 
= =] «oo, 
Ixl (x >) 


which implies that x € X. Moreover, 


1 


€1 1Y7^ 
rr" > pm? i" = (<) 
n n 


and the last term does not converge to 0. From this it follows that o7 (x) properly 
contains (0) and therefore, x € X7({0}) = Ho(T). 
Finally, 


£29 €5--- O 462 0 (0) --- C A(T), 


where the non-zero terms are n. This holds for every n € N, so Ho(T) is dense in 
X. Since Ho(T) Z X it then follows that Ho(T) is not closed. 
In the following we collect some basic properties of Ho(T ). 


Lemma 2.34 For every T € L(X), X a Banach space, we have: 


(i) ker (T") C N™(T) € Ho(T) for every m € N; 
(i) x € Ho(T) & Tx € Ho(T); 
Gii) ker (AJ — T)  Ho(T) = {0} for every X z: 0; 
(iv) Ho(T) € (41 — T)(X) for all X z 0; 

(v) If T S = ST then Ho(T) € Ho(T S). 


Proof 


() If T" x = 0 then T"x = 0 for every n > m. 
(i) If xo € Ho(T) then from the inequality || T" T x|| < |[7 |||| T" x|| it easily follows 
that Tx € Ho(T). Conversely, if Tx € Ho(T), from 


(re pyle = (ra ey 


we conclude that x € Ho(T). 
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(iii) If x Æ 0 is an element of ker (AJ — T) then T"x = A"x, so 
lim [7"x||V" = lim |Allxl"" = IA] 
noo n— oo 


and therefore x ¢ Ho(T). 
(iv) If A Æ 0 then {0} € C \ {A}, and from Theorem 2.20 we obtain 


Ho(T) = Xr ({0}) € Xr((0) € Xr(CV (Ap = KAI - T). 


The inclusion (iv) then follows from K (AJ — T) € (AI — T)(X). 
(v) This follows easily from definition. [| 


Theorem 2.35 T € L(X) is quasi-nilpotent if and only if Ho(T) = X. 


Proof If T is quasi-nilpotent then lim, s; || T"||/" = 0, so that from ||7T"x|| < 
IIT" || |x|] we obtain that limpo || T" x||'/^ = 0 for every x € X. 

Conversely, assume that Ho(T) = Xr ({0} = X. If x € Xr((0) = X then there 
is an analytic function f : CX (0) — X such that 


(AI—T)f() =x foralla 40, 


thus (AJ — T) is surjective for all A Z 0. On the other hand, for every à 4 0 we 
have that 


{0} = ker AJ — T) O Ho(T) = ker AI — T) A X = ker (Al — T), 


which shows that AJ — T is invertible and therefore o (T) = {0}. | 


We now describe the quasi-nilpotent part of an operator T which admits a 
generalized Kato decomposition. We start with an elementary lemma. 


Lemma 2.36 Assume that T € L(X) admits a GKD (M, N). Then 
Ho(T) = Ho(T|M) 6 Ho(T|N) = Ho(T|M) ỌN. 


Proof From Theorem 2.35 we know that N = Ho(T|N). The inclusion Ho(T) 2 
Ho(T |M)2- Ho(T |N) is clear. In order to show the opposite inclusion, let us consider 
an arbitrary element x € Ho(T) and set x := u + v, with u € M and v e N. 
Evidently, N = Ho(T|N) € Ho(T), thus u = x — v e Ho(T)' M = Ho(T|M) 
and hence Ho(T) € Ho(T|M) + Ho(T |N). Clearly the sum Ho(T | M) + N is direct 
since M N N = (0). a 


The next result shows that for a semi-regular operator T, or if T is a semi- 
Fredholm operator, the quasi-nilpotent part and the hyper-kernel of T have the same 
closure. 
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Theorem 2.37 For every bounded operator T € L(X) we have: 


(i) 
Qi) 


(iii) 


Ho(T) € -K (T*) and K(T) € *Ho(T"). 
If T is semi-regular or semi-Fredholm, then 


HoT) = N*9(T) = LK(T*) and K(T) = :Ho(T*). (2.14) 


If T is semi-regular then Ho(T) € K(T). 


Proof 


(i) 


Qi) 


Let u € Ho(T) and f € K(T*). From the definition of K (T*) we know that 
there exists a ô > 0 and a sequence (gn), n € Z+, of X* such that 


go = f, T*8n+1=8 and [gall < 8" Il fl 


for every n € Z+. These equalities imply that f = (T*)” gn for every n € Z4, 
and hence 


f(u) = (T*)'g,(u) = ga(T"u) forevery n € Z}. 


From this it then follows that | f(u)| < ||T”’u||\|gn|| for every n € Z+, and 
consequently 


[f(@u)| x IfI T"uj| foreveryn € Z4. (2.15) 
Since u € Ho(T) we then obtain that lim, oo || T"u||/" = 0 and hence, by 
taking the n-th root in (2.15), we conclude that f (u) = 0. Therefore Ho(T) € 
-K(T*). 

The inclusion K (T) C -Ho(T*) may be proved in a similar way. 

Assume that T is semi-regular. Then, by Theorem 1.43, T* is semi-regular and 
hence, by Theorem 1.44, (T*)" is semi-regular, so T*"(X*) is closed for all 
n € N. From the first part we also know that 


N®(T) € HT) € KT = +K(T"), 


since ^K (T*) is closed. 

To show the first two equalities of (2.14) we need only to show the inclusion 
LK(T*) C N**(T). For every T € L(X) and every n € N we have ker T" C 
A** (T), and hence 


AP*(T)- € ker T^- = T*"(X*) 


because the last subspaces are closed for all n € N. 
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— Lb 
Ae (T) c T'*(x*) = K(T*), 


where the last equality holds by Theorem 1.64. Consequently +K (T*) 
A/^* (T), and hence the equalities (2.14) are proved. The equality K (T) 
LHo(T*) is proved in a similar way. 
The proof in the case where T is semi-Fredholm is analogous. 
(iii) The semi-regularity of T entails that V ?*(T) C T?*(X) = K(T), where the 
last equality follows from Theorem 1.64. Consequently from part (ii) it follows 
that 


I| 1 


Ho(T) = N**(T) € K(T) = K(T), 


since K (T) is closed, by Theorem 1.64. 


Corollary 2.38 Let T € L(X) be semi-regular. Then T(Ho(T)) = Ho(T). 


Proof Clearly by (ii) of Lemma 2.34 it suffices to show the inclusion Ho(T) € 
T(Ho(T)). Let x € Ho(T). From part (iii) of Theorem 2.37 we have x € K(T) = 
T(K(T)), sox = Ty forsome y € X and from part (ii) of Lemma 2.34 we conclude 
that y € Ho(T). Hence Ho(T) € T(Ho(T)). | 


Theorem 2.39 Suppose Ho(T) closed or Ho(T) A K (T) is closed. Then Ho(T) A 
K(T) = {0}. 


Proof Assume first that Ho(T) is closed. Let T denote the restriction of T to the 
T-invariant subspace Ho(T). Clearly, Ho(T) = Ho(T), thus T is quasi-nilpotent. 
Therefore K(T) = {0}. On the other hand it is easily seen that Ho(T) O K(T) = 
K(T) = {0}. 

Assume that Y := Ho(T) A K(T) is closed. Clearly, Y is invariant under T, so 
we can consider the restriction T :— T|Y.1f y € Y then 


Tn Tuc T" 1 
IT^ yl* = IT^ yl* > asn > oo, 


hence y € HoT) and consequently, Ho(T) — Y. This shows that T is quasi- 
nilpotent and hence K (T) = {0}. We claim that Y = K (T). 

Choose y € Y = Ho(T) A K(T). From the definition of K (T) there exists a 
sequence (y5)5—0,1,.. in X and a ô > O such that 


y=); T yn = Yn-1 and Il yn | < 8" ll y|| forall n =0,1,.... 
Since y € Y C Ho(T), according to Corollary 2.38, we have y, € Ho(T) for all 


n € N. Furthermore, since y € K(T) = Xr(CV(0)), from part (ii) of Theorem 2.13 
we also have y, € K(T) for all n, so y, € Y and hence y € K(T). Therefore, 
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Yc K(T). The opposite inclusion is clear, since K(T) = K(T)nY CY. Thus, 


Y = (T) N K(T) = K(T) = (0). . 
Corollary 2.40 If T is semi-regular and either Ho(T) or Ho(T) K (T) are closed 
then Ho(T) = {0}. 


Proof If T is semi-regular then T(Ho(T) = Ho(T), by Corollary 2.38. Suppose 
first that Ho(T) is closed. Then Ho(T) € K(T) and hence, by Theorem 2.39, we 
have that Ho(T) = Ho(T) A K(T) = {0}. 

Suppose that Ho(T) A K (T) is closed. Since T is semi-regular, ker T C T"(X) 
for every n € N and this is equivalent to saying that N^?(T) C T™(X), by 
Corollary 1.17. Moreover, by Theorem 1.44, K (T) — T??(X) is closed. The semi- 
regularity of T also implies, from part (ii) of Theorem 2.37, that 


Ho(T) € Ho(T) = N®(T) € T®(X) = K(T) = K(T), 
and hence Ho(T) A K(T) = Ho(T) is closed. From the first part of the proof it then 
follows that Ho(T) O K(T) = {0}. a 
We now give a characterization of the isolated points of o, (T). 


Theorem 2.41 /fT € L(X) then X = Hg(AI — T) - K (AI — T) ifand only if eos (T) 
does not cluster at x. In particular, if à € os(T) then X = Ho(AI — T) - K(AI — T) 
if and only if à € iso o,(T). 

Proof We can take A = 0. The equivalence is obvious if 0 ¢ o,(T), since K (AI — 
T) = X in this case. Suppose that 0 € o, (T). By Theorems 2.27 and 2.23 we have 


X = Xr(os(T)) = Xr ({0}) + Xr(os (7) \ {0}). 
But by Theorem 2.20 we have 
Xr (o5(T) \ (0)) € Xr(C (0) = K(T)), 
from which we obtain Ho(T) + K(T) = X. 

Conversely, suppose that 0 € o; (T) and Ho(T) + K(T) = X. Then every x € X 
may be written as x = x; +x2, where x; € Ho(T) and x2 € K(T). Clearly, from the 
definition of Ho(T), we have or (x1) € {0}, while O £ o7 (x2), by Theorem 2.23. 
Therefore, 

or (x) € or(xi) Uor(x2) € (0) N or (x2), 
and this implies, since o7 (x2) is closed, that 0 is isolated in or (x). By Theorem 2.21 


there exists an xy € X for which or (xo) = o&(T), so we can conclude that O is 
isolated in o,(T). a 
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The next corollary is an obvious consequence of Theorem 2.41, once we observe 
the equality o35(T) = os (T*). 


Corollary 2.42 If T € L(X) then X* = Ho(AI — T*) + K(AI — T*) if and only if 
Oap(T) does not cluster at A. 


Theorem 2.41 has some other interesting consequences: 
Corollary 2.43 If T € L(X) the following assertions hold: 


© X = Ho(AI — T) 4- K(AI — T) if and only if o7 (x) does not cluster at X for 
every x € X. 
Gi) X = Ho(AI — T) -- K (AI — T) for all à € C if and only if o (T) is finite. 


Proof 


(i) The direct implication is clear from the proof of Theorem 2.41. For the 
converse, note that if A ¢ o,(T) then K(AI — T) = X. Moreover, or(x) € 
Os(T) for all x € X, by Theorem 2.21. The converse implication is then a direct 
consequence of Theorem 2.41. 

(ii) Since a compact set consisting of isolated points is a finite set, Theorem 2.41 
entails that o,(T) is finite, and hence o (T ) is also finite. | 


Remark 2.44 Since the condition X = Ho(Al —T)+ K (AI — T) may be thought of 
as being dual to the condition H9(A4I1 — T) A K (AI — T) = {0}, see Theorem 2.37, 
one is tempted to conjecture that A is isolated in o35 (T) if and only if HoAJ — T) A 
K (AI — T) = (0) and Ho(AI — T) + K(AI — T) is closed. The following example 
shows that this is not true. Set 


i(T) = Jim. opum, 


where j(T) is the injectivity modulus of T € L(X), defined in Chap. 1. Let 
us consider the weighted right shift S € L(X), where X = €7(N), defined by 
Sen :— Snen+1, where (en) is the canonical basis of N), and (sn) is a given 
weight sequence, with O < s, < 1. We may choose the sequence (sn) such that 
i(S) = 0 and r(S) > 0, r(S) the spectral radius of S, see [216, Chap. 1, $1.6]. By 
[216, Prop. 1.6.15] we have 


Oap(S) = {A € C: i(S) < JA] x r(S)), 


so 0 is not isolated in oap (S). Moreover, by [216, Prop. 1.6.16], the subspaces Vs (F) 
are closed for all closed F C C, in particular Ho(S) = 4s5({0}) is closed, and 


K(S) 2()s"o0- t0). 


n=0 
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Hence, Ho(S) O K(S) = {0} and Ho(S) + K(S) = Ho(S) is closed, but 0 is not an 
isolated point of oap(S). 


For an isolated point Ao of o (T) the quasi-nilpotent part Ho(AoJ — T) and the 
analytic core K (497 — T) may be precisely described as a range or a kernel of the 
spectral projection Po associated with the spectral subset {Ao}. 


Theorem 2.45 Let T € L(X) and suppose that Xo is an isolated point of o (T). If 
Po is the spectral projection associated with {io}, then: 


(i) Po(X) = Hool — T). 
(ii) ker Po = K(AoI — T). 


Therefore, X = Ho(AoI — T) ® K(Aol — T). 
Proof 


(i) Since Ap is an isolated point of c (T) there exists a positively oriented circle 
T := {A e C: |A — Ao| = ô} which separates Ao from the remaining part of the 
spectrum. We have 


1 
(Aol — T)” Pox = z; | %- AY(QI-—T)!xdX foralln =0,1,---. 
TL Jp 


Now, assume that x € Po(X). We have Pox = x and it is easy to verify the 
following estimate: 


1 
(Aol — T'x| € —2z38"*! max (I — T)! lx]. 
2x Aer 


Obviously this estimate also holds for some dg < 6 (since I lies in o(T)), and 
consequently 


lim sup || A07 — T)” x|!” < ô. (2.16) 


This proves the inclusion Po(X) € Ho(Aol — T). 
Conversely, assume that x € Ho(Aol — T) and hence that the inequal- 
ity (2.16) holds. Let S € L(X) denote the operator 


Aol - T 


Ào— A 
Evidently the Neumann series 
oo oo n 
Aol — T 
Sx = ——— ] x 
Lnb) 


n=0 n=0 
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converges for all A € I. If y; denotes its sum for every A € T, from a 
standard argument of functional analysis we obtain that (J — S)y; = x. A 
simple calculation also shows that y; = (A — Ao) Ryx and therefore 


oo 


Aol — TY'x 
uii Pr for all A € T. 


A term by term integration then yields 


1 1 1 
Pox = mj Rix dx =—>— f —_4¢ dh = x, 
2zi r 2zi r (4o— X) 


so x € Po(X) and this proves the inclusion Ho(Ao9/J — T) € Po(X), so the proof 
of (1) is complete. 

(ii) There is no harm in assuming that Ao = 0. We have c (T|Po9(X)) = {0}, and 
O € p(T |ker Po). From the equality T (ker Po) = ker Po we obtain ker Py € 
K (T), see Theorem 1.39. 

It remains to prove the reverse inclusion K(T) C ker Po. To see this we 
first show that Ho(T) O K(T) = {0}. This is clear because Ho(T) O K(T) = 
K (T| Ho(T))), and the last subspace is {0} since the restriction of T on the 
Banach space Ho(T) is a quasi-nilpotent operator (this will be proved in the 
next Corollary 2.71). Hence Ho(T) O K(T) = {0}. From this it then follows 
that 


K(T) € K(T)n X = K(T) A [ker Po 9G Po(X)] 
= ker Po + K (T)  Ho(T) = ker Po, 


so the desired inclusion is proved. L| 
We now consider the case where 0 € isoo (T). 
Theorem 2.46 [fT € L(X) the following statements are equivalent: 


(i) 0 € isoc (T). 
(ii) Both Ho(T) and K(T) are closed and X = Ho(T) ® K(T), T|K(T) is 
invertible, T | Ho(T ) quasi-nilpotent. 
(iii) There exist two closed T-invariant subspaces M and N such that X = M ỌN, 
T |M is invertible, T|N is quasi-nilpotent. 
(iv) There exists a projection 0 ZZ P € L(X) such that PT = TP,T +P is 
invertible, T P is quasi-nilpotent. 


Proof The case where 0 ¢ o (T) is trivial, so we can consider only the case 0 € 
isoo (T). 

(i) > (i) Since 0 € isoc (T), Ho(T) and K(T) are both closed and X = 
Ho(T)G K (T), by Theorem 2.45. Furthermore, if Po denotes the spectral projection 
associated with (0), then Ho(T) = ker Po and K(T) = Po(X), so, by the 
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spectral decomposition Theorem (see Appendix A) we have 0 ¢ c (T|K(T) and 
{0} = o (T|Ho(T). 

(ii) => (iil) is obvious. 

(iii) = (i) We have o (T) = o(T|M) Uc(T|N) = ao (T|M) U (0). Since 0 ¢ 
o (T |M) it then follows that 0 is an isolated point of o (T). 

(ii) > (iv) Let P be a projection of X onto Ho(T) along K(T). Then P(X) = 
Ho(T) and ker P = K(T). Since the pair of subspaces (Ho(T), K (T)) reduces T, 
we have PT = T P. Let x :— x4 + x» be arbitrary in X, with xo € Ho(T) and 
xı € K(t). Then 


1 1 1 1 
I(T P)'xl* = IT" P"xl» = [T^ Px” = IT" x2l* — 0, 


as n — oo. Then Ho(T P) = X and hence T P is quasi-nilpotent, by Theorem 2.35. 
Clearly, the restriction (T + P)|K(T) = T|K(T) is invertible, and also (T + 
P)| Ho(T) is invertible, since T'| Ho(T) is quasi nilpotent and 


(T + P)|Ho(T) = T|Ho(T) + Ine). 


where /j,(7) denotes the identity on Ho(T). Thus, T + P = (T + PHo(T) & (T + 
P)|K (T) is invertible. 

(iv) => (iii) Since X = ker P © P(X) and TP = PT, ker P and P(X) are 
T-invariant. The restriction T| ker P = (T + P)| ker P is invertible, since T + P 
is invertible by assumption. Suppose now that x € P(X). Then 


1 1 1 
I(T" | P(X))x ||" = IT" P^xl» = (OT P)" xl" — 0, 
as n — oo. This means that Ho(T|P(X)) = P(X) and hence T|P(X) is quasi- 


nilpotent, by Theorem 2.35. 
The last assertion is clear. E 


If Ao is a pole of the resolvent we can say much more: 


Corollary 2.47 Let T € L(X) and suppose that Xo is a pole of the resolvent of T, 
or, equivalently, p :— p(X1 — T) = q(AI — T) < co. Then 


Ho(Aol — T) = ker(Agl — T)", 
and 
K (Aol — T) = (Aol — T)" (X). 


Proof Combine Theorem 1.36 of Appendix A with Theorem 2.45. a 


In the next result we consider isolated points of the spectrum. 
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Theorem 2.48 Let T € L(X) and suppose that Xo is an isolated point of o (T). If 
à Æ ho then 


{0} # Hoo? — T) € KAI — T). 


Proof If Po denotes the spectral projection associated with {Ao} then every A # 
Ao does not belong to the spectrum of T'| Po(X), so AT — T |Po(X) is invertible, 
and hence (AI — T)(Pg(X) = Po(X). Since Po(X) is closed it then follows, by 
Theorem 1.39, that Po(X) € K(AI — T), while, by Theorem 2.45, we have {0} Æ 
Po(X) = Ho(Aol — T). a 


Corollary 2.49 If T € L(X) and Aog Æ 0 is an isolated point of o(T) then 
T(Ho(^oI — T)) = Ho(aol — T). 


Corollary 2.50 [fT € L(X) and Ao € o (T) satisfies K (AoI — T) = {0} then Ao is 
the only possible isolated point of o (T ). 


Proof Suppose that o (T) has an isolated point à Z Ao. By Theorem 2.48 we have 
(0) 4 Ho(AI — T) € K(Aol — T), a contradiction. | 


Recall that an operator R € L(X) is said to be a Riesz operator if AI — R 
is a Fredholm operator for every à € C \ {0}. Denote by R(X) the class of all 
Riesz operators. The spectrum c (R) of a Riesz operator is at most countable and 
has no nonzero cluster point. Furthermore, each nonzero element of the spectrum 
is an eigenvalue and the spectral projection associated with every A # O is 
finite-dimensional (see the next Chap. 3 for more information on Riesz operators). 
Examples of Riesz operators are quasi-nilpotent operators and compact operators, 
see Heuser [179]. An example of a quasi-nilpotent operator which is neither 
nilpotent nor compact is the operator T :— Ti ® T», defined in ge N) e LN), 
where 


Ti (x1, X2,...) := (0, x1, 0,, x3...) forall x = (xn) € LN), 


and 


T(x oS (0, xı, B, = a .) for all x = (xn) € N). 

In Chap. 3 we shall see that the restriction of a Riesz operator to a closed invariant 
subspace is still a Riesz operator. The class of Riesz operators is very large, for 
instance it contains, properly, the two-sided ideal of all strictly singular operators 
S(X), introduced by Kato [195] and defined as the operators T € L(X) such 
that no restriction 7, to an infinite-dimensional closed subspace M of X is an 
isomorphism. The class R(X) also contains the two-sided ideal C(X) of all strictly 
cosingular operators introduced by Pełczyński [256] as the class of all operators for 
which there is no infinite-codimensional closed subspace N of X such that Qy T 


is surjective, where Qy denotes the canonical quotient homomorphism of X onto 
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X|N. More generally, if we consider the two-sided ideals of ®, (X)-perturbations 
and ®_(X)-perturbations, defined by 


P + (X) := {T € L(X) : T+ O4(X) € 640], 
and 
PO_(X) :={T € L(X): T+ ®_(X) C ®_(X)} 
respectively, see [155], these ideals are contained in the two-sided ideal 
T(X) := (I — TS e ®(X) forall S e L(X)} 


known in the literature as the ideal of inessential operators, introduced by Klenecke. 
We have Z(X) € R(X), more precisely, Z(X) is the uniquely determined largest 
ideal consisting of Riesz operators (for details, see Chapter 7 of [1]). 

In the next results we characterize the case where 0 is an isolated point of o (R) 
with the help of the analytic core and the quasi-nilpotent part. 


Theorem 2.51 Let R be a Riesz operator on an infinite-dimensional Banach space. 
Then the following statements are equivalent. 


(i) 0 is an isolated point of o (R); 
(ii) K(R) is closed; 
(ii) K(R) has finite dimension; 
(iv) K(R*) is closed; 

(v) K(R*) has finite dimension. 


Proof Since o (R) = c (R*) and R* is also a Riesz operator (this will be proved in 
Chap. 3) it suffices to prove only the equivalence of (i), (ii) and (iii). The implication 
(i) => (ii) is clear by Theorem 2.45. To show the implication (ii) = (iii), assume 
that K(R) is closed. Then the restriction R|K(R) is a Riesz operator and since 
R(K(R)) = K(R) we also have that R|K(R) is onto, in particular lower semi- 
Fredholm. Therefore, (AJ — R)|K(R) is lower semi-Fredholm for all A € C. This 
implies that K (R) is finite-dimensional. To prove (iii) = (i) observe first that if 
K(R) is finite-dimensional then the surjective operator R|K(R) is invertible, so 
there exists a ô > O such that (AJ — R)|K (R) is invertible for all |A| < ô. Since for 
à Æ 0 we have ker (AJ — R) € K(R), we have 


ker (AJ — R) = ker((AJ — R)|K(R)) = {0} forall 0 < |A| < ô. 
But since the index of (AJ — R) is 0 for every 0 < |A| < 6 it then follows that 


BOI — R) = 0, i.e., (AZ — R) is onto and hence invertible for all 0 < |A| < ô. 
Therefore, 0 is an isolated point of o (R). | 
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We have seen before that T € L(X) is quasi-nilpotent if and only if Ho(T) = X. 
A quasi-nilpotent operator may also be characterized in terms of the analytic core: 


Corollary 2.52 Let R € L(X) bea Riesz operator. Then R is quasi-nilpotent if and 
only if K(R) = {0}. The spectrum o (R) is a finite set which contains 0 precisely 
when K (R) is a closed set and K (R) # 0. 


Proof If R is quasi-nilpotent then, by Theorem 2.35, Ho(R) = X and since 0 is an 
isolated point of o (T) we have, by Theorem 2.45, {0} = Ho(R) AO K(R) = K(R). 
On the other hand, if K(R) = {0} then, by Corollary 2.50, 0 is the only isolated 
point of o (R), hence o(R) = {0}, since R is Riesz. The second assertion easily 
follows from Theorem 2.51. a 


Theorem 2.53 Suppose that R € L(X) is a Riesz operator on an infinite- 
dimensional Banach space X. If for some o Æ 0 we have 
Ho(Aol — R) + Ho(R) = X then 0 is an isolated point of o (R). 


Proof If ào ¢ c (R) then Ho(AoI — R) = {0}, so Ho(R) = X and hence o (R) = {0}, 
by Theorem 2.35. Suppose that Ag € o (R). Then Ao is a pole of the resolvent, so, 
by Corollary 2.47, we have K (AgI — R) = (Aol — R)’ (X) and Ho(Ao1 — R) = 
ker(Ag/ — R}? for some p € N. Since a(Agl — R) < co, Ho(Aol — R) = ker(AoI — 
R)? is finite-dimensional. Observe that 0 € c (R), otherwise Ho(R) = {0} and 
from the assumption we would have X = Ho(Ao/ — R) finite-dimensional. Now, by 
Corollary 2.49, we have R(Ho(AoI — R)) = Ho(Aol — R), so the restriction of R 
to Ho(AoI — R) is onto and hence invertible. This implies that there exists a ó > 0 
such that 


(AI — R)(Ho(ol — R) = Ho(AoI — R) forall |A| < ô. 
Since for A 4 0 we have Ho(R) € (AI — R), see Lemma 2.34, we then obtain 
X = Ho(Aol — R) + Ao(R) C (AI — R)(X) forallO < |A| < ô. 


Hence X = (AI — R)(X), i.e. AI — R is onto. Since R is a Riesz operator we then 
conclude that AJ — R is injective, for all 0 < |A| < ô, i.e., O is isolated in o (R). M 


Corollary 2.54 Let R € L(X) be a Riesz operator. If there exists a hy # 0 for 
which Ho(R) = K (Aol — R) then 0 is an isolated point of o (R). 


Proof Since Ao Æ 0, Aol — R is either invertible (in this case K(AgI — R) = X) 
or a pole of the resolvent. In both cases X = Ho(AI — R) ® K (Aol — T). Hence 
X = Ho(AI — R) 6 Ho(R), so, by Theorem 2.53, 0 is an isolated point of c (R). MI 


We now consider the isolated points of oap (T). 


Theorem 2.55 Suppose that T € L(X) and X € C is an isolated point of oap(T). 
Then 


i) Both Ho(AI — T) and K (AI — T) are closed subspaces. 
(ii) Hp AL — T)  K(AI — T) = {0}. 
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(ii) The direct sum Ho(AI — T) ® K (AI — T) is closed and there exists a Ag # 0 
such that 


HAI - T) KAI - T) = Kol - T) = [J Tol - T O0. 
n=0 


Proof We may assume i = 0. Since 0 is an isolated point of o3 (7), there exists a 
ô > 0 such that AJ — T is bounded below for all 0 < |A| < 6. By Theorem 1.50, 
the map A — K (AI — T) is constant on the punctured disc ID(0, ô) X {0}, and fixing 
Ao € DCO, 5) V {0} we have, by Theorem 1.44, that K(AoJ — T) = (Aol — T) (X). 
Set Xo :— (Aol — T)?? (X), and denote by To : Xo — Xo the operator induced by 
T on Xo. Xo is a Banach space, by Theorem 1.44. Clearly, AJ — Tọ is bijective for 
all A € DO, ô) \ (0). Since T is not surjective, K(T) Z X, hence Ho(T) 4 0 by 
Theorem 2.41. From Theorem 2.23, part (ii), we know that 


(AI — T)(Ho(T)) = Al — T)(Xr((0)) = Vr ({0} = Ho(T) for alla 40, 
from which we deduce that 
(AI — T)” (Hy(T)) = Ho(T) € AI — TY (X) forall n €N, 


so that Ho(T) € Xo, hence 0 € o (T0), and since AJ — Tp is bijective for all A € 
(0, 5) \ (0), we then have that O is an isolated point of c (Tọ). By Theorem 2.45 
we then have Xo = Ho(To) ® K (To). Clearly, Ho(T) = Ho(To), hence, to finish 
the proof it suffices to prove K(T) = K(To). Let xo € K(T), Txn41 = Xn and 
X5 || < c" |[xo|| for all n. Then 


$0) = 3 ua 
n=0 


defines an analytic function on the open disc D(0, 1) that satisfies the equality 


oo oo 

1 

Ql —T)(@(A) = yar - 3j oun for all A € D(0, =). 

C 
n=0 n=0 


In particular, xo € (AZ — T)(X) for all A € DOO, 1) Therefore, by Theorem 1.52, 
xo € K(Aol — T), and hence K(T) € Xo. Note that 


1 
pO) = AI — To) !xo € Xo forall A € D(0, —). 
C 


By continuity, x; = $(0) € Xo. A similar argument shows that x, € Xo forn > 1, 
thus xo € K (To), from which we conclude that K (T) = K (To). | 
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Corollary 2.56 Let T € L(X) and suppose that dim K (T) « oo. Then T has the 
SVEP. Moreover, if M is a closed invariant subspace for which T (M) = M then M 
is finite-dimensional. 


Proof By Theorem 1.38 we know that for each A # 0 we have ker (àI — T) € 
K (T), hence ker (AJ — T) is finite-dimensional. Moreover, a set of eigenvectors, 
each of them corresponding to a different eigenvalue of T, is linearly independent, 
so our assumption dim K (T) < oo implies that the point spectrum op(T) is finite, 
and consequently T has the SVEP. The second assertion is an obvious consequence 
of the inclusion M C K(T), established in Theorem 1.39. a 


The condition dim K(T) < oo is clearly satisfied if T°(X) = {0}, since 
K(T) € T™(X). The condition T??(X) = {0} may be thought of as an abstract 
shift condition since it is satisfied by every unilateral weighted right shift, see 
Chap. 4. 

We show now that the subspaces Hp (AI — T) are constant as A ranges through a 
connected component of the semi-regular resolvent. 


Theorem 2.57 Let T € L(X) and let € C C be a connected component of ose (T ). 
If ào € Q then 


HoQl T) = ho] T) forall4 eQ. 


Proof By Theorem 1.43 we know that pse(T) = pse(T*). Further, Theorem 1.50 
shows that K (AJ* — T*) = K (Aol* — T*) for all A € Q. From Theorem 2.37 we 
then conclude that 


Ho(AI — T) = -K (A1* — T*) = 4K (aol* — T*) = Ho(ol — T), 


for all à € Q. a 
In the sequel by 0K we denote the boundary of K € C. 


Theorem 2.58 Let T € L(X) X z {0} a Banach space. Then the semi- 
regular spectrum Oge(T) is a non-empty compact subset of C containing ðo (T). 
In particular, ðo (T) is contained in Oap(T) N os(T). 


Proof Let A9 € 9c (T) and suppose Ao € ose (T) := C \ ose (T). The set ose (T) 
is open, by Theorem 1.44, so we can consider a connected component Q of o,e (T) 
containing Ao. The set Q is open so there exists a neighborhood U of Ao contained 
in Q, and since Ao € ðo (T), U also contains points of p(T). Hence Q N p(T) z Ø. 

Now, consider a point A; € Q N p(T). Clearly, ker (4;7 — T)" = {0} for every 
n € N, thus V ^* (A17 — T) = {0}. Combining Theorems 2.57 and 2.37 we then have 


Ho(AoIl — T) = Ho(41I — T) = N® (1I — T) = {0}. 
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Hence ker(Ao7 — T) = {0}, so Aol — T is injective. On the other hand, A; € p(T) 
and hence from Theorem 1.50 we infer that 


KQol - T) = KQal — T) = X, 


so Aol — T is surjective. Hence Ao € p(T) and this is a contradiction, since Ao € 
o (T). Therefore Ao € ose (T) and do (T) C ose(T), so the last set is a compact non- 
empty subset of C. The last assertion is clear, since os, (T) C og (T) o,(T). W 


By Theorem 2.37, if AJ — T is semi-regular then N ^9 (47 — T) = Ho(AI — T), 
hence the statement of Theorem 2.57 is equivalent to saying that A ^9 (A7 — T) is 
constant as À ranges through a connected component of the semi-regular resolvent. 

For an operator T € L(X) we have V™(T) € Ho(T) and T*(X) 2 K(T). In 
the special situation of operators of Kato-type, there is equality in the sum of these 
subspaces: 


Theorem 2.59 Suppose that T € L(X) is of Kato-type. Then: 


© NOT) + T? (X) = HoT) + K(T); 
Gi) NOT) n T*(X) = Ho(T) ^ K(T). 


Proof 
(i) Let (M, N) be a GKD for T such that (T|N)7 = 0 for some integer d € N. 
We know, from part (i) of Theorem 1.63, that K(T) = K(T|M) = K(T)n M. 


Moreover, by part (iii) of Theorem 2.37, the semi-regularity of T'| M entails that 
Ho(T|M) € K(T|M) — K(T). Consequently, 


Ho(T) N K(T) = Ho(T) N (K(T) N M) = (Ho(T) NM) K(T) 
= Ho(T|M) N K(T) = Ho(T|M). 


This shows that Ho(T) O K(T) = Ho(T|M). 
We claim that 


Ho(T) + K(T) = N 6 K(T). 


From N C ker T7 C Ho(T) we obtain that N ® K(T) € Ho(T) + K(T). 
Conversely, from Lemma 2.36 we have 


Ho(T) = N ® Ho(TIM) = N G&(Ho(T) A KIT) CNG K(T), 
and hence 
Ho(T) - K(T) C(N OG K(TD)-K(ü)DSENGK(TD), 


so our claim is proved. 
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From the inclusion N C ker T? C N™(T), and, since the equality K (T) — 
T?? (X) holds for every operator of Kato-type, we then deduce that 


Ho(T) + K(T) =N G6 K(T) C NP (T) + T™(X) € A(T) + K(T). 


Hence the equality V™(T) + T??(X) = Ho(T) + K(T) is proved. 

(ii) Let (M, N) be a GKD for T such that for some d € N we have (TIN)! = 0. 
Then ker T" = ker (T|M)" for every natural n > d. Since ker T" C ker T"*! 
for all n € N we then have 


N®(T) = |_] ker T" = | ) ker(T|M)" =N™(T|M). 


n>d n>d 
From part (ii) of Theorem 2.37 the semi-regularity of T|M entails that 
A'*(T) = N©(T|M) = Ho(T|M) = A(T) OM. (2.17) 


We show now the equality Ho(T)' M = Ho(T) n M. Clearly we have 
Hog(T)YM C Ho(T) N M. Conversely, suppose that x € Ho(T) n M. 
Then there is a sequence (xn) C Ho(T) such that xn — x as n > oo. 
Let P denote the projection of X onto M along N. Then Px, —^ Px = x 
and Px, € Ho(T) O P(Hg(T)). From Lemma 2.36 we know that Ho(T) = 
(Ho(T) M) G N, so 


P(Ho(T)) = P(Ho(T) A M) = Ho(T) M, 


and hence Px, € Ho(T)M M, from which we deduce that x e Ho(T) A M. 
Consequently, Ho(T) A M = Ho(T) A M. Finally, from equality (2.17) and 
taking into account that, by Theorems 1.63 and 1.64, we have T??*(X) = 
K(T) € M, we conclude that 
A'**(T)n T*?(X) = (A(T) n M) n K(T) = (Ho(T) M) N K(T) 
= Ho(T) N (M n K(T)) = Ho(T)  K(T), 


so the proof is complete. [| 


2.4 The Localized SVEP 


We have seen in Theorem 2.14 that the SVEP for T holds precisely when for every 
element 0 Z x € X we have or(x) = Ø. The next fundamental theorem, which 
establishes a localized version of this result, will be useful in the sequel. 
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Theorem 2.60 [fT € L(X) the following statements are equivalent: 


(i) T has the SVEP at Xo; 
(ii) ker (Agl — T) A Xr (Ø) = (0); 
(iii) ker (oZ — T) A K (Aol — T) = {0}; 
(iv) For each 0 +Æ x € ker (Aol — T) we have or (x) = {Ao}. 


Proof By replacing T with A497 — T we may assume without loss of generality that 
ào = 0. 

(1) > (ii) Suppose that for x € ker T we have ør (x) = 0. Then 0 € pr(x), so 
there is an open disc D(0, £) and an analytic function f : D(0, €) — X such that 
(AI — T) f (A) = x for every A € D(O, £). Then 


T(GI — T) f Q)) = (I — T)TC(f()) 2 Tx 20 
for every A € ID(0, £). Since T has the SVEP at 0, Tf (à) = 0, and consequently 
T(f(0)) =x — 0. 
Conversely, suppose that for every 0 # x € ker T we have or(x) Z Ø and 


consider an analytic function f : D (0, €) — X for which (AJ — T) f (4) = 0 holds 
for every A € D (0, £). We can represent the function f as 


FO) =X a'u, 
n=0 


for a suitable sequence (un) C X. Evidently, Tuo = T (f (0)) = 0, from which we 
obtain uo € ker T. Furthermore, the equalities 


oT (f (à)) = or (0) = Ø for every à € D (0, £) 


imply that 
or Cf (0)) = or (uo) = 0, 


and hence, uo = 0. For all 0 Æ à € D (0, £) we have 


oo oo 
0— (AI — T)f ) = (Al — T) > Mu, = XI — T) XO Mungi, 
n=1 n=1 
and hence 


oo 
cfe TOS Muns1) for every 0 Æ X € D (0, e). 
n=0 
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By continuity this is still true for every à € D (0, £). At this point, by repeating the 
same argument as in the first part of the proof, it is possible to show that u; = 0, 
and by iterating this procedure we can easily conclude that u2 = u3 = --- = 0. This 
shows that f = 0 on D (0, £), and therefore T has the SVEP at 0. 

(ii) <> (iii) It suffices to prove the equality 


ker TO K(T) = ker TN Xr(9). 


By Theorem 2.30 we have kerT C Ho(T) € Xr({0}, and hence, from 
Theorem 2.20, we obtain 


ker T O K(T) = ker T N Xr (C \ (0) € Xr((0D0 à Xr(CV (0) = Xr Ø). 
Since X7 (Ø) € Xr (C \ {0}) = K(T), we then conclude that 
ker TO K(T) «ker TN K(T) A Xr(f) = ker TN Xr(). 


(ii) = (iv) Since ker T C Ho(T), from Theorem 2.30 it then follows that 
or(x) € {0} for every 0 Z x € ker T. But, by assumption or(x) 4 Ø, so 
or (x) = {0}. 

(iv) = (ii) Obvious. | 


For an arbitrary operator T € L(X) on a Banach space X let 
E(T) := {A € C: T fails to have the SVEP at A}. 


Clearly, &(T) is contained in the interior of the spectrum o (T), and, from the 
identity theorem for analytic functions it readily follows that &(T) is open. This 
implies that if T has the SVEP at all A € D(Ao, &) \ {Ao}, where DD(Ao, £) is an 
open disc centered at Ao, then T also has the SVEP at Ao. Clearly, &(T) is empty 
precisely when T has the SVEP. 


Corollary 2.61 If T € L(X) is surjective, then T has the SVEP at 0 if and only 
if T is injective. Consequently, the equality o (T) = os(T) U E(T) holds for every 
T € L(X). Furthermore, os(T) contains 9€ (T), the topological boundary of € (T). 


Proof If T is onto and has the SVEP at 0 then K(T) = X. By Theorem 2.60 we 
have ker T N X = ker T = (0), hence T is injective. The converse is clear. To 
show the equality o (T) = o,(T) N S(T) we have only to show the inclusion C. 
Suppose that à ¢ os(T) N S(T). From the first part we obviously have A ¢ o (T) 
from which we obtain o (T) = o,(T) U &(T). The last claim is immediate: since 
d&(T) € c (T) and E(T) is open it then follows that 9 E(T) O &(T) = 0. This 
obviously implies that 0&(T) € os(T). [| 


An immediate consequence of Corollary 2.61 is that every unilateral left shift on 
the Hilbert space £2(N) fails to have the SVEP at 0. 
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Remark 2.62 Evidently if Y is a closed subspace of the Banach space X such that 
(Aol — T)(Y) = Y and the restriction (A97 — T) |Y does not have the SVEP at Ao 
then T also does not have the same property at Ao. 

This property, together with Corollary 2.61, suggests how to obtain operators 
without the SVEP: if for an operator T € L(X) there exists a closed subspace Y 
such that 


(Agi — TY) 2 Y and ker (Agi — T) n Y # (0) 


then T does not have the SVEP at Ao. 


Theorem 2.63 Let X and Y be Banach spaces and consider two operators S € 
L(X, Y) and R € L(Y, X). Suppose that either of the following cases hold: 


(i) Rand S are both injective. 
(i) R or S is injective with dense range. 
Then o (RS) = o (SR). 


Proof 


(i) Assume that S and R are injective. By Theorems 2.21 and 2.4 we then have 


o(RS) = U ors(x) U E (RS) = U OsR(Sx) U E(SR) 


xeX xeX 
€ | Jess) U ECSR) = o (SR), 
yeY 


thus o (RS) € c (SR). By symmetry then o (RS) = o (SR). 
(ii) The statement follows by duality. [| 


Remark 2.64 Let L denote the unilateral left shift on the Hilbert space £2(N), 
defined as 


L(xi,X2,X3,:::) i (2, x3, ++) forall x = (xn) € £0(N). 


Evidently, L is onto but not injective, since every vector (x1, 0, 0, ---), with x; Æ 0, 
belongs to ker L. Corollary 2.61 then shows that L fails to have the SVEP at 0. Later, 
we shall see that other examples of operators which do not have the SVEP at 0 are 
semi-Fredholm operators on a Banach space having index strictly greater than 0. 


Theorem 2.65 For a bounded operator T on a Banach space X and Ao € C, the 
following implications hold: 
pol — T) < oo 2 N® (gl — T) (aol — T)* (X) = {0} 
=> T has the SVEP at Ao, 
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and 


gal —T) < œ > X =N” Qol — T) + Qol — T)'*(X) 
=> T* has the SVEP at ho. 


Proof There is no loss of generality in assuming A9 = 0. 
Assume that p :— p(T) < oo. Then N®(T) = ker T", and therefore from 
Lemma 1.19 we obtain that 


N®(T) N T*(X) € ker T? n T" (X) = {0}. 


From Theorem 2.60 we then conclude that T has the SVEP at 0. 
To show the second chain of implications suppose that q := q(T) < oo. Then 
T®(X) = T?(X) and 


N™(T) 4- T9 (X) = N'9(T) + T1(X) 2 ker Tf + T2 (X). (2.18) 


Now, the condition q = q(T) < oo yields that T74(X) = T4(X), so for every 
element x € X there exists a y € T?(X) such that Ty = T4%(x). Obviously 
x — y € ker T4, and therefore X = ker T7 + T?(X). From the inclusion (2.18) we 
conclude that X = A?? (T) + T^? (X), and therefore, by Theorem 2.65, T* has the 
SVEP at 0. [| 


In the remaining part of this section we want show that the relative positions of 
all the subspaces introduced in the previous chapter are intimately related to the 
localized SVEP. 

To see this, let us consider for an arbitrary Ao € C and an operator T € L(X) the 
following increasing chain of kernel-type spaces: 


ker (Aol — T) € NP QI — T) € HoQol — T) € Xr({Ao}), 
and the decreasing chain of the range-type spaces: 
XT(V) € Xr(C\ f0) = KQol — T) € Aol — T)* (X) € Aol — T)(X). 
The next corollary is an immediate consequence of Theorem 2.60 and the 
inclusions considered above. 


Corollary 2.66 Suppose that T € L(X) satisfies one of the following conditions: 


(i) AN? (AgI — T) (Aol — T)* (X) = (0); 
(ii) N° (Ap I — T)  K(Aol — T) = {0}; 
(ii) Mol — T) Xp) = (0); 
(iv) Ho(AoI — T) A K (Aol — T) = {0}; 
(v) ker (Ao] — T) N (Aol — T)(X) = {0}. 
Then T has the SVEP at Ao. | 
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Corollary 2.67 For a bounded operator T € L(X), X a Banach space, the 
following implications hold: 


(i) Ho(Aol — T) closed > Ho(XoI — T) A K(AgI — T) = (0) => T has the SVEP 
at Xo. 
Gi) X = H(Aol — T) + K (Aol — T) > T* has the SVEP at io. 


Proof Without loss of generality, we may consider Ao = 0. For the first implication 
in (1) see the proof of Theorem 2.39. The second implication of (1) has been proved 
in Corollary 2.66. 

(ii) This follows from Theorem 2.41, since the condition X = H (A91 — T) + 
K (Aol — T) is equivalent to saying that À is isolated in o,(T). | 


The operator in the Example 2.33 shows that, in general, the converse of 
Theorem 2.39 does not hold. Indeed, T has the SVEP, since the point spectrum 
op(T) is empty, while Ho(T) is not closed. 

If T or T* have the SVEP then some spectra coincide: 


Theorem 2.68 For T € L(X), the following statements hold: 


© If T has the SVEP then os(T) = o (T) and ose(T) = oap (T). 
(ii) If T* has the SVEP then Oap(T) = o (T) and ose (T) = os(T). 
(iii) If both T and T* have the SVEP then 


o(T) =0,(T) = Oap(T) = ose(T). 


Proof The first equality (1) is an obvious consequence of Corollary 2.61, since &(T) 
is empty. To prove the second equality of (1) observe first that the inclusion o; (T) € 
Oap(T) is trivial, since every bounded below operator is semi-regular. Conversely, 
let A ¢ ose (T). From the definition of semi-regularity and Theorem 1.33 we know 


ker (AI — T) € (AI — T)* (X) = K(AI — T). 
But ker (AJ — T) € Ho(AI — T), for all A € C, so we have 
ker AJ — T) € KAI — T)  Ho(41 — T). 


From Corollary 2.66 we then obtain ker (AJ — T) = {0}, i.e. AJ — T is injective. 
This implies, since AJ — T has closed range by assumption, that A ¢ Gap(T). 

The two equalities of part (ii) are easily obtained by duality, while (iii) follows 
from part (i) and part (ii). | 


Then converse of Corollary 2.66 need not be true. The next bilateral weighted 
shift provides an example of an operator T which has the SVEP at 0 while Ho(T) A 


K(T) # (0). 


2.4 The Localized SVEP 141 


Example 2.69 Let B := (Bn)nez be the sequence of real numbers defined as 
follows: 
uos 1-4 |n| if n <0, 
"n le ifan>0. 


Let X :— L2(8) denote the Hilbert space of all formal Laurent series 


oo 


oo 
> anz” for which 3 lanl Bn? < oo. 


n=—00 n-—-—oo 
Let us consider the bilateral weighted right shift defined by 
oo oo 
T( x anz”) :— 5 anz”t! ; 
n-—-—oo n--—oo 


or equivalently, Tz” :— z"*! for every n € Z. The operator T is bounded on L2(8) 
and 


Iri = sup | Pet inez} =I. 


Clearly T is injective, so it has the SVEP at 0. We show now that Ho(T) N 
K (T) z {0}. From |[z"||g = By for all n € Z we obtain that 


1/n 


lim |z" !|g ^^ =0 
noo 
and 
1 
lim z" = 1. 
i> OO 


By the formula for the radius of convergence of a power series we then conclude 
that the two series 


fA= lame! and gA) = doar! 
n=1 


n=1 


converge in L2(f) for all |A| > 0 and |A| < 1, respectively. Evidently, the function 
f is analytic on C \ {0}, and 


oo 


oo 
QI-T)fü)e-M lam” — Soar qp fonallaz0, 
n-l 


n=1 
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while the function g, which is analytic on the open unit disc ID(0, 1), satisfies 


[0,6] oo 
QI — T)gQ) 2 32 a" - Va mz =] forallà € D(0, 1). 
n=0 n=0 


This implies that 
1 e Xr ({0}) N Xr (C \ DO, 1)) = Ho(T) n K(T), 


where the last equality follows from Theorems 2.20 and 2.30. 
The SVEP may be characterized as follows. 


Theorem 2.70 A bounded operator T € L(X) has the SVEP if and only if Ho(AI — 
T) K(AI — T) = {0} for every à € C. 


Proof If T has the SVEP, from Theorem 2.20 we know that 
K(AI — T) = Xjj-T(CXV (0) = Xr(C \ (A4). forevery A € C, 
and hence, by Theorem 2.30, 
Ho(AI — T) = Xjj1-r((0)) = Xr((4]) foreveryA e C. 
Consequently, by Theorem 2.14 we conclude that 
Ayal — T) N KOI — T) = Xr Aà) N Xr(C\ (A) = Xr(9) = (0j. 


The converse implication is clear by Corollary 2.66. a 


For a quasi-nilpotent operator we have Ho(T) = X. The analytic core K (T) is 
"near" to being the complement of Ho(T). Indeed we have: 


Corollary 2.71 [fT € L(X) is quasi-nilpotent then K (T) = {0}. 


Proof By Theorem 2.35 we have Ho(T) = X . On the other hand, since T has the 
SVEP, from Theorem 2.70 we have {0} = K (T) n Ao(T) = K(T). | 


The next result shows that a quasi-nilpotent operator T € L(X) cannot be 
essentially semi-regular if X is infinite-dimensional. 


Theorem 2.72 Let T € L(X) be essentially semi-regular and quasi-nilpotent. 
Then X is finite-dimensional and T is nilpotent. In particular, this holds for semi- 
Fredholm operators. 


Proof Let (M, N) be a GKD for T such that T|N is nilpotent and N is finite- 
dimensional. Since T is quasi-nilpotent, Corollary 2.36 entails that X — Ho(T) — 


2.4 The Localized SVEP 143 


Ho(T|M) @ N. Moreover, T'| M is semi-regular, hence by Theorems 2.37 and 1.63 
Ho(T|M) € K(T|M) = K(T). By Corollary 2.71 we know that K(T) = {0}, so 
Ho(T |M) = {0}. This implies that X = (01 N = N, hence X is finite-dimensional 
and T is nilpotent. L| 


Theorem 2.73 Suppose that for a bounded operator T € L(X), the sum Ho(Aol — 
T) + (Aol — T)(X) is norm dense in X. Then T* has the SVEP at X9. 


Proof Also here we assume that 49 = 0. From Theorem 2.37 we have that K(T*) C 
Ho(T)+. From a standard duality argument we now obtain 


ker (T*) N K(T*) € T(X)* n Ho(T)* = (T(X) N MTY}. 


If the subspace H (T) + T(X) is norm-dense in X, then the last annihilator is zero, 
hence ker T* N K(T*) = {0}, and from Theorem 2.60 we conclude that T* has the 


SVEP at 0. [| 
Corollary 2.74 Suppose either that Ho(XoI — T) + K(AoIl — T) or N?*(AgI — 
T) + (Aol — T)??* (X) is norm dense in X. Then T* has the SVEP at AQ. a 


The next theorem is, in a certain sense, dual to Theorem 2.73. 


Theorem 2.75 Suppose that for a bounded operator T € L(X) the sum Ho(AoI* — 
T*) + (Agl* — T*)(X*) is weak*-dense in X*. Then T has the SVEP at A9. 


Proof From Theorem 2.37 we know that K(T) C LHo(T*). Therefore 
ker TO K(T) € AT*(X*) n -Ho(T*) = «T*(X*) + Hj(T*)). 


But the sum Ho(T*) + T*)(X*) is weak*-dense in X*, so, by the Hahn-Banach 
theorem, the last annihilator is zero and therefore T has the SVEP at 0, again by 
Theorem 2.60. a 


The following corollary is clear, since the analytic core of an operator is 
contained in the range, while the hyper-kernel is contained in the quasi-nilpotent 
part. 


Corollary 2.76 Suppose that for a bounded operator T € L(X), either Ho(Aol — 
T*) + K(Aol — T*) or N® (Ag — T*) + (Ag — T*)** (X*) is weak*-dense in X*. 
Then T has the SVEP at A9. | 


The result of Corollary 2.74 cannot be reversed, as the following example shows: 


Example 2.77 Let V denote the Volterra operator on the Banach space X :— 
C[0, 1], defined by 


t 
VAPA aj f(s)ds forall f € C[0,1] and? e [O, 1]. 
0 
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V is injective and quasi-nilpotent. Consequently A/?? (V) = {0} and K(V) = {0} 
by Corollary 2.71. It is easy to check that 


V(X) = {f € C*[0, 1]: £0) 20, n € Z4}, 


thus V(X) is not closed and hence is strictly larger than V(T) = {0}. Clearly the 
sum A/*? (V) + V?*(X) is not norm dense in X, while V* has the SVEP, because it 
is quasi-nilpotent. 


Lemma 2.78 Suppose that 491 — T has a GKD (M, N). Then 
dol — T|M is surjective <= A9I* — T*|N- is injective. 


Proof We can assume Ag = 0. Suppose first that T(M) = M and consider an 
arbitrary element x* € ker 7*|N+ = ker T* N N+. For every m € M there exists 
an m’ € M such that Tm’ = m. Then we have 


x*(m) = x*(T m!) = (T*x*)(m) = 0, 


and therefore x* € M^ n N+ = {0}. 

Conversely, suppose that T'| M is not onto, i.e., T(M) € M and T(M) Æ M. By 
assumption T (M) is closed, since T|M is semi-regular, and hence via the Hahn- 
Banach theorem there exists a z^ € X* such that z* € T(M)+ and z* ¢ M+. 

Now, from the decomposition X* = N+ @ M+ we have z* = n* + m* for some 
n* € N+ and m* € M+. For every m € M we obtain 


T*n* (m) = n*(Tm) = z'(Tm) — m* (Tm) = 0. 


Hence T*n* € N+ n M+ = (0), and therefore 0 Æ n* € ker T* N N+. L| 


Theorem 2.79 Suppose that T € L(X) admits a GKD (M, N). Then the following 
statements are equivalent: 


(i) T has the SVEP at 0; 
i) T|M has the SVEP at Xo; 
(ii) (Aol — T)|M is injective; 
(iv) Ho(49 —T)— N; 
(v) Ho(Aol — T) is closed; 
(vi) Hool — T) A K (Aol — T) = {0}; 
(vii) Ho(AoI — T) A K (Aol — T) is closed. 


Proof Also here we shall consider the particular case Ao = 0. 

The implication (i) = (ii) is clear, since the SVEP at 0 of T is inherited by the 
restrictions on every closed invariant subspace. 

(ii) > (iii) T|M is semi-regular, so T|M has the SVEP at 0 if and only if T|M 
is injective. 
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(iii) > (iv) If T|M is injective, from Theorem 2.37 the semi-regularity of T|M 
implies that Ho(T|M) = N®(T|M) = {0}, and hence 


Ho(T) = Ho(T|M) $ Ho(T|N) = (0) BN =N. 


The implications (iv) = (v) and (vi) => (vii) are obvious, while the implications 
(v) 2 (vi) and (vii) > (i) have been proved in Theorem 2.39. 

The last assertion is clear since the pair M :— X and N := {0} is a GKD for 
every semi-regular operator. [| 


The next result shows that if the operator Ao/ — T admits a generalized Kato 
decomposition then all the implications of Theorem 2.73 are actually equivalences. 


Theorem 2.80 Suppose that 49] — T € L(X) admits a GKD (M, N). Then the 
following assertions are equivalent: 


(i) T* has the SVEP at Ao; 
(i) (Aol — T) |M is surjective; 
(ii) K(Aog] — T) = M; 
(iv) X = Ho(Aol — T) + K(Aol — T); 
(v) Ho(Aol — T) + K (Aol — T) is norm dense in X. 
In particular, if 491 — T is semi-regular then the conditions (i)-(v) are 
equivalent to the following statement: 
(vi) K(Aol — T) = X. 


Proof We suppose Ao = 0 here. 

(i) € (ii) We know that the pair (N^, M+) is a GKD for T*, and hence, 
by Theorem 2.79, T* has the SVEP at 0 if and only if T* |N+ is injective. By 
Lemma 2.78 T* then has the SVEP at 0 if and only if T |M is onto. 

(ii) 2 (iii) If T|M is surjective then M = K(T|M) = K(T), by Theorem 2.37. 

(iii) => (iv) By assumption X = M@WN = K(T) 8 N, and therefore X = 
Ho(T) + K(T), since N = Ho(T|N) € A(T). 

The implication (iv) = (v) is obvious, while (v) = (i) has been established in 
Theorem 2.73. 

The last assertion is obvious since M :— X and N := {0} provides a GKD 
for T. B 


Lemma 2.81 /fT € L(X) admits a GKD (M, N) and 0 € c (T), then 


(i) T has the SVEP at 0 = 0 € iso oap (T). 
(ii) T* has the SVEP at 0 + 0 € isoo,(T). 


Proof 


(i) The implication (<=) has been observed before. To show the reverse implica- 
tion, suppose that T has the SVEP at 0 and that T has a GKD (M, N). Then 
the restriction T|M has the SVEP at 0, so T|M is injective and Ho(T) = N, by 
Theorem 2.79. Hence X = M ® Ho(T). But T|M is semi-regular, so T (M) is 
closed and hence T'| M is bounded below. Since T'|N is quasi-nilpotent we then 
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have oap(T | N) = {0}. Therefore, 
Fap(T) = oap(T| M) U eap (T|N) = oap(T|M) U {0}. 


But 0 ¢ oap(T |M) and oap(T | M) is closed, from which we conclude that 0 is 
an isolated point of Oap(T). 

(ii) The implication (<=) has been already observed. To show the reverse implica- 
tion assume that T* has the SVEP at 0. The pair (N+, M+) is a GKD for T* 
and the restriction T*|N + has the SVEP at 0 and, as above, we deduce that 
T*[N is injective. By Lemma 2.78 we then have that T'| M is onto. Since T|N 
is quasi-nilpotent then o, (T|N) = {0}. Finally 


os(T) = o5(T|M) Uos(T|IN) = os(T|M) U {0}. 


But 0 ¢ o,(T|M) and o,(T |M) is closed, from which we conclude that 0 is an 
isolated point of o,(T). | 


The operators which admit a GKD may be characterized by means of commuting 
projections as follows: 


Theorem 2.82 /f T € L(X) the following statements are equivalent: 


(i) T admits a GKD (M,N); 
(ii) there exists a commuting projection P such that T + P is semi-regular and T P 
is quasi-nilpotent. 
In this case K (T) is closed. If 0 € o (T) then 0 € isoose (T). 


Proof (i) => (ii) Suppose that T has a GKD (M, N). Then T|M is semi-regular 
and T|N is quasi-nilpotent. Let P be the projection of X onto N along M. Then 
M = ker P and N = P(X). The pair (M,N) reduces T, so PT = TP. 
Since T + P and T P are also reduced by the pair (M, N), by Theorem 1.46 the 
restriction (T + P)|M = T|M is also semi-regular. Furthermore, (T + P)|N = 
(T + P)|P(X) = T|N + I|N is invertible, since T|N is quasi-nilpotent, hence 
T+P=(T+P)|M Q (T + P)|N is semi-regular. We have, by Lemma 2.36 and 
since T'|N is quasi-nilpotent, 


Ho(T P) = Ho((T P|M) 6 Ho((T P)|N) = Ho) ® Ho(T|N) = M ỌN =X, 


so, by Theorem 2.35, T P is quasi-nilpotent. 

(i) = (i) Suppose that P is a commuting projection for which T + P is 
semi-regular and T P is quasi-nilpotent. Then X = ker P ® P(X) and the pair 
(ker P, P(X)) reduces T and hence also T + P and T P. By Theorem 1.46 the 
restriction (T + P)| ker P = T|ker P is semi-regular. 

We show now that the restriction 7| P(X) is quasi-nilpotent. Let x € P(X) be 
arbitrarily chosen. Then 


nyt _ npn yt nyt 
PPX)" ll» = IT? Pex = (C7 P) xl" > 0as n > œ, 
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so x € Ho(T|P(X)) and hence P(X) € Ho(T|P(X)). The reverse inclusion 
Ho(T|P(X)) € P(X) is obvious, so Ho(T|P(X)) — P(X), and this implies 
that T| P(X) is quasi-nilpotent. Consequently, the pair (ker P, P(X)) is a GKD 
for T, and hence K(T) — K(T|ker P) by Theorem 1.63. On the other hand, since 
the restriction T| ker P is semi-regular, again by Theorem 1.63 we then have that 
K(T|ker P) is closed. 

Suppose that 0 belongs to o (T). By Theorem 1.46 we have 


Ose(T) = Ose(T| ker P) U ose (T|P(X)) = ose(T| ker P) U {0}. 


We know that T|P(X) is quasi-nilpotent, and the Kato spectrum is non-empty, so 
Ose(T|P(x)) = (0). Since 0 d ose (T| ker P), and ose (T | ker P) is closed, it then 
follows that 0 is an isolated point of os« (T). | 


Corollary 2.83 If T € L(X) then the following statements are equivalent: 


(i) T is of Kato-type; 
(ii) there exists a commuting projection P such that T + P is semi-regular and T P 
is nilpotent. 


Proof (1) => (ii) Let (M, N) be a GKD for T such that T'|N is nilpotent. If P is the 
projection of X onto N along M we have (T P)|M = (TP)|ker P = 0. Let v e N 
be such that (T |N)" = ((T P)|P(X))” = 0. Then 


(T P)" = (TP)|M)" ® (TP|N)* —0, 


so T P is nilpotent. 

(ii) = (1) Suppose that P is a commuting projection such that T + P is bounded 
below and T P is nilpotent. As in the proof of Theorem 2.82, the pair (ker P, P(X)) 
is a GKD for T. Furthermore, T| P(X) = (T P)| P(X) is nilpotent. [| 


The following result may be considered as a refinement of Theorem 2.46. 
Theorem 2.84 Let T € L(X). Then the following statements are equivalent: 


(i) Ho(T) is complemented by a T-invariant subspace M such that T(M) is 
closed; 

(i) there exists a pair of proper closed subspaces (M, N) which reduces T such 
that the restriction T = T|M ®T\|N, T|M is bounded below, while T|N 
quasi-nilpotent; 

(iii) there exists a commuting projection P + 0 such that T + P is bounded below 
and T P is quasi-nilpotent. 

In this case both subspaces Ho(T) and K (T) are closed. More precisely, 
for every projection P which satisfies (ii) we have Ho(T) = P(X). Moreover, 

(iv) Ho(T) A K(T) = (0). 

(v) 0 € iso oap (T). 
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Proof (i) & (ii) Let M bea closed T-invariant subspace such that X = Ho(T) M 
and T (M) is closed. If N := Ho(T) then T = TM $ T|N and 7» := T|N is quasi- 
nilpotent. Moreover, ker T|M = M N ker T € M N H«(T) = {0}, so Tj := T|M 
is bounded below, since T (M) is closed. Conversely, let X = M @ N such that 
T|M is bounded below and T|N is quasi-nilpotent. Then H,(T|M) = {0} and 
Ho(T|N) = N, hence Ho(T) = Ho(T|M) G8 H-(TIN) = N, so X = M @ Ho(T) 
and T (M) is closed. 

(ii) > (ii) Clearly, (M, N) is a GKD for T, since every bounded below operator 
is semi-regular. As in the proof of Theorem 2.82, if P is the projection of X onto N 
along M then M — ker P and N — P(X), and T P is quasi-nilpotent. Moreover, 
T+ P — (T -- P)|M G (T + P)|N and (T + P)|M = T|M is bounded below, 
by Lemma 1.28, while (T + P)|N = T|N + In is invertible. Therefore, again by 
Lemma 1.28, T + P is bounded below. 

(iii) > (ii) Take M := ker P and N := P(X). As in the proof of Theorem 2.82, 
T|M = (T + P)|M is bounded below, while T|N = T| P(X) is quasi-nilpotent. 

Observe that K (T) is closed by Theorem 2.82. To show that Ho(T) is closed 
observe that, by Lemma 2.36, we have Ho(T) = Ho(T|M) @ N. Since T|M is 
bounded below, Ho(T|M) = {0}, so Ho(T) = {0} @ N = N is closed. 

(iii) Ho(T) OK (T) is closed, so, by Theorem 2.39, we have Ho(T)NK(T) = (0). 

(iv) Because Ho(T) is closed, T has the SVEP at 0. By Lemma 2.81, it then 
follows that 0 € iso oap (T). | 


Theorem 2.85 Let T € L(X). Then the following statements are equivalent: 


(i) K(T) is closed and complemented by a T-invariant subspace N such that 
N € A(T); 
(i) there exists a pair of proper closed subspaces (M, N) which reduces T such 
that T = T|M G T|N, T|M is onto and T|N is quasi-nilpotent; 
(iii) there exists a commuting projection P # 0 such that T + P is onto and T P is 
quasi-nilpotent. 
If the equivalent conditions (i) and (iii) are satisfied we have: 
(iii) K(T) is closed and X = Ho(T) + K(T); 
(iv) 0 € isoo,(T). 


Proof (i) & (ii) Let Tj := T|K(T) and T» := T|N. Obviously, Tı is onto and 
Ho(T?) = Ho(T) A N = N, so T is quasinilpotent. Conversely, suppose that X = 
MQGN with Tj := T|M onto and T> := T|N quasi-nilpotent. Then K (T) = K(T|) 
is closed. Since Tı is onto then M = K(T), so X = K(T)@ N and from the 
inclusion N C Ho(T) we obtain that T'| N is quasi-nilpotent. 

(ii) > (ii) If T satisfies (ii) then (M, N) is a GKD for T since every onto operator 
is semi-regular. If P is the projection of X onto N along M then (T+ P)|M = T|M 
is onto, while (T + P)|N is invertible. By Lemma 1.28 it then follows that T + P 
is onto. As in the proof of Theorem 2.82, we know that T P is quasi-nilpotent. 

(iii) = (ii) Also here, take M :— ker P and N :— P(X). As in the proof of 
Theorem 2.82, T|M = (T 4- P)|M is onto, while T|N = T|P(X) is quasi-nilpotent. 


2.5 A Local Spectral Mapping Theorem 149 


(iii) Clearly K (T) is closed by Theorem 2.82. Now, 
Ho(T) = Ho(T|M) $ Ho(T|N) = Ho(TIM) ON 2 N, 


while K(T) = K(T|M) = M, since T|M is onto. Therefore, X = M@N C 
K (T) + Ho(T) and hence X = K(T) + Ho(T). 

(iv) The condition X = Ho(T) + K (T) entails that T* has the SVEP at 0, so, by 
Lemma 1.70, 0 € isoo;(T). a 


2.5 A Local Spectral Mapping Theorem 


Given an operator T € L(X), X a Banach space, and an analytic function f 
defined on an open neighborhood U of c (T), let f (T) denote the corresponding 
operator defined by the functional calculus. One may be tempted to conjecture that 
the spectral theorem holds for the local spectrum, i.e. f (or(x)) = o f(r) (x) for all 
x € X. It can easily be seen that this equality is not true in general. Indeed, if we 
consider the constant function f = c on the neighborhood U and an operator T 
without the SVEP, then there exists, by Theorem 2.20, a vector 0 Z x € X such that 
OT (x) = Ø. Clearly f(or(x)) = Ø, while 


ofm) = oCf(T)) = (c) FD. 


Denote by H(o(T)) the set of all analytic functions, defined on an open 
neighborhood of c (T). In order to show that the spectral theorem for the local 
spectrum holds if T has the SVEP, we first need to prove that the SVEP is preserved 
under the functional calculus. 


Theorem 2.86 If T € L(X) has the SVEP then f (T) has the SVEP for every 
f € (o (T). 


Proof Suppose that T has the SVEP and oy(rj(x) = Ø for some x € X. By 
Theorem 2.14 it suffices to show that x = 0. For every A € C there exists an 
analytic function g : U, — X defined in an open neighborhood U, of à such that 
(ul — f(T)g(u) = x. Set Fy := C \ U. Trivially, 


(15.28. 
AeC 


and 


xe () Xfer (Fi) = () Xr (FTIF) 


AeC AeC 


€ Xr(( | f(A) = Xr). 


AeC 


Since T has the SVEP, Xr (Ø) = {0}, hence x = 0, so f (T) has the SVEP. a 
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Denote by Hnc(o(T)) the set of all analytic functions, defined on an open 
neighborhood of o (T), such that f is non-constant on each of the components of its 
domain. 


Theorem 2.87 /f T € L(X) the following statements hold: 


© f(er(x)) € ofr (x) for all x € X and f € H(o(T)). 
(i) If T has the SVEP, or if the function f € Hnc(o(T)), then 


f(or(x) —ogqy(x) forall x € X. 


Proof 


(i) Let x € X, and for every A ¢ o y(r)(x) let U, denote an open neighborhood of 
A such that x € Xfer) (C \ Uy). From Theorem 2.29 we have 


x € Xr(f  (CNU4)) € Xr(f (CN), 


so f(or(x)) € CX for all 4 ¢ oy(ry(x). From this it then follows that 
f(or(x)) € ofr). 

(ii) If T has the SVEP then, by Theorem 2.86 f(T) has the SVEP and hence, by 
Theorem 2.23, local spectral and glocal spectral subspaces corresponding to 
the same closed set coincide. By Theorem 2.29 we then have X ¢(T)(F) = 
Ar (f -! (F)) for all closed sets F C C, and applying this equality to the closed 
set Fo :— f (or (x)) we then obtain the reverse inclusion o f(7)(x) € f (or (x)). 

The proof in the case when f € Hyc(o(T)) is rather technical and may be 
found in [216, Theorem 3.3.8]. | 


The next result shows that the localized SVEP is preserved under the functional 
calculus under appropriate conditions on the analytic function. 


Theorem 2.88 Let T € L(X) and f € Hnc(o(T)). Then f(T) has the SVEP at 
à € C if and only if T has the SVEP at every point u € o (T) for which f(u) = à. 


Proof Suppose first that f (T) has the SVEP at Ap € C. By Theorem 2.60 then 
ker Aol — f(T) A Xfm (D) = {0}. 


Suppose now that for some uo € o(T) we have f(uo) = Ao. To show 
the SVEP of T at wo it suffices, again by Theorem 2.60, to show that 
ker (uol — T) N Xyo1—7 (Ø) = {0}. 

Let x € ker (uol —T)NX7 (Ø) be arbitrarily given and define A (u) := X9— f (u) 
for all € U. Then h(T) = Aol — f (T) and, since h(up) = 0, we can write 
h(u) = (uo — u)g(p), where g is analytic on U. Clearly 


A(T) = (uol — T)g(T) = g(T)(uol — T), 
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so that x € ker h(T) = ker (A497 — f (T). On the other hand, from x € X7(@) we 
obtain or (x) = Ø, and hence 


ofna) = flora) = fØ) — 0, 
so x € X fer) (Ø). Therefore 
ker (uol — T) Xr (Ø) € ker 91 — f(T)) N X fm (P) = {0}, 


which shows, by Theorem 2.60, that T has the SVEP at Ao. 

Conversely, let Ag € C and assume that T has the SVEP at every uo € o(T) 
for which f(uo) = Ao. Write h(u) := Ao — f(u), where u € U. By assumption 
f is non-constant on each connected component of U, so, by the identity theorem 
for analytic functions, the function h has only finitely many zeros in o (T) and these 
Zeros are of finite multiplicity. Hence there exists an analytic function g defined on 
U without zeros in o (T) and a polynomial p of the form 


p(n) = (M1 — i): Gn — H), 


with not necessarily distinct elements 441, : -- , Qn € o (T) such that 


h(u) = Xo — f(u) = p(u)g(u) forall u € d. 
Assume that x € ker (497 — f(T)) N X fer) (Ø). In order to prove that f (T) has 


the SVEP at Ag it suffices to show, again by Theorem 2.60, that x = 0. From the 
classical spectral mapping theorem we know that g(T) is invertible, so the equality 


dol — f(T) = p(T)g8(T) = g(T) p(T) 
implies that p(T)x € ker g(T) = {0}. If we put 
q(t) := (uo — H4) +++ (un — B) 
and y = q(T)x then (u1I — T)y = 0. 


On the other hand, x € X f(r) (Ø) and f is non-constant on each of the connected 
components of U. Part (ii) of Theorem 2.87 then ensures that 


f(er(x) = ofr) = 0 
and therefore since T and q(T) commute 


or(y) = or(q(T)x) € or (x) = 0. 
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But T has the SVEP at u1, by assumption, so, again by Theorem 2.60, y = 0. A 
repetition of this argument for 1», --- , un then leads to the equality x = 0, thus 
f (T) has the SVEP at Ao. 

The last claim is obvious, being nothing else than a reformulation of the 
equivalence proved above. [| 


Combining Theorems 2.88 and 2.86 we then have: 


Corollary 2.89 Let T € L(X) and f € Hnc(o(T)). Then T has the SVEP if and 
only if f (T) has the SVEP. 


An immediate consequence of Theorem 2.88 is that, in the characterization of 
the SVEP at a point Ap € C given in Theorem 2.60, the kernel ker (ApJ — T) may 
be replaced by the hyper-kernel N” (Ag/ — T). 


Corollary 2.90 For every bounded operator on a Banach space X the following 
properties are equivalent: 


(i) T has the SVEP at Xo; 

(ii) (Aol — T)" has the SVEP at 0 for every n € N; 
(iii) M” (AgI — T) N Xr (Ø) = {0}; 
(iv) N*(AgI — T) à K (Aol — T) = {0}. 


Proof The equivalence (i) + (ii) is obvious from Theorem 2.88. Combining this 
equivalence with Theorem 2.60 we then obtain that T has the SVEP at Ao if and 
only if ker (Ag/ — T)" N Xr(f) = {0}, for every n € N. Therefore the equivalence 
(i) & (iii) is proved. The equivalence (i) < (iv) follows from Theorem 2.60 in a 
similar way. a 


Note that in condition (ii) of Corollary 2.90 the power (Ag/—T)” may be replaced 
by f(T), where f is any analytic function on some neighborhood U of o (T) such 
that f is non-constant on each of the connected components of U and such that 0 is 
the only zero of f in o (T). 

It is easily seen that if Xr(F) = {0} then F N o)(T) = Ø. In fact, suppose 
that Xr(F) = {0} and assume that there is a A9 € F N op(T). Then there is an 
0 Ax € ker(Aol — T). Clearly or(x) € {Ao}, and since Ao € F this implies that 
x € Xr(F) = {0}, a contradiction. 

We also have that Xr (F) = X precisely wheno,(T) C F. In fact, if Xr (F) = X 
and à ¢ F then 


KI — T) = Xr(CV A) 2 Xr (F \ 0) = Xr (F) = X, 


so that X = K(AI — T) and hence AJ — T is surjective, namely A ¢ o,(T). 
Conversely, suppose that o,(7) C F. By Theorem 2.21 we obtain that or (x) € F 
for all x € X so that X = Xr(F). 

One of the deepest results of local spectral theory, due to Laursen and Neumann 
[215], shows that analogous results hold for the glocal subspaces in the case where 
€2 is closed subset of C, see also [216, Theorem 3.3.12]. 
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The following result generalizes Corollary 2.61 to semi-regular operators. 


Theorem 2.91 Suppose that 491 — T is a semi-regular operator on the Banach 
space X. Then the following equivalences hold: 


(i) T has the SVEP at Xo precisely when A91 — T is injective or, equivalently, when 
Aol — T is bounded below; 
(ii) T* has the SVEP at Xo precisely when AoI — T is surjective. 


Proof 


(i) We can assume that A9 = 0. We have only to prove that if T has the SVEP at 0 
then T is injective. Suppose that T is not injective. Then, by Theorem 1.44, the 
semi-regularity of T entails T??(X) = K(T) and {0} A ker T C T?(X) = 
K (T). Thus T does not have the SVEP at 0 by Theorem 2.60. 

(ii) If AgI — T is semi-regular then Ag/* — T* is also semi-regular and Ao7 — T is 
surjective if and only if Ag/* — T* is bounded below. L| 


Corollary 2.92 Let X be a Banach space and T € L(X). The following assertions 
hold: 


(i) If Ao € a (T) NV oap (T) then T has the SVEP at Xo, but T* fails to have the SVEP 
at Xo. 

Gi) /f 4o € o(T) Nos(T) then T* has the SVEP at Xo, but T fails to have the SVEP 
at Xo. 


Proof The condition Ag € o (T) \ osp(T) implies that A97 — T has closed range 
and is injective but not surjective, so we can apply Theorem 2.91. Analogously, if 
ào € o(T) No&s(T) then Aol — T is surjective but not injective, so we can apply 
again Theorem 2.91. a 


As observed before, the semi-regular resolvent pe (T) is an open subset of C, so 
it may be decomposed into connected disjoint open non-empty components. 


Theorem 2.93 Let T € L(X), X a Banach space, and Q a component of ose (T). 
Then we have the following alternative: 


(i) T has the SVEP at every point of Q. In this case oy (T) (Y Q = Ø; 
(ii) For every à € Q, T does not have the SVEP. In this case oy(T) 2 Q. 


Proof Suppose that T has the SVEP at a point Ag € Q and consider an arbitrary 
point à of €2. In order to show that T has the SVEP at A it suffices to show, by 
Theorem 2.91, that AJ — T is injective. By Theorem 2.91 Ao/ — T is injective, so 
N® (AgI — T) = {0} and therefore Ho(AoJ — T) = {0}, by part (ii) of Theorem 2.37. 
From Theorem 2.57 we know that the subspaces Ho(AJ — T) are constant for À 
ranging through Q2, so that Ho(AI — T) = {0} for every à € Q. This shows that T 
has the SVEP at every à € Q. 

The assertions on the point spectrum are clear from Theorem 2.91. L| 


A very special situation is given when oap (T) and o;(T) are contained in the 
boundary 9o (T) of the spectrum, or, equivalently, are equal, since both contain 
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do0(T). Later we shall see that this situation is fulfilled by several classes of 
operators. Note first that both T and T* have the SVEP at every point A € p(T). 


Theorem 2.94 Suppose that for a bounded operator T € L(X), X a Banach space, 
we have oa (T) = ðo (T). Then T has the SVEP while E(T*) coincides with the 
interior of o (T). Similarly, if os(T) = d0(T) then T* has the SVEP, while E(T) 
coincides with the interior of o (T). 


Proof Suppose that o35(7) = do(T). If X belongs to the interior of o (T) then 
à € oap (T), hence T has the SVEP at A while T* does not have the SVEP at A, by 
part (1) of Corollary 2.92. Similarly the last claim is a consequence of part (ii) of 
Corollary 2.92. 


Theorem 2.94 has a nice application to the so-called Césaro operator Cp defined 
on the classical Hardy space H5 (ID), D the open unit disc and 1 < p < oo. The 
operator Cp is defined by 


À 
(Cp f(A) =o FUD ay forall f € H (D) andà € D. 
À 0 l-p 


As noted by Miller et al. [241], the spectrum of the operator C, is the entire 
closed disc Tp, centered at p/2 with radius p/2, and oap(Cp) is the boundary ôT p. 
Hence, the Cesàro operator has the SVEP, while its adjoint does not have the SVEP 
at any point of the interior of Tp. 


2.6 The Localized SVEP and Topological Uniform Descent 


In this section we characterize in several ways the localized SVEP for operators 
having uniform descent, and in particular for quasi-Fredholm operators. We begin 
first by extending to operators with topological descent the results of Theorems 1.64 
and 2.37. Recall that if T € L(X), the operator range topology on T(X) is the 
topology induced by the norm || - ||7 defined by: 


lyllz := infillxll : y = Tx}. 
xeXx 


Theorem 2.95 /f T € L(X) has topological uniform descent for n 7 d, then we 
have: 


(i) Ho(T) = N™(T). 

(ii) T° (X) is closed in the range topology on T4 (X). 
Gii) K(T) = T??(X). 
(iv) A? (T) c T™(X) + ker 77. 
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Proof 


(i) 


(ii) 


(iii) 


v) 


The inclusion A99 (T) C Ho(T) is clear for every operator, since M% (T) C 
Ho(T). To show the reverse inclusion, observe first that by part (iv) of 
Theorem 1.79, the map T induced by T on X/N™(T) is bounded below, 
in particular upper semi-Fredholm. Hence, by Theorem 2.37, HoT) = 
A (T) = (0). Let x : X — X/AN'* (T) be the canonical surjection, defined 
by zx := [x]. Since ||zxl| < ||x|| and z (T x) = T (nx) we then have 


= à 1 1 
IT” œF = lx (T"x)l» x IIT" xls. 


If x € Ho(T) we then have IP rx) || — 0,somx € HoT). Therefore, 
z(Ho(T) € Ho(f) = {0}, and hence zx (Ho(T) = {0}. From the definition of 
x we easily see that Ho(T) C ^9 (T), and hence Ho(T) € N™(T). 

Since T has topological uniform descent for n > d, the restriction T|T^? (X) is 
onto, by Theorem 1.79, and K (T|T ^? (X)) = T™(X) is closed in the operator 
range topology of T^(X). 

For all x € K(T|T™(X)) there exists, by definition, a 5 > 0 and a sequence 
(xn) C T?? (X) such that xo = x, TxXn41 = Xn, and 


IT xscilla x à"[xl|[a for all n = 0, 1, .... 
Let y := yo, where yo := x4, and y, :— xj44, for all n € N. Clearly, 
T yn = TXn+d+1 = Xnd = Yn- 


From the definition of the operator range topology we know that there exists a 
constant C > 0 for which 


d 
CIT ysgill x lHTyszilla = T xscaxilla x 9"**lxla 


= SH TA x qua < 7*4 xa] = 5"8^|| yl. 


Consequently, we can obtain a 6; > 0 for which ||Tys41l| < ói"||y||, so y = 
xq € K(T) and x = T^x4 € K(T). Thus, 


T^? (X) = K(T|T™(X)) € K(T) € T*?(X), 


and hence the equality K (T) = T™(X) is proved. 
By part (1) of Lemma 1.80 we have 


T? (X) + N®(T) = T” (X) + ker T^, 


hence A? (T) C T9?* (X) + ker T4. " 
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Corollary 2.96 If T € L(X) is quasi-Fredholm then K (T) = T® (X) is closed 


Proof Every quasi-Fredholm operator has topological uniform descent, so, by 
Theorem 2.95, we have K(T) = T™(X). If T € QF(d) then T"(X) is closed 
for all n > d, thus T??(X) is closed. a 


The SVEP at a point for operators having topological uniform descent may be 
characterized in several ways: 


Theorem 2.97 Suppose that 491 — T has topological uniform descent for n > d. 
Then the following conditions are equivalent: 


(i) T has the SVEP at Ao; 
(ii) the restriction T|(AoI — T)! (X) has the SVEP at Ao, where the subspace 
(Aol — T)! (X) is equipped with the operator range topology; 
(iii) the restriction (AoI — T)|(AoI — T) (X) is bounded below, where (AgI — 
T) (X) is equipped with the operator range topology; 
(iv) Aol — T has finite ascent, or equivalently XoI1 — T is left Drazin invertible; 
(v) Oap(T) does not cluster at Xo; 
(vi) Ao € int Oap(T), where int o (T) is the interior of oap (T); 
(vii) there exists a p € N such that Ho(Aol — T) = ker (Aol — T)"; 
(viii) Ho(Aol — T) is closed; 
(ix) Ho(AoIl — T)  K(Aol — T) = {0}; 
(x) N® (01 — T) n Aol — T)* (X) = (0). 
In particular, these equivalences hold for semi B-Fredholm operators. 


Proof We may assume A9 = 0. We show that the first six statements are equivalent. 

(i) => (ii) Let U be an open neighborhood of 0 and let f : U > (T4 (X), I- 
lla) be an analytic function such that (AJ — T) f(A) = 0 for all à € U. Because 
(T1(X), || - lg) may be continuously imbedded in X and 


(AI —T)|T4(X) fQ) = A-T) fA), 


f may be viewed as an analytic function from M into X which satisfies (AI — 
T) f(A) = 0 for all A e U. This implies f = 0 on U, by the SVEP of T at 0, and 
hence T |T^(X) has the SVEP at 0. 

(ii) > (iii) Let Y :— T^(X) and S :— T|Y. Clearly, S has topological uniform 
descent for n > d. By Theorem 1.78 the subspace T4*! (X), which is the range of 
S, is closed with respect the operator range topology. Moreover, by Theorem 1.74 
we have ker S = ker T N T7(X) € S"(Y) for all n > d, ie., S is semi-regular. The 
SVEP of S at 0 then implies that S is bounded below, by Theorem 2.91. 

(iii) = (iv) Since rire (X) is injective we have {0} = ker (TIT? (X) = 
ker T N T7 (X), and this implies, by Lemma 1.19, that p(T) < d < oo. This, 
by Theorem 1.142, is equivalent to saying that T is left Drazin invertible. 

(iv) = (v) This is a consequence of Theorem 1.92, putting S = AJ — T with X 
sufficiently small. 

(v) 2 (vi) Obvious. 
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(vi) > (i) This is an immediate consequence of the identity theorem for analytic 
functions. 

Therefore, the conditions (1)-(vi) are equivalent. 

(vi) > (vii) By Theorem 2.95 we have Ho(T) = AN'*(T). If p :— p(T) then 


Ho(T) € Ho(T) = N**(T) = ker T? C Ho(T), 


so Ho(T) = ker T?. 

(vii) 2 (viii) Obvious. 

(viii) => (ix) (i) See part (i) of Theorem 2.39. 

(ix) > (x) By Theorem 2.95 we have T® (X) = K (T). Since N (T) € Ho(T) 
holds for every operator, we then have 


N” n T?* (X) € Hy(T) n K(T) = {0}. 


(x) => (i) See Theorem 2.66. | 


Next, we will consider some characterizations of SVEP for T* at Ao in the case 
when A97 — T has topological uniform descent. Recall that the property of having 
topological uniform descent is not transmitted by duality, so we cannot use the 
results of Theorem 2.97. 


Theorem 2.98 Suppose that X91 — T has topological uniform descent for n > d. 
Then the following conditions are equivalent: 


(i) T* has the SVEP at Xo; 
(ii) there exists an n € N such that the restriction (AgI — T)|(Aol — T)” (X) is 
onto, where (A91 — T)" (X) is equipped with the operator range topology; 
(iii) Ao € into; (T); 
(iv) o&(T) does not cluster at Ao; 
(v) Aol — T has finite descent, or equivalently A91 — T is right Drazin invertible; 
(vi) there exists aq € N such that K (AgI — T) = (Aol — T)* (X); 
(vii) X = H(I — T) + K (ol — T); 
(viii) Ho(AI — T) + K(Aol — T) is norm dense in X; 
(ix) X = N” (oI — T) + (Aol — T)” (X); 
(x) N® (01 — T) + (Aol — T)* (X) is norm dense in X. 


In particular, the equivalences hold for semi B-Fredholm operators. 


Proof Here we can assume Ao = 0. 

(i) = (v) Since T has topological uniform descent, for n > d, the operator 
T : X/N**«(T) > X/N®*(T), defined by T[x] = [Tx], is bounded below by 
Theorem 1.79. Therefore the dual 7* : (X/N™(T))* > (X/N**(T))* of T is 
onto. Now, by the Annihilator theorem (see Appendix A) there is an linear isometry 


J of (X/N®(T))* onto VY (T). such that 


Jr*jg 5 SP Nem . 
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Hence, the restriction of T* on APT). is onto. Note that the invariance of A^? (T) 
under T implies that V (Ty is invariant under T*. The restriction T*N T)" 
has the SVEP at 0, so, by Corollary 2.61, T*IN T is also injective. From 
the Annihilator theorem we then deduce that T* is invertible and hence T is also 
invertible. This implies that the ranges of T? and T@*! coincide, consequently 


TIX) ANOT) TX) + NOT) 
NST) —— NT) l 


By Lemma 1.80 we also have T7(X) N N©(T) = T4+!(X) n N&(T) and, by 
using Lemma 1.68, a simple calculation gives 


T*^(X) E TII (X) 
TIX) ONST) (T*(X)nN9*(T)) 


Since T^*!(X) C T4(X) we then have that T+! (X) = T4(X), hence T has 
finite descent. By Theorem 1.142 this is equivalent to saying that T is right Drazin 
invertible. 

(v) => (iv) If T has finite descent, then, by Corollary 1.92, there exists an € > 0 
such that AJ — T is onto for all 0 < |A| < e, thus o,(T) does not cluster at 0. 

(iv) > (ii) Obvious. 

(iii) > (i) This easily follows from the equality o,(T) = cap(T*) and from the 
identity theorem for analytic functions. 

(ii) = (v) If for some natural n the restriction T |T” (X) is onto, then 


T"**(x) = T(T"(X) = (T|T" GO) (T"(X)) = T"(X), 


and hence T has finite descent. 
(v) > Gi) If q := q(T) < oo, then 


(T|T* (X) (T* (X)) = T(T*(X)) = T*(X), 


thus T|T?(X) is onto. 

(v) = (vi) By Theorem 2.95 we have K(T) = T™(X). Clearly, if T has finite 
descent q then T?? (X) = T4(X). 

(vi) > (v) From Theorem 2.95 we obtain K(T) = T®(X) = T4(X), so T has 
finite descent. 

(v) > (x) If q :— q(T) < oo, then T?(X) = T*?(X) and hence, by 
Theorem 1.19, 


X = ker T^ - TY (X) C N? (T) + T*(T X). 


Therefore, X = N® (T) + T?*(T X). 
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(ix) > (vii) We have A? (T) € Ho(T) and, by Theorem 2.95, K (T) = T (X). 
Hence, X = Ho(T) + K(T). 

Finally, the implications (vii) = (viii) and (ix) = (x) are obvious, while the 
implications (viii) = (i) and (x) = (i) have been shown in Theorem 2.73 and 
Corollary 2.74. L| 


The next corollary is an obvious consequence of Theorems 2.97 and 2.98. 


Corollary 2.99 If Ao] — T has uniform topological descent then the following 
statements are equivalent: 


(i) Both T and T* have the SVEP at Xo; 
Gi) Ao is a pole of the resolvent; 
(ii) X = Ho(^ol — T) ® K (Aol — T); 
(iv) X 2 N” (91 — T) + (Aol — T)** (X). 


We now consider the case where A € isoo (T). 


Theorem 2.100 Suppose that T € L(X) and X € isoo(T). Then the following 
statements are equivalent: 


G) AI— T e (X); 
GD AT —T € ®4(X); 
(ii) AT — T e ®_(X); 
(iv) AI — T is Browder; 
(v) dim Ho(AI — T) < co; 
(vi) codim K (AI — T) « co. 


Proof If X € iso c (T) then both T and T* have the SVEP at A. The implication (i) 
=> (ii) is obvious. Suppose that AJ — T € b, (X). The SVEP of T* at à then implies, 
by Theorem 2.97, that q(AJ — T) < oo, and hence by Theorem that (àI — T) < 
a (XI — T) < co. Thus, AJ — T € o. (X) and hence (ii) > (iii). 

Gii) => (iv) If AJ — T € o. (X), then pl — T) = q(AI — T) < œ, by 
Corollary 2.99, and hence, again by Theorem 1.22, «(4I — T) = (AI — T) < oo, 
so AI — T is Browder. 

(iv) => (v) By Corollary 2.47 Ho(AI — T) = ker (AJ — T)", where p; = p(Al — 
T). Since «(AI — T) < oo, a(AI — T)? < oo, so Ho(AI — T) is finite-dimensional. 

(v) = (vi) Clear, since by Theorem 2.45, or by Corollary 2.99, we have X = 
HAI — T) 6 K(AI — T). 

(vi) > (i) From the inclusion K (AJ — T) € (AI — T) it then follows that £ (àI — 
T) < co. The SVEP of T and T* at A entails that p(A1 — T) = ql — T) < oo, 
so, by Theorem 1.22, «(àI — T) = (àI — T) < œ. Hence, AI — T e ®(X). M 


Another consequence of Theorems 2.97 and 2.98 is the following theorem, whose 
proof is omitted since it is similar to that of Theorem 2.100. 
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Theorem 2.101 Suppose that T € L(X) and X € iso oa (T). Then the following 
statements are equivalent: 


G) A1— T e ®(X); 
(ii) AI—-Teo,(X) 
Gii) AI — T is upper semi-Browder. 
Analogously, if à € isoos(T) the following statements are equivalent: 
(iv) A1 — T e (X); 
(v) àI -T e ®_(X); 
(vi) AI — T is lower semi-Browder. 


Theorems 2.97 and 2.98 has some other applications. If T € L(X), define, as in 
Chap. 2, 


ects END 
Cn( ) = momen 
and 
^T):— di ker T”+! 
C := dim ——. 
z ker T” 


Corollary 2.102 Suppose that T € L(X) has uniform topological descent for n > 
d. 


(i) If T* has the SVEP at 0 then c,(T) < cq(T). 
Gi) If S € L(X) commutes with T and is sufficiently small and invertible, then T* 
has the SVEP at 0 if and only if T* + S* has the SVEP at 0. 


Proof 


(i) Suppose that c4 (T) > c (T). Then cg(T) > 0. Let A 4 0 be small enough. By 
Theorem 1.89 c, (AI — T) = ca(T) > Oforall n € N, so AJ — T is not onto. By 
Corollary 1.92 T has infinite descent, so, by Theorem 2.98, T* does not have 
the SVEP at 0. 

(ii) From Theorem 1.89 and Corollary 1.92, T + S has topological uniform descent 
for n > d, and descent q(T) > oo precisely when q(T + S) < oo. a 


In the case when A97 — T is quasi-Fredholm, the SVEP at ào may be characterized 
in several other ways: 


Theorem 2.103 Let T € L(X) and suppose that XoI — T is quasi-Fredholm of 
degree d. Then the following assertions are equivalent: 


(i) T has the SVEP at Xo; 
(ii) N?*(AgI — T) à (Aol — T)® (X) = {0}; 
(iii) AN? (AgI — T)+ + Aol — T)'**(X)- = X*; 
(iv) N™ (AgI* — T*) + (AoI* — T*)** (X). is weak*-dense in X*; 
(v) Ho(Aol* — T*) + K(AoI* — T*) is weak*-dense in X*; 
(vi) Ho(Aol* — T*) + (AoI* — T*)(X*) is weak*-dense in X*. 
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Proof We may assume that Ao = 0. 

(i) > (i) Assume that T has the SVEP at 0, or equivalently, by part (ix) of 
Theorem 2.97, that Ho(T) O K(T) = {0}. Since T is quasi-Fredholm we have 
T^ (X) = K (T), by Corollary 2.96. Therefore, 


AP*(T)n T*(X) € Ho(T) N T*(X) = Ho(T) N K(T) = {0}, 


thus the statement (1) holds. 

(ii) > (ii) T has topological uniform descent for n > d, so by using part (i) of 
Lemma 1.80 and part (v) of Theorem 1.78, we deduce that N^? (T) + T? (X) = 
ker T? + T? (X) is closed. Consequently, 


AP* (Ty + T? (X)- = [N* (T) + TR (Xt = x*. 


(iii) > (iv) By Theorem 1.104, T* is quasi-Fredholm and hence T*"(X*) is 
closed for all n > d. Consequently, 


AP*(T)- € (ker T^) - = T""(X*) foralln > d. 


From this it then follows that V? (T)- C T*^*(X*). Similarly, since T is quasi- 
Fredholm we have LA/?*(T*) C T?*(X), from which we obtain 


T*(X) c AN TP 2 Ne (re^. 
From our assumption it then follows that 


X* AP quei e qoom ner) 
C N**(T*) + T*9(X*)"" c x*, 


so that WV (T*) + T*?? (X*) is weak*-dense in X*. 

(iv) > (v). This is clear, since T* is quasi-Fredholm and hence T*??(X*) = 
K (T), by Corollary 2.96. 

(v) 2 (vi) Obvious, since K(T*) C T*(X*). 

The implication (vi) = (i) has been proved in Theorem 2.75. a 


The next result is dual to Theorem 2.103. 


Theorem 2.104 Let T € L(X) and suppose that 491 — T is quasi-Fredholm of 
degree d. Then the following assertions are equivalent: 


(i) T* has the SVEP at Ao; 

Gi) X =N” Qol = T) + Gal - TYCO; 
(iii) N° (Ag — T) n (Aol — TY* (X) = {0}; 
Civ) We? = T*) N Gol — T*)®(X*) = {0}; 
(v) ker(Ao — T*) n (AoI* — T*)®(X*) = {0}. 
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Proof Here we can suppose that Ap = 0. 

(i) => (ii) Suppose that T* has the SVEP at 0, or equivalently, by Theorem 2.98, 
that the descent q :— q(T) < oo. Then T? (X) = T4?(X) and hence, by 
Lemma 1.19, 


X — ker T? + T?(X) C NP? (T) + T?(X) = N??* (T) + T? (X), 


thus (11) holds. 

(ii) > (iii) Clear. 

(iii) — (iv) Since T is quasi-Fredholm of degree d, T"(X) is closed for all 
n > d. Hence ker(T")- = T*(X*) and consequently T**(X*) = N™(T)+. 
By assumption 


A** (T) NT? (XY = INO) + TP COL = (0), 


thus X = N®(T) + T™(X). Since K(T) = T? (X) it then follows that X = 
AP? (T) + KCP), and hence Ho(T) + K (T) = X, or equivalently q := q(T) < oo, 
by Theorem 2.98. This implies that p(T*) < oo, so 


AP (T*) = ker T** = T4(X)- 2 T*(X)*. 
Thus, 
N™(T*) n T*™ (X*) = N* (T)! n T?(X) = (0). 
(iv) > (v) Obvious, since ker T* C N®(T*). 


(v) 2 (1) This follows from Theorem 2.60. | 


From Corollary 1.83 we know that every essentially semi-regular operator has 
topological uniform descent, so the results established in Theorems 2.97 and 2.98 
are valid for this class of operators. 


Theorem 2.105 Suppose that X91 — T is essentially semi-regular. Then we have 


(i) T has the SVEP at Xo if and only if Ho(AoI — T) is finite-dimensional. In this 
case ol — T € (X). 

(ii) T* has the SVEP at Xo if and only if K (A91 — T) has finite codimension. In this 
case Aol — T € o. (X). 


In particular, these equivalences hold if Xo9I — T is semi-Fredholm 
Proof Suppose also here that Ap = 0. 


(i) Since T is essentially semi-regular, in the corresponding GKD (M, N) for 
T the subspace N is finite-dimensional. Suppose that T has the SVEP at 
0. Then T|M has the SVEP at 0, since the SVEP at O of T is inherited 
by the restrictions on every closed invariant subspaces. Moreover, T|M is 
semi-regular, so, by Theorem 2.91, T|M has the SVEP at 0 if and only if 
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T |M is injective. From Theorem 2.37 the semi-regularity of T|M implies that 
Ho(T |M) = N™(T|M) = {0}, and hence 


Ho(T) = Ho(T|M) 6 Ho(T|N) = {0} BN =N. 


Consequently, Ho(T) = N is finite-dimensional. Conversely, if Ho(T ) is finite- 
dimensional then Ho(T) is closed, which is equivalent to saying that T has the 
SVEP at 0, by Theorem 2.97. 

Now, if Ho(T) is finite-dimensional then ker T is also finite-dimensional, 
since ker T € Ho(T). On the other hand, T(X) = T(M) + T(N) and T(M) 
is closed, since T'|M is semi-regular, so T (X) is closed, because it is the sum 
of a closed subspace and a finite-dimensional subspace of X. Therefore, T € 
p(X). 

(ii) Since T is essentially semi-regular, in the GKD (M, N) for T the subspace M 
has finite codimension in X, since N is finite-dimensional. We also know that 
the pair (Nt, M+) is a GKD for T*, so T*IN- is semi-regular, and hence, 
by Theorem 2.79, T* has the SVEP at 0 if and only if T* |N* is injective. 
By Lemma 2.78, T* has the SVEP at 0 if and only if T |M is onto. If T|M 
is surjective then M = K(T|M) = K(T), by Theorem 2.37, so K(T) has 
finite codimension. Conversely, suppose that K (T) has finite codimension. By 
Theorem 1.64 we have K(T) = T® (X) and T?*(X) C T"(X) for all n € N, 
from which we obtain that the descent q(T) < oo, and this is equivalent to 
saying that T* has the SVEP at 0, by Theorem 2.98. Finally, from K(T) = 
T? (X) C T(X) we see that T (X) has finite codimension, so T € ®_(X). 


The last assertion is clear: every semi-Fredholm operator is essentially semi- 
regular. 
a 


For semi-Fredholm operators we have the following important result. 


Corollary 2.106 Suppose that A491 — T is semi-B-Fredholm. Then the following 
statements hold: 


(i) If T has the SVEP at Xo then ind (491 — T) < 0. 
Gi) If T* has the SVEP at Ao then ind (A49I — T) = 0. 
Consequently, if both T and T* have the SVEP at Xo then XgI — T € (X) 
and ind (491 — T) = 0. 


Proof 


(i) By Theorem 2.97 we know that if T has the SVEP at Ao then 
D(Aol — T) < oo, and this implies, by part (i) of Theorem 1.22, that 
æ(àol — T) < B(Xol — T), thus ind (497 — T) x 0. 

(ii) By Theorem 2.98 we know that if T* has the SVEP at Ao then 
q(Aol — T) < oo, and this implies, by part (i) of Theorem 1.22, that 
B(Aol — T) € a(Aol — T), hence ind (497 — T) > 0. 


The last assertion is clear. E 
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The converses of the results of Corollary 2.106 do not hold, i.e., a semi-Fredholm 
operator with index less than or equal to 0 may fail to have the SVEP at 0. For 
instance, if R and L denote the right shift and the left shift on the Hilbert space 
£(N), then it is easy to see that R is injective, and a(R ® L) = a(L) = 1, while 
B(R @ L) = B(R) = 1, so R @ L is a Fredholm operator having index 0. Since L 
fails SVEP at 0, R ® L does not have the SVEP at 0, by Theorem 2.15. 


Corollary 2.107 If AI — T € L(X) is B-Fredholm with ind (AI — T) = 0 then the 
following statements are equivalent: 


(i) T has the SVEP at ^; 
(ii) AI — T is Drazin invertible; 
(iii) T* has the SVEP at i. 


Proof (i) <> (ii) The SVEP of T at A is equivalent to p(A] — T) < oo, by 
Theorem 2.97, and this is equivalent to saying that AJ — T is Drazin invertible, by 
Theorem 1.143. (iii) + (ii) The SVEP of T* at A is equivalent to q(AI — T) < oo, 
by Theorem 2.98, and this is equivalent to saying that AJ — T is Drazin invertible, 
again by Theorem 1.143. a 


It has been observed in Remark 2.62 that if an operator 7 € L(X) has the SVEP 
at Ao and if Y is a closed subspace of X such that (Ag/ — T)(Y) = Y, then ker (4907 — 
T) NY = {0}. 

The following useful result shows that this result is even true if we assume that 
Y is complete with respect to a new norm and Y is continuously embedded in X. 


Lemma 2.108 Suppose that X is a Banach space and that the operator T € L(X) 
has the SVEP at Xo. Let Y be a Banach space which is continuously embedded in X 
and satisfies (&9I] — T)(Y) = Y. Then ker (491 — T) NY = {0}. 


Proof By the closed graph theorem the restriction T'|Y is continuous with respect to 
the given norm ||- ||; on Y. Moreover, since every analytic function f : 4 — (Y, ||- 
l1) on an open set U € C remains analytic, when considered as a function from 
U to X, it is clear that T|Y inherits the SVEP at Ao from T. Hence Corollary 2.61 
applies to T|Y with respect to the norm || - ||. | 


By Theorem 2.97, T has the SVEP at A9 precisely when p(AgI — T) < oo. 
The next result shows that this equivalence also holds under the assumption that 
q(Aol — T) < oo. 

Theorem 2.109 Let T € L(X), X a Banach space, and suppose that 0 < q(Aol — 
T) « co. Then the following conditions are equivalent: 
(i) T has the SVEP at Xo; 
(i) pol — T) < oo; 
(ili) Ao is a pole of the resolvent; 
(iv) Xo is an isolated point of o (T). 


Proof There is no harm in assuming Ag = 0. 
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© > (i) Let q :— q(T) and Y := T^?(X). Let us consider the map T: 
X/ker T^ — Y defined by T (x) := Tx where x € X. Clearly, since T is continuous 
and bijective we can define in Y a new norm 


Iyl := inf{ |x|] : T^) = y}, 


for which (Y, || - ||1) becomes a Banach space. Moreover, if y = T^?(x) from the 
estimate 


Iyl = IT I < IT HH 


we deduce that Y can be continuously embedded in X. Since T(T?(X)) = 
T4*!(X) = T*(X), by Corollary 2.108 we conclude that ker T N T4?(X) = {0} 
and hence by Lemma 1.19 p(T) < ow. 

(ii) > (iii) If p := p(AoI — T) = q (ào — T) < œ then Ao is a pole of order p. 

(iii) => (iv) Obvious. 

(iv) => (i) This has been observed above. | 


The quasi-nilpotent operators may be characterized in the following way: 
Theorem 2.110 /f T € L(X) then the following statements are equivalent: 


Gi) T is quasi-nilpotent; 
i) K(T) = {0} and 0 € isoo (T); 
(ii) Ho(T) = X and 0 € isoc (T). 


Proof (i) <> (ii). The implication (i) => (ii) is clear by Theorem 2.71. Conversely, 
suppose that O € isoc(T) and K(T) = {0}. If Po is the spectral projection 
associated with {0} then, by Theorem 2.45, ker Po = K(T) = {0}, and Po(X) = 
Ho(T). This implies that Po is the identity and hence Ho(T) = X, so T is quasi- 
nilpotent by Theorem 2.35. 

(i) <> (iii) The implication (i) = (ii) is clear, since Ho(T) = X. The reverse is 
also clear, since Ho(T) = Po9(X) is closed, so Ho(T) = Ho(T) = X. [| 


We know, from Theorem 2.45, that if Ao is isolated in o (T) then X = K(AoI — 
T) ® Ho(AoI — T), where the direct sum is in the topological sense. We now show 
that the reverse implication holds if we assume that only K (Ag/ — T) is closed and 
the direct sum is in the algebraic sense. 


Theorem 2.111 For a bounded operator T € L(X), where X is a Banach space, 
the following assertions are equivalent: 


(i) Ao is an isolated point of o (T); 
(ii) K (Aol — T) is closed and X = K(AXol — T) ® Ho(Aol — T), where @ is the 
algebraic sum. 


Proof Here we assume Ao = 0. By assumption K (T) is closed and by Theorem 1.39 
we know K(T) is T-invariant. Let T :— T|K(T). Since ker T C Ho(T), T is 
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invertible. Hence there exists an € > O0 such that A7 — T is invertible for every 
[4| < £. Consequently, 


(AI — T)(K(T)) = K(T) for every |A| < e. (2.19) 
Since ker (AJ — T) € K(T) for all A Z 0, we then have 
ker AJ — T) = {0} forevery 0 < |A| < e. (2.20) 
From part (iv) of Lemma 2.34, we also have 
Ho(T) € (4I — T)(X)  forevery A 4 O. (2.21) 
The equality (2.19) and the inclusion (2.20) then imply 
X = K(T) G A(T) € (AI —T)(X) forevery 0 < |A| < e. 
Consequently 
(4€C:0«]JA| « e) € p(y), 


and hence 0 is an isolated point of o (T). [| 


Theorem 2.112 Suppose that either Ho(T) or Ho(T)  K (T) are closed. Then the 
following statements are equivalent: 


(i) there exists a commuting projection P such that T + P is onto and TP is 
quasi-nilpotent. 
(ii) 0 € isoo (T). 


Proof (ii) => (i) There is nothing to prove, by Theorem 2.46. To show (i) > (ii) 
observe that X = Ho(T) + K(T) by Theorem 2.85. Our assumption that Ho(T) 
is closed, or that Ho(T) A K (T) is closed, entails by Theorem 2.39 that Ho(T) A 
K (T) = {0}, so X is the algebraic direct sum of Ho(T) and K (T). By Theorem 2.85 
K (T) is closed, and Theorem 2.111 then entails that 0 € isoo (T). [| 


Remark 2.113 The assumption that Ho(T) is closed is essential in Theorem 2.112. 
To see this, let R denote the right shift on the Hilbert space £2 (N), defined as 


R(xi, x2...) := (0, x1, x2,...) forall (xn) € £2(N). 
The Hilbert adjoint of R is the left shift L defined as 


L(xi,x2,...) :— (x2, ,X3,...) forall (xn) € £2(N). 
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The operator L is onto, indeed we have oap(R) = os(L)) = T, where I denotes 
the unit circle of C, and o(L) = D(0, 1), the unit closed disc of C. Define 
T := L Q Q, where Q is any quasi-nilpotent operator on £2 (N). By Theorem 2.85 
the condition (ii) of Theorem 2.112 is satisfied by T. Note that the quasi-nilpotent 
part Ho(T) is not closed, otherwise T would have the SVEP at 0, and hence, by 
Theorem 2.15, L would also have the SVEP at 0, and we known that this is not true. 
Now, 0 € iso o, (T), by Theorem 2.85, while o (T) = o(L) Uc(Q) = D(0, 1), so 
0 d isoo (T). 


2.7 Components of Semi B-Fredholm Regions 


In this section we give a classification of the components of the semi B-Fredholm 
region of an operator, by using the localized SVEP. 
Let us consider the upper semi B-Fredholm region of T € L(X), defined as 


V,(T) := (4 € C : Al — T is upper semi B-Fredholm], 
and analogously let us consider the lower semi B-Fredholm region, defined as 
Y(T) := {A € C: AI — T is lower semi B-Fredholm]. 


According to Theorem 1.117, if Ao] — T € L(X) is upper semi B-Fredholm 
(respectively, lower semi B-Fredholm), then there exists an open disc D(Ao, €) 
centered at Ao such that AJ — T is upper semi-Fredholm (respectively, lower semi- 
Fredholm) for all A € D(Ao, £)V {åo}. Moreover, o (4.1 — T) (respectively, 8 (4.1 — T)) 
is constant as A ranges over DD(Ao, £) \ {Ao} and 


ind (AJ — T) = ind(Ao — T) forall A € IDD(Ao, €). 


From this it then follows that both W,(T) and W;(T) are open subsets of C, so 
they can be decomposed into components, i.e. maximal open, connected, pairwise 
disjoint non-empty subsets of C. Note that V,, (T), as well as V;(T), may coincide 
with all of C (this is the case for an algebraic operator, whose spectrum is a finite 
set of poles, see the next chapter). Recall that A € C is said to be a deficiency value 
of T if AJ — T is not onto. 

In the sequel, by acc K we denote the set of all accumulation points of K C C. 


Theorem 2.114 /f Q is a component of V,(T), or a component of Y(T), then the 
index ind (AI — T) is constant as à ranges over Q. 


Proof Join a fixed point Ao of a component Q of VW, (T) to an arbitrary point Ay € Q 
by a polygonal line IF contained in Q. Associate with each u € IT an open disc in 
which ind (AJ — T) = ind (uI — T). By the Heine-Borel theorem already finitely 
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many of these discs cover I. Therefore, we have ind (A, J — T) = ind (Aol — T). 
The proof for a component of VW; (T) is the same. a 


Theorem 2.115 Suppose that ào € Y,(T). Then the following alternative holds: 


©) p(Aol — T) < oo. In this case Ao € acc Oap(T). 
(i) p(Aol — T) = œ. In this case there exists an open disc Do centered at Xo such 
that all points à € Do are eigenvalues of T. 
Analogously, if X9 € Y(T) then we have the following alternative: 
(iii) gol — T) < oo. In this case Ao € accos(T). 
(iv) gol — T) = œ. In this case there exists an open disc Do centered at Xo such 
that all points à € Do are deficiency values of T. 


Proof 


(i) Every semi B-Fredholm operator is quasi-Fredholm, hence has uniform topo- 
logical descent, so, by Theorem 2.97, p(Ao1 — T) < oo precisely when oap (T) 
does not cluster at Ao. 

(ii) Suppose that p(Ao/ — T) = oo. Clearly, a(Aol — T) > 0. Again by 
Theorem 2.97, o € accoap(T), so there exists a sequence {àn} C oap(T), 
An Æ Ao, such that A, — Ao as n. — oo. By Theorem 1.117, there exists 
an no € N such that the operators 4,7 — T are upper semi-Fredholm for 
n > no, and hence have closed range. Since Àn € Oap(T) it then follows that 
a (A41 — T) > Oforn > no. 
On the other hand, by Theorem 1.117 there exists an open disc ID(Ao, €), 
centered at Ao, such that æ (àI — T) is constant as À ranges over ID(Ao, £) \ {Ao}. 
Therefore, for n € N sufficiently large and à € ID(Ao, €) V {Ao} we have 


a(Al — T) 2 a(A4I — T) > 0, 


so statement (ii) is proved. 

(iii) Since Ao/ — T is lower semi B-Fredholm then, by Theorem 2.98, g (àI — T) < 
oo if and only if o,(T') does not cluster at Ao. 

(iv) Argue as in the proof of part (ii): just use the constancy of (àI — T) as A 
ranges over a suitable punctured disc ID(Ao, £) centered at Ao. a 


Now we give a complete classification of the components of V, (T), or Y(T). 
Theorem 2.116 Let T € L(X). Then the following statements hold: 


(i) If Qı is a component of V,(T) then X — T is left Drazin invertible either for 
every point of Qı or for no point of Qı, or equivalently, T has the SVEP either 
at every point of Qı or at no point of &2,. In the first case ind (AI — T) < 0 for 
all à € Qı. 

(ii) If 2» is a component of Vj (T) then X — T is right Drazin invertible either for 
every point of Q2 or for no point of Q2, or equivalently, T* has the SVEP either 
at every point of Q2 or at no point of Q2. In the first case ind (AI — T) < 0 for 
all à € Qa. 
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Proof (i) Suppose that AJ — T is upper semi B-Fredholm for all à € €2,. It suffices 
to prove by Theorem 2.97 that p(AJ — T) is finite either for every point or for no 
point of 21. Define 


A1:— {A € Q1: p(AI — T) < oo]. 


If Ao € Aq then, by part (i) of Theorem 2.115, there exists an open disc Do centered 
at Ag such that AJ — T is bounded below for all A € Do \ {Ao}, in particular p(47 — 
T) = 0 for all à € Do X {Ao}. Therefore, A; is an open subset of €2,. 

Next, we want show that A, is also a closed subset of €2;. To see this, let 
u € acc A, and {àn} be a sequence from Aj, àn Æ wp, such that àn — uw. 
Suppose that p(uI — T) = oo. By Theorem 2.115, part (ii), there exists an open 
disc D centered at u consisting of eigenvalues. Therefore, for n sufficiently large, 
a neighborhood of à„ would consist of eigenvalues of T, in contradiction with the 
case (1) of Theorem 2.115. Thus u € Aj, A; is a closed subset of Q; and since Q4 
is connected it then follows that A; = €2;. Therefore, p :— p(AI — T) < oo for 
all A € €2,. By Theorem 1.23 we have p(AI — Ty) = O for all k > p. But for k 
sufficiently large AJ — T; has closed range, so AJ — T is left Drazin invertible, and 
ind (AJ — T) < 0, by Theorem 1.141. 

The proof of part (ii) is similar. If 


Ag := {A € Q2: q(AI — T) < oo], 


by using part (iii) and part (iv) of Theorem 1.117 and by arguing as in part (1), just 
use Theorem 2.98, it then easily follows that A2 = €25. Therefore, q(A1 — T) < co 
for all A € Q2, and hence, by Theorem 1.24, q(A1 — Ty) = O for all k > q. 
Again, since for k sufficiently large AJ — T; has closed range, AJ — T is right Drazin 
invertible, and hence ind (AJ — T) > 0, by Theorem 1.141. | 


Theorem 2.117 Suppose that T € L(X) and Q is a component of V,(T). If T has 
the SVEP then only the following cases are possible: 


(i) T* has the SVEP at every à € Q. In this case p(AI — T) = q(XI — T) < œ and 
ind (A47 — T) = O for all à € Q. Every à € o(T)'1 isa pole. The eigenvalues 
and the deficiency values do not cluster in Q. This case occurs exactly when Q 
intersects the resolvent p(T) :— CN o (T). 

(ii) T* fails the SVEP at some points à € Q. In this case T* fails the SVEP at every 
point X € Q. Moreover, p(A4I — T) < oo, q(4I—T) = ooandind (A41 — T) <0 
for all X € Q. Every à € o (T) OQ isa left pole. The eigenvalues do not cluster 
in Q, while every point of Q is a deficiency value. 


Proof 


(i) By Theorem 2.98, if AJ — T is upper semi B-Fredholm, the SVEP for T* at A 
is equivalent to saying that q(AI — T) < oo, and, again by Theorem 2.97, the 
SVEP for T implies p(AI — T) < oo forall A € Q. Therefore, pl — T) < 
oo = q(AI — T), so every à € o (T) A Q isa pole. Therefore AJ — T is Drazin 
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invertible, and hence, by Theorem 1.141, ind (A7 — T) = 0. The remaining 
assertion follows from Theorem 2.116. 

(ii) If T* fails the SVEP ata point Ao € Q then, by Theorem 2.98, q(Ao1 — T) = oo. 
The SVEP for T implies that p(AoJ — T) < oo, and hence, by Theorem 1.22, 
we have ind (49/7 — T) < 0. On the other hand, if ind (497 — T) = O, then 
the SVEP of T at Ao is equivalent to the SVEP of T* at Ao, by Theorem 2.107, 
and this is impossible. Therefore, ind (497 — T) « 0. By Theorem 2.114 then 
ind (Aol — T) < 0 for all A € Q and this implies that q (àI — T) = oco for all 
A € Q, or equivalently T* fails the SVEP at every point A € Q. ig 


In a very similar way we can prove: 


Corollary 2.118 Suppose that T € L(X) and Q is a component of Vj(T). If T* 
has the SVEP then only the following cases are possible: 


(i) T has the SVEP at every X € Q. In this case p(4I — T) = q(A4I — T) < œ and 
ind (AZ — T) = O forall à € Q. Every à € o (T) OA Q isa pole. The eigenvalues 
and the deficiency values do not cluster in Q. This case occurs exactly when Q 
intersects the resolvent p(T) := C \ o (T). 

Gi) T fails the SVEP at some point à € Q. In this case, T fails the SVEP at every 
point à € Q, q(XI — T) < œ, p(AI — T) = œ and ind (ÀI — T) > 0 for all 
à € Q. Every à € o(T) is a right pole. The deficiency values do not cluster 
in Q, while every point of Q is an eigenvalue. 


Remark 2.119 By using analogous arguments the results of Theorem 2.117 and 
Corollary 2.118 are still valid for the components of the semi-Fredholm region 


pst(T), Pust(T), or pist(T). 


Let us denote by ojyq(T) the topological uniform descent spectrum, i.e., the set 
of all 4 € C such that Ai — T does not have topological uniform descent. By 
Corollary 1.90 this spectrum is closed, and may be empty, since, by Theorem 1.142, 
it is contained in the Drazin spectrum oa(T), and it will be shown in Chap.3 that 
this spectrum is empty whenever T is algebraic. 

Let Pua(T) be the topological uniform descent resolvent, i.e. Pua(T) := C \ 
Otua(T). Clearly, pua(T ) is an open subset of C, and hence can be decomposed into 
components, i.e. maximal open, connected, pairwise disjoint non-empty subsets of 
C. We want show that the previous results on the components of semi B-Fredholm 
regions may be extended to the components of oya(T). We first need a preliminary 
result. 


Theorem 2.120 If T € L(X) has topological uniform descent then there exists an 
€ > 0 such that; 


(i) K(I — T) + Ho(4I — T) = K(T) + Ho(T) for al 0 < |A| < e. 
(ii) K(AI — T) + Hol — T) = K(T) + Ho(T) for all 0 < |A| < e. 
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Proof If T has topological uniform descent then, by Corollary 1.90, there exists an 
€ > 0 such that AJ — T is semi-regular and 


(A1 — T)*(X) = T?(X) --N?*(T) forallO < |A| < e. 


From Theorem 1.44 we have K (AI — T) = (AI — T)” (X), so, from Theorem 2.37, 
we obtain 


KOI — T) - Ho(41 — T) = KAI — T) 2 (AI — T)? (X), 
and hence 
K(AI — T) + Ho(4I — T) 2 T? (X) 4-N*??(T). (2.22) 
From Theorem 2.95, together with Lemma 1.80, part (1), it then follows that 


K(T) + Hy(T) € K(T) + Ho(T) = T? (X) + NXT) 
= T?(X) 4 N?*(T) € K(T) + Ho(T). 


Hence 
K(T) + Ho(T) = T” (X) + N?*(T). (2.23) 


From (2.22) and (2.23) it then follows that the statement (1) holds. 
(ii) By Corollary 1.90, there exists an € > 0 such that AJ — T is semi-regular and 


N®AI—T)=T®(X)AN*(T) forall0 < |A| < €. 
Again by Theorem 2.37, we have 
K(1 — T) N HoQI — T) = WAI — T) - N** (AI — T), 
and hence 
K(XAI — T) Ho(41 — T) = T&(X) n.N*«(T). (2.24) 
From Lemma 1.80 and Theorem 2.95 we also deduce that 


K(T)n Ho(T) € K(T) N Ho(T) = T*(X) AN®(T) 
= T*(X)nN?*(T) € K(T) n Ho(T), 
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thus, 
K(T)N Ho(T) = T?9(X) n.N99(T). (2.25) 


Combining (2.24) and (2.25) we then conclude that (ii) holds. [| 


By using the Heine—Borel theorem, as in the proof of Theorem 2.114, we easily 
obtain the following corollary. 


Corollary 2.121 Let T € L(X) and let Q be a component of pua(T ). If ào € Q is 
arbitrarily given, then for all à € Q we have 


K(AI — T) t- Aol — T) = K(Aol — T) + Ho(4ol — T), 
and 
KOI =T) N MAI — T) = KQol — T) HoQol — T). 
Consequently, the mappings 
A — K(AI — T) 4- Hol — T) (2.26) 
and 
X— KI — T) Ho(AI — T) (2.27) 


are constant on the components of pua(T ). 


From the proof of Theorem 2.120, the two mappings 
A> (AI — T)*(X) -N?? (AI — T) 
and 
a> OL = TYP) ANP OT AT) 


coincide with the mappings (2.26) and (2.27), respectively, as A ranges over a 
component of Puq(T), so we have: 


Corollary 2.122 Suppose that T € L(X) has topological uniform descent. Then 
K(T) + Ho(T) = T? (X) + N?*(T), 
and 


K(T) N Ho(T) = TŒ NANT). 


2.7 Components of Semi B-Fredholm Regions 173 
The mappings 
A> (AI — T? -- N* (AI — T), 
and 
à — QI -= Ty*(X) n N** (1 -= T) 


are constant on the components of pya(T ). 


By using the previous results we obtain the following classification of the 
components of pwa(T), similar to the classification of the semi B-Fredholm regions. 


Theorem 2.123 Let Q be a component of Pwa(T). Then the following alternative 
holds: 


(i) T has the SVEP at every X € Q. In this case XI — T is left Drazin invertible for 
all X € Q. Furthermore, Oa (T) does not cluster in Q, and no point of Q is an 
eigenvalue of T, except for a subset of Q which consists of at most countably 
many isolated points. 

(ii) T does not have the SVEP at any point X € Q. In this case the ascent p(AI — 
T) = co for all à € Q. Furthermore, every point of Q is an eigenvalue of T. 


Proof 


(i) Suppose that T has the SVEP at some Ag € Q. Then, by Theorem 2.97, 
KQol — T) O Ho(4oI — T) = {0} and hence, by Corollary 2.121, K (àI — 
T) AO Ao(al — T) = {0}, so T has the SVEP at A, and, again by Theorem 2.97, 
AI — T is left Drazin invertible and o35 (7) does not cluster at any point A € Q. 
Consequently, no point of Q is an eigenvalue of T except for a subset of Q 
which consists of at most countably many isolated points. 

(ii) Suppose that T does not have the SVEP at any point of Q. Then, again by 
Theorem 2.97, p(AI — T) = o for all A € Q. By Theorem 2.60 it then follows 
that ker (47 — T) Æ {0} for every à € Q, hence every point of Q is an eigenvalue 
of T. a 


With respect to the dual T* we have the following classification: 


Theorem 2.124 Let Q be a component of Pwa(T). Then the following alternative 
holds: 


(i) T* has the SVEP at every à € Q. In this case AI — T is right Drazin invertible 
for all X € Q. Furthermore, o(T) does not cluster in Q, and no point of Q 
is a deficiency value of T, except for a subset of Q which consists of at most 
countable many isolated points. 

(ii) T* does not have the SVEP at any point à € Q. In this case the descent q(AI — 
T) = œ for all à € Q. Furthermore, every point of Q is a deficiency value 
of T. 
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Proof 


(i) If T* has the SVEP at some Ao € Q, then, by Theorem 2.98, X = K (Ag /—T)+ 
Ho(Aol — T) and hence, by Corollary 2.121, X = K (AI — T) - Ho(41 — T) for 
allà € Q, so T* has the SVEP at A, and, again by Theorem 2.98, AJ — T is right 
Drazin invertible and o,(T) does not cluster at any point A € Q. Consequently, 
no point of Q is a deficiency value of T except for a subset of Q which consists 
of at most countably many isolated points. 

(ii) Suppose that T* does not have the SVEP at any point of Q. Then, again by 
Theorem 2.98, q (X1 — T) = œ for all à € Q. If there exists a Ao € Q such that 
Aol — T is surjective, then AJ — T* is injective, and hence T* has the SVEP at 
Ag, a contradiction. [| 


For the SVEP we have the following classification: 


Corollary 2.125 Let T € L(X) and let Q be a component of pwa(T ). For the SVEP 
then only the following cases are possible: 


(i) Both T and T* have the SVEP at every point of Q. In this case p(AI — T) = 
q(XAI — T) < œ and AI — T is Drazin invertible, for all X € Q. The spectra 
Oap(T) and os (T) do not have a limit point in Q, and the same holds for the 
spectrum o (T). This case occurs exactly when Q N p(T) z Ø. 

(ii) T has the SVEP at every point of Q, while T* fails to have the SVEP at every 
à € Q. In this case AI — T is left Drazin invertible, while q(AI — T) = oo, 
for all X € Q. The spectrum os5(T) does not have a limit point in Q, while 
Q C o,(T). 

(iii) T* has the SVEP at every point of Q, while T fails to have the SVEP at every 
à € Q. In this case AI — T is right Drazin invertible, while p(AI — T) = oo, 
for all X € Q. The spectrum o, (T) does not have a limit point in Q, while every 
à € Q is an eigenvalue 

(iv) Both T and T* fail to have the SVEP at the points X € Q. In this case p(AI — 
T) = q(AI — T) = co, for all à € Q. Every à € Q is an eigenvalue and 
Q2 C o,(T). 


Theorem 2.126 If X is an infinite-dimensional Banach space then the semi- 
Fredholm spectra oust(T) and o\s¢(T ) are non-empty. 


Proof Suppose that oysp(T) = Ø. Then AJ — T € 6, (X) for all à € C, so AI — T 
has topological uniform descent for all 4 € C. Therefore, Q = C is a component 
of Pua(T), so by part (i) of Corollary 2.125, p(A1 — T) = q(AI — T) < œ for all 
à € C. By Theorem 1.22, «(A1 — T) = (àI — T) < co, and hence the essential 
spectrum o,(7) = Ø, so X is finite-dimensional by Remark 1.56. a 
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2.8 TheSVEP Under Commuting Riesz Perturbations 


We first mention that SVEP is not preserved under non-commuting perturbations. 
In fact, by [292, Example 5.6.29], the sum of a decomposable operator and a rank- 
one operator may fail to have the SVEP, although decomposable operators and finite 
rank operators have the SVEP. 

In general the SVEP is also not stable under arbitrary sums and products of 
commuting operators. A specific example based on the theory of weighted shifts 
may be found in [81], but here we present a general principle that shows that such 
examples exist in abundance. 


Theorem 2.127 Let S € L(X) and suppose that there exist a + B € C such that 
K(al — S) = K(BI — S) = {0}. (2.28) 


If T € L(X) commutes with S, then T is the sum of two commuting operators with 
SVEP, while exp(T) is the product of two commuting operators with SVEP. 


Proof Since all quasi-nilpotent operators share the SVEP, we may assume that the 
spectral radius r(T) > 0. To verify that T(S — œI) has the SVEP, we consider 
an arbitrary open set U C C and an analytic function f : U — X for which 
(ul — T(S — a1)) f (i) = 0 for all u € U. For fixed non-zero u € U and arbitrary 
A € C with A < |u|/r(T), the operator AT — uI is invertible and its inverse 
commutes with both S and T. Moreover, 


(AI — (S - aD)TQG.T — pI)! f(u) 
= QT — ul) (Gu — T(S - aD) + (T — wD If (Hw) = fw. 


This shows that 0 € ps—a1(f ()) and therefore, by Theorem 2.20, f(u) € K(S — 
al) = (0) for all non-zero u € U. Thus f = 0 on U, which establishes SVEP for 
T (S — a1) and, of course, similarly also for T (S — BI). Because 


(B —a)T — T(S — aI) - T(B1 — S), 


the first assertion is now immediate, and the last claim, concerning the product, 
follows from the fact that SVEP is preserved under the analytical calculus. [| 


Note that in Theorem 2.127 the operators T and exp(T) may fail to have 
the SVEP, while the condition on S entails that Xr(/) = {0} and hence, by 
Theorem 2.23, the SVEP for S. To provide concrete examples of operators that 
satisfy condition (2.28) on K (AJ — S) of the preceding result, we now introduce the 
concept of a semi-shift. 

A bounded operator S € L(X) is said to be a semi-shift if S is an isometry 
for which S??(X) = (0). Examples of semi-shifts T are the unilateral right shift 
operators of arbitrary multiplicity on the sequence spaces £? (N), with 1 < p < oo, 
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defined as 
Tx := (0, x1, x2,...) forall x = (xn) € £5(N). 


Other important examples of semi-shifts are the right translation operators on the 
Lebesgue spaces LP([0, J-oo]), 1 < p < oo. Note that if T is a semi-shift then 
OT(x) = o(T) coincides with the closed unit disc D(0, 1) of C for all non-zero 
x € X, see [216, Proposition 1.6.8]. 

Now, if x zz 0 anda € D(0, 1) then o € or(x) and hence 0 € oy; Tr (x), so 
x € K(aI — T), by Theorem 2.20. Therefore, K (œI — T) = {0} forall a € D(0, 1). 

To find an operator without SVEP that commutes with a semi-shift is perhaps not 
completely obvious, but this task can easily be accomplished when X is a separable 
Hilbert space. Indeed, in this case, for arbitrary S, T € L(X) the operators T & I 
and / & S on the Hilbert tensor product X & X commute, since 


(T&DuUu&esSs)TGes-üuesmraer; 


see Kadison and Ringrose [197, Section 2.6] for a nice exposition of the theory 
of the Hilbert tensor product. Moreover, since T & I is unitarily equivalent to the 
Hilbert direct sum 5 5 , OT, it is easily seen that the failure of SVEP at a point 
à extends from T to T & I. In the same vein, it follows that J & S is a semi-shift 
whenever S is, since J & S is unitarily equivalent to $ 7* ®S. Note that, in the 
Hilbert space case, the semi-shifts are precisely the pure isometries. 

Thus neither the SVEP nor the localized SVEP is, in general, preserved under 
sums and products of commuting perturbations. Next we will show that the 
SVEP is preserved under Riesz commuting perturbations. In the sequel we need 


a preliminary elementary result. 


Lemma 2.128 Let R € L(X) be a Riesz operator and &2 a spectral subset of 
o(R) such that O ¢ Q. Then the spectral projection P associated with Q. is finite- 
dimensional. 


Proof We know that every spectral point A 4 0 of the spectrum of a Riesz operator 
is an isolated point of c (R). Consequently, Q is a finite subset of C. Set Q :— 
{A1,..., Ax}. Every spectral projection P; associated with {A;} is finite dimensional, 
so P = Y, P; is finite-dimensional operator. a 


We now show that the localized SVEP from an operator T is preserved under 
Riesz commuting perturbations. 


Theorem 2.129 Let X be a Banach space, T,R € L(X), where R is a Riesz 
operator such that TR = RT. If X € C, then T has the SVEP at X if and only if 
T — R has the SVEP at x. In particular, the SVEP is stable under Riesz commuting 
perturbations. 


Proof Without loss of generality we may assume that à = 0. Suppose T does not 
have the SVEP at 0. We show that T — R does not have the SVEP at 0. Since T does 
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not have the SVEP at 0, ker T N K(T) Æ (0), by Theorem 2.60, so there exists a 
sequence of vectors (x;)j—0,1.... of X such that xo Æ 0, Txo—0,Txi—xi1 (i= 
1) and sup; , lx; < oo. Let C :— SUp;-.| lxi. Fix an £,0 < £ < m. Let 
Q := {A € a(R): |A| > €) 
and denote by P the spectral projection associated with Q. Then P is finite- 
dimensional, by Lemma 2.128, and if X2 := P(X) and X, := ker P, then we 
can write X = X, Q X». According the spectral decomposition theorem, we have 
R(Xj) C Xj (j2L2, 
o(R|X1) C(A:]|A| <£} and e(R[X2) C {A: |A| > e}. 

Since TR = RT, we also have T(X;) C X; (j = 1,2). Clearly, 

T Px9 = PT xo = 0, 
and 

T Px; = PTx; = Pxj-; (i> 1). 
We claim that Px; = 0 for all i. To see this, suppose that Px; 4 0 for some i > 0. 
From T Px;+1 = Px; 4 0 we then deduce that Px;+1 4 0, and by induction it then 
follows that Px, 4 0 for all n > i. 
Let k > 1 be the smallest integer for which Px, 4 0. Then 

T Px, = Pxęķ-1 = 0. 

For all n > k we have 
T" Px, = T^ -MTPx,)) = T" 3Px, 4—.... 
= T Pxp41 = Px, z 0, 
so Px, ¢ ker (T|X2)"*, for all n > k. Furthermore, 
T"-F py, = TT" Pxn = TPxy = Pxyi = 0, 

so Px) € ker(T|X2)"**!, This implies that T|Xo has infinite ascent, which is 
impossible, since dim X2 < oo. Therefore, Px; = 0, and hence x; € ker P = Xi, 
for alli > 0. 


Let us consider the restriction Rj = R|X,. We have r(R4) < e, so there exists a 
Jo such that IR l| < & forall j > jo. 
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Set 


This definition is correct, since 


oP (1) |i tu e SR AIC 
i=k 


i=k 


Jo+k oo 
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< CAC RO So Cie < oo. 


i=k i=jotk+1 
Moreover, for k > 2jo we have 


2k—1 oo 


lyell z $C 2 ciRE* + So acy’ 


i=k i=2k 


< kmax{(2C)*, QC! p gi) + 


Thus, 


lll < kV (max((2K)*, (20)? gi) + ( 


1/k 2k-1 kel 4 
< k” * max{2C, QC) * || Rill * Eb A 
€ 


from which we obtain lim sup, o |y: l| Wk < oo. 
We also have 


oo 


oo 
(T — R)yo = > R'xj;1- R+! x; 


i=l i=0 


(2C)%k ek 
1—2Ce ` 


(2C)? ek ) 1/k 
1—2Ce 


, 


=0. 
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Now, for k > 1 we have 


oo x oo $ 
l . 7 n 
(T- Rye =D) J Raa E, (d RO ay 
i=k i=k 
oo s * 
= pea (ANO fi )= 
=x 1+) R «(( k ) () = yk-1- 


i—k 


It remains to show that not all of the y,;’s are equal to zero. Suppose on the 
contrary that yy, =0 (k > 0) and let jı > jo. Then we have 


Ji oo 
y io Ry = Y Tai Rix: 
k=0 i=0 


where, if we let v := min {i, jı}, we have 


v . 
oj = Dehi) for every i =0,1,.... 
k=0 


Clearly, o9 = 1. For 1 < i < jı we obtain 


: i 
a; = Yco() — 0. 
k=0 


For i > jı we have |a;| < 2', so 


Ji oo 
0- op gy = xo + b» a; R' xj 


k=0 i=jit+l 
and 
oo oo hl 
iw pi inmi _ Cet 
Ils 5, ZR s 5, Zec = ——— 
i=jitl i24 


Letting jı — oo yields ||xo|| = 0, a contradiction. Therefore, ker (T — R)N K(T — 
R) z {0}, and this implies, again by Theorem 2.60, that T — R does not have the 
SVEP at 0. 

By symmetry we then conclude that T has the SVEP at 0 if and only if T — R 
has the SVEP at 0. a 


Remark 2.130 Every Riesz operator is meromorphic, i.e., every nonzero A € o (T) 
is a pole of the resolvent of T. Meromorphic operators have the same spectral 
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structure as Riesz operators, i.e., every 0 Z A € o(T) is an eigenvalue, and 
the spectrum is at most countable and has no nonzero cluster point. A simple 
example shows that the result of Theorem 2.129 cannot be extended to meromorphic 
operators. Denote by L the left shift on £2 (N) and let 4o ¢ o (L) = D(0, D, D(0, 1) 
the closed unit disc. Then L does not have the SVEP at 0. Since L has the SVEP 
at Ag, T := Aol — L has the SVEP at 0, while T — AgJ = —L, does not have the 
SVEP at 0, and, obviously, Ao/ is meromorphic. 


Remark 2.131 If o; (T) is the essential Fredholm spectrum of T, and r; (T) denotes 
the essential spectral radius of T, i.e., 


re(T) := sup {|A|: A € o4 (T)]. 


Obviously, in the case of a Riesz operator K we have r;(K) = 0. A closer look 
at the proof of Theorem 2.129 reveals that the stability of the localized SVEP also 
holds if we assume that r,(K) is small enough. 


The assumption of commutativity is essential in Theorem 2.129. To see this, 
define 


p(T) := {A € ps(T) : ind (AI — T) > 0}. 


Theorem 2.132 Let T € L(X) and K € K(X). If T + K has the SVEP then 
pa (T) = Ø and ouw (T) = os¢(T). 


Proof Suppose that os) ES pr + K) z Ø. Then there exists a A € «(T +K) 
such that ind (AJ — T) > 0. But this is impossible, since the SVEP of T + K entails 
that ind (47 — (T + K) < 0, by Corollary 2.106. The last assertion follows from 
Lemma 3.57. a 


Let ow(T) denote the Weyl region of T, i.e., the set of alà ce C: Al —Te€ 
(X), andind (AJ—T) = 0, and denote by oy, (T) := C\ py(T) the Weyl spectrum. 
In Chap. 5 we shall prove that if oy (T) is connected and int ow(T) = Ø. Then both 
T + K and T* + K* have the SVEP. The stability of SVEP under (not necessarily 
commuting) compact perturbations for Hilbert space operators has been studied by 
Zhu and Li [307], which showed that the reverse of Theorem 5.6 holds for Hilbert 
space operators. The proof is omitted, since it involves rather technical results on 
Hilbert spaces operators, due to Herrero [177] and Ji [187]. 


Theorem 2.133 Let T € L(H), H a Hilbert space. Then T + K has the SVEP for 
all K € K(H) if and only if ow (T) is connected and into, (T) = Ø. 


The next example shows that for a (non commuting) compact perturbation T + K 
of an operator T which has the SVEP, the SVEP may fail. 


Example 2.134 Let S € L(X) be the bilateral shift on £2 (Z)). It is easily seen 
that o (S) = o(S*) is the unit circle T. We also have oy(S) = T. The inclusion 
Ow(S) € T is obvious. Observe that both S and S* have the SVEP, since every 
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spectral point of S belongs to the boundary of o (S). Suppose now that à € T 
and à ¢ o«(S). Since AJ — S € (X), the SVEP for S and S* implies that 0 < 
p(AI — S) = q (àI — S) < co. But this is impossible, since iso ø (S$) = Ø. Therefore 
T = oy(S), so p« (S) is not connected. Consequently, by Theorem 2.133, there 
exists a compact operator K such that T + K does not satisfy the SVEP. 


We now consider the question of whether the SVEP is preserved under small 
perturbations. By o4t(T) = C \ ost(T) we denote the semi-Fredholm domain of T. 
The following results are due to Zhu and Li [307], again we omit the proof. 


Theorem 2.135 Let T € L(H). Then the following statements are equivalent: 


(i) Given £ > 0, there exists a compact operator K € K(H) with | K|| < £ such 
that T + K has the SVEP. 
(ii) Given € > 0, there exists a K € L(H) with ||K || < £ such that T + K has the 
SVEP. 
(iii) There exists a K € K(H) such that T + K has the SVEP. 
(iv) o (T) is empty, where p (T) := {A € p(T) : ind (AI — T) > 0). 


The following result characterizes those operators for which SVEP is stable 
under small compact perturbations. 


Theorem 2.136 Let T € L(A). Then there exists a ó > 0 such that T + K has the 
SVEP for all compact operators K € K(H) if and only if 


(i) the interior of the set pst(T) N oy (T) is empty, where pst(T) = CNose(T), 
(i) the interior of the semi-Fredholm spectrum og¢(T ) is empty, 
Gii) osr(T) consists of finitely many connected components. 


In Chap. 4 we shall see that the class of operators which have the SVEP is very 
rich, and includes several important classes of operators. However, we conclude this 
section by showing that the class of operators which do not have the SVEP is very 
large. The following concept is due to Herrero [178]. 


Definition 2.137 A certain property (P) concerning Hilbert space operators is said 
to be a bad property (P) if the following conditions are fulfilled: 


(a) If T has property (P) then uI + nT has property (P) for all uw, € C with 
OFA n. 

(b) If T has property (P) and S is similar to T, then T has property (P). 

(c) If T has property (P), and S is another operator for which o (T) N a(S) = 0, 
then the orthogonal direct sum T @ S has property (P). 


A natural question is whether the SVEP is stable under small perturbations. The 
answer to this question is negative. As noted in [178, Theorem 3.51], if there exists 
an operator T € L(H) which has a bad property (P), then the set of all operators 
which has property (P) is dense in L(H). The property of being an operator for 
which the SVEP fails is a bad property, so we have 


Theorem 2.138 /f T € L(H) and £ > Q, then there exists an operator S € L(H) 
with ||S|| < £ such that T + S does not have the SVEP. 
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2.9 Stability of the Localized SVEP Under Quasi-Nilpotent 
Equivalence 


Local spectral theory is a powerful tool when the issue is that of relating the spectral 
properties of two operators 7 € L(X) and S € L(Y), X and Y Banach spaces, that 
are linked in some way by an operator T A € L(X, Y). We have seen that a natural 
link is provided by the intertwining condition SA = AT, by some non-zero operator 
A € L(X,Y). If A is bijective then the condition $A — AT means that T and S 
are similar. If T and S are similar, it is easily seen that o (T) = o (S), and that the 
various distinguished parts of the spectrum coalesce. In this section the condition of 
invertibility of A will be replaced by weaker conditions on the intertwiner A. We 
begin with some definitions. 


Definition 2.139 An operator A € L(X, Y) between Banach spaces X and Y is a 
quasi-affinity if it has a trivial kernel and dense range. We say that T € L(X) isa 
quasi-affine transform of S € L(Y), and we write T < S, if there is a quasi-affinity 
A € L(X, Y) that intertwines T and S, i.e. SA = AT. If there exists two quasi- 
affinities A € L(X, Y), B € L(X,Y) for which SA = AT and BS = T B then we 
say that S and T are quasi-similar. If A is invertible and SA — AT then S and T 
are said to be similar. 


The commutator of two operators S, T € L(X) is the operator C(S, T) on L(X) 
defined by 


C(S,T)(A) := SA— AT forall A e L(X). 


By induction it is easy to show the binomial identity 


C(S, T (A) = x id (21'S? Ar. (2.29) 


k=0 


Obviously, CAJ — S, àI — T)” (A) = (—1)"C(S, T)” (A) for all A € C, from 
which we obtain 


C(S, T)"(A) = (-1)"CQl — S, 4I — T)” (A) 


=5 @ (CDELI — SAOI — TY 
k=0 k 


for all A € L(X), n € N. The equality (2.29) also entails that 
C(S,T)' (A)x = S" Ax forall x € kerT. (2.30) 


Let us consider a very weak notion of intertwining which dates back to I. 
Colojoará and C. Foias, see [98, Chapter 4] or [216, Chapter 3]. 
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Definition 2.140 Given the operators 7 € L(X) and S € L(Y), we say that 
the pair (S, T) is asymptotically intertwined by the operator A € L(X,Y) if 
|C(T, S)(A)||!/" — 0 as n — oo. The operators S € L(X) and T € L(X) are said 
to be quasi-nilpotent equivalent if (S, T) and (T, S) are asymptotically intertwined 
by the identity operator J on X. 


Evidently, the notion of asymptotically intertwined pairs is a generalization of the 
intertwining condition C(S, 7)(A) = 0 which appears in the definition of T < S. 
This notion is also a generalization of the higher order intertwining condition: 


C(S, T)'(A) 20 forsomen eN. 


Theorem 2.141 Let T € L(X), S € L(Y) and suppose that for some injective map 
A € L(X, Y) there exists an integer n € N for which C(S, T)" (A) = 0. If S has the 
SVEP at A9 then T has the SVEP at Ao. In particular, if T € L(X) and S € L(Y) 
are intertwined by an injective map A € L(X, Y) then the localized SVEP carries 
over from S to T. 


Proof Let (4| C C be an open neighborhood of Ao and f : U — X be an analytic 
function such that (AJ — T) f(A) = 0, for all A € U. Since f(A) € ker (A1 — T), 
taking into account (2.30) we then obtain 


0 = (I — S)[C(S, T (A) f(A)] = Al — OCA — 85,41 — T (A) f] 
= OFS)" AF. 


Now, 
Al — OHLAS) —(AI—S)QI-—S)'Af(Q)] ond, 


and the SVEP of S at Ao implies (AJ — S)” Af (A) = 0. Repeating this argument we 
easily deduce that (AJ — S)(A(fA)) = 0. Since S has the SVEP at Ao it then follows 
that Af (A) = 0 for all A € U and the injectivity of A entails f(A) = 0 for all à € U. 
Therefore T has the SVEP at Ag. The last assertion is clear. a 


The following example shows that the converse of Theorem 2.141 does not hold, 
ie. if T < S the SVEP from T may not be transmitted to S. 


Example 2.142 Let C denote the Cesàro matrix. C is a lower triangular matrix such 
that the nonzero entries of the n-th row are n^! (n € N) 


100 0 
1/21/2 0 0 
1/3 1/3 1/3 0 
1/4 1/4 1/4 1/4 --- 
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Let 1 < p < oo and consider the matrix C as an operator C, acting on £p. Let q 
be such that 1/p + 1/g = 1. In [266] Rhoades proved that o (C5) is the closed disc 
I4, where 


T, (= {à € C : |A—q/2| € q/2). 


Moreover, it has been proved by González [157] that for each w € intI'; the 
operator uI — Cy is an injective Fredholm operator with £ (Cp) = 1. Consequently, 
every u € intl, belongs to the surjectivity spectrum os (C). 

Let Cp* € L(£;) denote the conjugate operator of Cp. Obviously, os(Cp) 
clusters at every u € intI'; and since u7 — Cp is Fredholm it then follows that 
C,* does not have the SVEP at these points u, by Theorem 2.98. Every operator 
has the SVEP at the boundary of the spectrum, and since c (C7) = o0(Cp) — TI, 
it then follows that Cp* has the SVEP at à precisely when A € intI';. Choose 
1 < p' « p < wand let q’ be such that 1/p’ + 1/4! = 1. Then 1 < q < q' < co. 
If we denote by A : £4 — £q the natural inclusion then we have CA = AC " and 
clearly A is an injective operator with dense range, i.e., C M «C p" As noted before 
the operator C M has the SVEP at every point outside of Ig, in particular at the points 
à € Fy \ Ug, while Cy fails SVEP at the points A € T4’ V I'; which do not belong 
to the boundary of Ty’. 


The work required for the following permanence results is rather technical. The 
reader can be find the proofs in Laursen and Neumann [216, Chapter 3]. 


Theorem 2.143 Quasi-nilpotent equivalence preserves SVEP. Moreover, quasi- 
nilpotent equivalent operators have the same local spectra, the same surjectivity 
spectrum, the same approximate point spectrum, and the same spectrum. Further- 
more, if T and S are quasi-nilpotent equivalent then the identity Xr (Q) = Xs (Q) 
holds for every closed subset Q of C. 


Theorem 2.143 then implies that the identity Xr (Q) = X5(€2) holds for every 
closed subset Q of C. Moreover, since by Theorem 2.14 an operator T € L(X) 
has the SVEP precisely when Xr (V) = {0}, and since quasi-nilpotent equivalence 
preserves the analytic spectral subspaces, it is clear that the SVEP is stable 
under quasi-nilpotent equivalence. If there exists an integer n € N for which 
C(S, T)' (7) = C(T, S)" (J) = 0, then the operators S and T are said to be nilpotent 
equivalent. For S, T € L(X) with ST = TS, it is easily seen that 


C(S, T' (7) 2 (S — T)' foralln EN. 


Thus, in this case, S and T are quasi-nilpotent equivalent precisely when S — T 
is quasi-nilpotent, while S and T are nilpotent equivalent if and only if S — T is 
nilpotent. 


Theorem 2.144 Suppose that the operators S, T € L(X) are nilpotent equivalent, 
and let à € C. Then T has the SVEP at X precisely when S does. In particular, if 
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T has the SVEP at à, and if N € L(X) is nilpotent and satisfies TN = NT, then 
T + N also has the SVEP at À. 


Proof By symmetry, it suffices to show that the SVEP at A is transferred from S to 
T. By Theorem 2.66, the condition on S entails that 


AP* (AL — S) n Xs Ø) = {0}, 


while the nilpotent equivalence of S and T ensures that Xs(Ø) = Xr(f). We 
now choose an n € N for which C(S, T)'(7) = 0, and consider an arbitrary 
x € ker(A] — T). Then (Al T)*x = O fork = 1,...,n, so that the identities (2.30) 
imply that (AJ — S)" x = 0. Consequently, we obtain 


ker(AZ — T) € ker(AI — S)" C NO (AI — S) 
and therefore 
ker(AI — T) A Xr (Ø) € NOAL — S)n Xs(9) = (0). 


Hence Theorem 2.66 guarantees that T has the SVEP at À. E 


The result of Theorem 2.129 implies that the localized SVEP is stable under 
quasi-nilpotent commuting perturbations. A natural question is if the SVEP at a 
point is preserved under quasi-nilpotent equivalence. Although we do not know the 
answer to this question in general, we can handle certain important special cases. 

Nilpotent operators are special cases of algebraic operators. Recall that an 
operator K € L(X) is said to be algebraic if there exists a non-trivial complex 
polynomial h such that h(K) = 0. In addition to nilpotent operators, examples of 
algebraic operators are idempotent operators and operators for which some power 
has finite-dimensional range. Note that if K is algebraic, by the classical spectral 
mapping theorem we have h(o(K)) = o (h(K)) = {0}, so the spectrum o (K) is 
finite. 

If T € L(X) has the SVEP ata point à, then it may be tempting to conjecture that 
T + K has the SVEP at 4 for every algebraic operator K € L(X) that commutes 
with T. However, this cannot be true in general. Indeed, in the example given in 
Remark 2.130, the operator K := —AoJ is obviously algebraic, T has the SVEP at 
0 while T + K does not have the SVEP at 0. Nevertheless, we obtain the following 
result. 


Theorem 2.145 Let T, K € L(X) be commuting operators, suppose that K is 
algebraic, and let h be a non-zero polynomial for which h(K) = 0. If T has the 
SVEP at each of the zeros of h, then T — K has the SVEP at 0. In particular, if T 
has SV EP, then so does T + K. 


Proof We know that K has a finite spectrum, say o (K) = {u1,..., Un}. Fori = 
1,...,n, let P; € L(X) denote the spectral projection associated with K and with 
the spectral set {u;}, and let Y; :— P; (X) be the range of P;. From standard spectral 
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theory it is known that Pj +- - -+ P, = I, that Y;,..., Y, are closed linear subspaces 
of X which are each invariant under both K and T, and that X = Y; ® --- @® Yn. 
Moreover, for arbitrary i = 1,...,n, the two restrictions K; :— K | Y; and T; :— 


T | Y; commute, and we have o (K;) = {ui}. Because h(K;) = h(K)|Y; = 0, we 
obtain 


hui} = h(o(Ki)) = o (h(K;)) = {0}. 


Hence we may factor h in the form 


h(w) = (n — ni)" qi(u) forall u € C, 


where n; € N and q; is a complex polynomial for which qi (ui) zz 0. We conclude 
that 


0 = A(K;) = (Ki — wil)" qi(K;), 


where q;(K;) € L(Y;) is invertible in light of o (qi (K;)) = gi(o(Ki)) = {qi(ui)} 
and qi (ui) # 0. Therefore (K; — jj 1)" = 0, which shows that the operator Nj :— 
Kj — nil is nilpotent. Now observe that 


Ti — Ki = (Ti — uil) — (Ki — uil) = Ti — uil — Ni. 


Because T has the SVEP at ui, we know that T — u; I has the SVEP at 0. Since this 
condition is inherited by restrictions to closed invariant subspaces, we conclude that 
T; — ui I has the SVEP at 0, and hence, by Theorem 2.129, T; — K; = T; — uil — Ni 
also has the SVEP at 0 for all i = 1,2,...,n. From Theorem 2.15, it then follows 
that 


T—K =(T—K\)®---@ (In — Kn) 


has the SVEP at 0, as desired. An application of the main result to the operators — K 
and T — XJ, for arbitrary à € C, then establishes the final claim. [| 


From a closer look at the proof of Theorem 2.145 it is easy to deduce that the 
SVEP is stable under commuting perturbations K which have finite spectrum. 

The case of commuting quasi-nilpotent equivalence seems to be more compli- 
cated. In the next theorem we assume that Ho(AI — T) O Xr(f) = {0}. This 
condition, as it has been shown in Theorem 2.39, is stronger than the SVEP for 
T ata. 


Theorem 2.146 Suppose that T € L(X) satisfies HAI — T) O Xr (Ø) = {0} for 
some à € C, and let S € L(X) be quasi-nilpotent equivalent to T. Then S has the 
SVEP at x. 
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Proof Let x € ker (A1 — S). Then (AI — S)¥x = 0 for all k € N. Moreover, for 
arbitrary n € N, we know that 


CT, ue» (fenton - Ty-*(1 — Sy. 


k 
k=0 
Consequently, we obtain that 
War —Ty*xI'" = CCT, S (xj < cr, Sy a)" xp" > 0 


asn — oo. Thus ker(AJ — S) € Ho(AI — T), while Xs(Ø) = Xr7(f/), by quasi- 
nilpotent equivalence. We conclude that 


ker (AI — S) Xs(f) € Ho(41 — T) n Xr) = {0}, 


so that Theorem 2.60 ensures that S has the SVEP at A. E 


The SVEP at a point is preserved under quasi-nilpotent equivalence, if we assume 
that AJ — T either admits a generalized Kato decomposition or is quasi-Fredholm. 


Corollary 2.147 Let S, T € L(X) be quasi-nilpotent equivalent operators, let à € 
C, and suppose that XI — T either admits a generalized Kato decomposition or is 
quasi-Fredholm. If T satisfies SVEP at A, then so does S. 


Proof Under either of the two conditions on AJ — T, it is known that SVEP for 
T at à is equivalent to the condition that H9(47 — T) 1 K(AI — T) = {0}; see 
Theorem 2.97. Consequently, the assertion is clear from Theorem 2.39. a 


We finally address the permanence of the localized SVEP for the adjoint T* of an 
operator T € L(X). The condition Ho(AI — T) + K(AI — T) = X may be thought 
of as being dual to the condition Ho9(4J — T) A K(AI — T) = {0}, and entails the 
SVEP for T* at A, by Theorem 2.39. These observations concerning the localized 
SVEP are improved in the following result. 


Theorem 2.148 For every pair of quasi-nilpotent equivalent operators S, T € 
L(X) and arbitrary à € C, the following assertions hold: 


A if KAI — T) -- HAI — T) is norm dense in X, then S* has the SVEP at i; 
(ii) if Ho(AI — T*) + K(AI — T*) is weak-*-dense in X*, then S has the SVEP 
at x. 


Proof 


(i) By Theorem 2.37 we have the inclusions 


HuAI-T)GtxEQGreT* ad KOI- T) c BHI-T*, 
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and therefore, by duality, 
K(AI —T*) C Hog(AI — T)- and HAI- T) € K(AI — T). 
We conclude that 
K(AI — T*)n Hol — T*) € Wo AL — T): AKAI — T) 
= [Ho(4I — T) + K(AI — T)]* = {0}, 


where the last equality follows from the condition that Ho(AJ — T)+ 
K (AI — T) is norm dense in X. Moreover, since 


[C(S, T)(A)I* = (- D"C(T*, S*)"(A*) 


for all A € L(X) and n € N, it is clear that the pair (S*, T*) inherits quasi- 
nilpotent equivalence from the pair (S, 7). The assertion is now immediate 
from Theorem 2.146. 

Similarly, we obtain 


HAI - T)n KOAI — T) c IKAI- T*) n tH - T*) 
= -[K (Al — T*) + HAI — T*)] = {0}, 


where the last identity follows from the Hahn-Banach theorem and the weak*- 
density of Ho(Al — T*) + K(AI — T*) in X*. Another application of 
Theorem 2.146 now ensures that S has the SVEP at A. a 


2.10 Spectral Properties of Products of Operators 


Let X and Y be Banach spaces and consider two operators S € L(X, Y) and R € 
L(Y, X). We begin this section by proving that the non-zero points of the spectra 
c (RS) and o (SR) are the same, and the same holds for a number of distinguished 
parts of the spectrum. 


Theorem 2.149 Let S € L(X, Y), R € L(Y, X) andi F 0. Then we have: 


(i) aA — SR) = a(A1 — RS). 
(i) BAL — SR) = pI — RS). 
(ii) AT — SR has closed range if and only if XI — RS has closed range. 


Proof 


(i) If x e X is an eigenvector of AJ — RS then 


(AI — RSx = 0 = T(AI — RS)x = (AI — SR)Sx. 


2.10 


i) 
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Since à z 0 implies Sx +Æ 0, Sx is an eigenvector of (AJ — SR). Let (xx) 
k = 1,2,...n bea set of linearly independent eigenvectors for AJ — RS. We 
show that the set (Sx1, Sx2,...Sx,} is linearly independent. Assume not, so 
there exist non-zero scalars o1, @2,...@, such that buie aj $xy = 0. Then 


SQ oxe) = 0 = RSC) ^ axe) = ACY) arx). 


k=1 k=1 k=1 


Since A Z 0, this contradicts the linearly independence of the x;'s. Therefore, 
[Sx1, Sx2,...Sx,} is a linearly independent set and, consequently, «(47 — 
SR) < a(Al — RS). The reverse inequality follows by symmetry. 

Let X :— X/(XA1 — SR)(X) and y € X such that y z 0. Then Ry zi 0. Assume 
Ry € (AI — RS)(X). Then there exists a sequence (zn) € (AJ — RS)(X) such 
that AJ — RS)z, = Ry, as n — oo. Therefore, 


(AI — SR)Sz, = SRy, 
and S Ry € (AI — SR)(X). Since 
Ay = (AI — SR)y + SRy € QI — SR)(X) 


contradicts our assumption y Æ 0, it then follows that Ry ¢ (AI — RS) (X). 
Let (yi) be a set of linearly independent vectors in X, and set X := 


X/(AI — RS)(X). We claim that (Ry;) are linearly independent vectors in X. 
Indeed, assume that there are scalars (œ) such that Da 1 9k Ryk = 0. Then 
there exists a sequence (zx) in X such that (AJ — RS)z, — rer or Ryk, 
which implies that 


n 
So ag SRy~ = lim (Al — SR)Szn. 
fal k—oo 


n n 
—A M akSRyk = D> ax ll — SR) yx — SRy«l, 
k=1 k=1 


hence 


ACD) ax ye) € AT = SRX) 
k=1 
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and 
0| — 02 — ...0g — 0. 


Thus, the vectors (Ryp) are linearly independent and consequently, we have 
B(AI — SR) < B(AI — RS). Similarly, B(41 — RS) < (àI — SR) and the 
equality then follows. 

(iii) Suppose that (AJ — RS) (X) is closed and y € X is such that (47 — RS)x, — y, 
with x, € X. Then (AJ — RS) Rx, — Ry and since (AI — RS)(X) is closed, 
Ry € (AI—RS)(X). That is, there exists an x € X such that Ry = (AJ—RS)x. 
But 


Ay = SRy — (SR — AI)y = S(AI — RS)x — (SR — AD)y 
= (AI — SR)Sx + (AI — SR)y 


and since A Æ 0 we have y € (AJ — SR)(X). In a similar fashion the reverse 
implication follows. a 


Corollary 2.150 /f R, S € L(X) then the nonzero points of the spectrum, or of the 
approximate point spectrum, of RS and SR are the same. The same happens for the 
upper semi-Fredholm spectra and the essential spectrum of RS and SR. 


It is easy to find examples of operators for which the product SR is invertible, 
while RS is not invertible. For instance, if R is the right shift on £2(N) and L is 
the left shift, then LR = I is invertible, while RL is not injective and hence not 
invertible. 


Corollary 2.151 /f S, R € L(X) then RS is Riesz if and only if SR is Riesz. 


Note that by Theorem 2.4 the local spectrum of RS at x and the local spectrum 
of SR at Sx have the same non-zero points. Further results concerning other spectra 
of the products SR and RS will be given in the next chapter. We next want show 
that SR and RS also share some other local spectral properties. 

It is not surprising that the property of having closed local spectral subspaces 
Xr (F) for every closed set F C C is an important property. For instance, for every 
spectral operator T € L(X) with spectral measure E(-), the subspace Xr (F) is 
closed, for every closed set F, since it coincides with the range of the projection 
E(F), see [216, Corollary 1.2.25]. To label this situation we introduce the following 
definition. 


Definition 2.152 A bounded operator 7 € L(X), X a Banach space, is said to 
have Dunford’s property (C), shortly property (C), if the analytic subspace Xr (F) 
is closed for every closed subset F C C. 


Property (C) dates back to the earliest days of local spectral theory. It was first 
introduced by Dunford (see [143]) and plays an important role in the development 
of the theory of spectral operators (this condition is one of the three basic 
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conditions that are used in the abstract characterization of spectral operators), and 
more generally in the development of the theory of decomposable operators. The 
monograph by Dunford and Schwartz [143] and the book by Laursen and Neumann 
[216] contain a number of pertinent results. 

Trivially, by Theorem 2.14, we have the following relevant fact: 


Theorem 2.153 If T € L(X), X a Banach space, has property (C) then T has the 
SVEP. 


Note that if an operator 7' has property (C), and hence the SVEP, then the quasi- 
nilpotent part Ho(T) is closed since Ho(T) = X7((0]), see Theorem 2.30. The 
operator T considered in Example 2.33 shows that the implication of Theorem 2.153 
cannot be reversed in general. Further examples of operators with the SVEP but 
without property (C) may be found among the class of all multipliers of semi-simple 
commutative Banach algebras, which will be introduced in more detail in Chap. 3. 
In fact, these operators have the SVEP, since the quasi-nilpotent part of AJ — T 
coincides with the kernel ker (AJ — T) for all A € C, see the next Theorem 4.48, 
while property (C) plays a distinctive role in this context, see [216, Chapter 4]. 

A first example of operators which have property (C) is given by quasi-nilpotent 
operators. 


Theorem 2.154 Let T € L(X) be a quasi-nilpotent operator on a Banach space 
X. Then T has property (C). 


Proof Consider any closed subset of F C C. Consider first the case 0 ¢ F. Then 
since T has the SVEP, 
Xr(F) = Xr(Fno(T)) = Xr Ø) = {0} 


is trivially closed. On the other hand, if 0 € F then by Theorem 2.35 and 
Theorem 2.30 


Xr(F) = Xr(F No(T)) = Xr((0)) = Ho(T) = X. 


Hence, also in this case Xr (F) is closed. | 


Lemma 2.155 Suppose that T € L(X) has the SVEP, and that F € C is a closed 
set for which XT (F) is closed. Then o(T|Xr(F)) € Fnrio(T). 


Proof Set A :=  T|Xr(F). Clearly, AJ — A has the SVEP and part (ii) of 
Theorem 2.13 ensures that AJ — S is onto for all A € C \ F. By Corollary 2.61 then 
AI — S is invertible for all A € C \ F. On the other hand, part (iii) of Theorem 2.13 
shows that AJ — S is invertible for all 4 € F which belong to the resolvent, so 
o (S) € (CV F)Uc(T), and hence o (S) € FNo(T). [| 


Property (C) is inherited by restrictions to closed invariant subspaces. 
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Theorem 2.156 Suppose that T € L(X), where X is a Banach space, has property 
(C). If Y is a T-invariant closed subspace of X then the restriction T|Y has 


property (C). 


Proof Set S :— T | Y and let F be a closed subset of C. Suppose that the sequence 
(xn) C Ys(F) converges at x € X. We have to show that x € Ys(F). Evidently, 
Ys(F) € Xr(F) AY, so that x e Ys(Q) € Xr(Q). By Theorem 2.153 we know 
that T has the SVEP, so there exists an analytic function f : CX Q — X such that 
(AI — T) f (A) =x forall 4 € CXV Q. 

To show that x € Ys(F) it suffices to prove that f(A) belongs to Y for all A € 
C X F. Since T has the SVEP, for every n € N there exists an analytic function 
fa: CXV F => Y such that AJ — T) fa (à) = xn for all A € C \ F. The elements 
x and x, belong to X7(F), so Theorem 2.9 implies that f(A) and f, (A) belong to 
Xr(F) for allA € CX F andn € N. Since T has the SVEP, and Xr (F) is closed by 
assumption, from Lemma 2.155 we know that o (T | Xr(F)) € F, and therefore 
the bounded operator AJ—T | Xr(F) on Xr(F) has an inverse (AI—T | Xr (F))7! 
for every à € C\ F. 

From this we then obtain that f£, (X) = AI —T | Xr(F Dx converges to the 
element (AJ — T | X7(F))~!x, as n — oo. Therefore f (X) € Y, so the proof is 
complete. [| 


The next result shows that property (C) is preserved by the Riesz functional 
calculus. For a proof, see Theorem 3.3.6 of Laursen and Neumann [216]. 


Theorem 2.157 If T € L(X) has property (C) and f is an analytic function on 
an open neighborhood U of o (T), then f (T) has property (C). Similar statements 
hold for property (P). 

It could be reasonable to expect that the converse of Theorem 2.157 is true if we 


assume that f is non-constant on each connected component of Lf, as is the case, by 
Theorem 2.89, for the SVEP; but this is not known. 


Lemma 2.158 Let S € L(X,Y) and R € L(Y, X) and u € C. Then RS has the 
SVEP at x if and only if SR has the SVEP at x. 


Proof Suppose that RS has the SVEP at à and let f : D; — Y be an analytic 
function defined in an open disc centered at A such that 


(ul — SR)f(g) =0 forall u € D;. (2.31) 


Then SRf (u) = uf (u) for all w € D}. From (2.31) we have 


R(uI — SR) f (u) = (uI — RS)Rf(u) —0 forall u € D}, 


and hence, since RS has the SVEP at A, Rf (u) = 0. Then 0 = SRf (u) = uf (w) 
for all u € D1, from which we obtain f(u) = 0 for all u € D}. Therefore, SR has 
the SVEP at à. The converse may be proved in a similar way. [| 
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Theorem 2.159 Let F bea closed subset of C such that 0 € F. If S € L(X, Y) and 
R € L(Y, X) then Ysr(F) is closed if and only if X gs(F) is closed. 


Proof Suppose that Ysr(F) is closed and let (x4) be a sequence in Xrs(F) which 
converges to x € X. Since x, € Xgs(F), ors(Xn) € F forall n € N. Since 0 € F, 
Ors(Xn) U (0) € F. By Theorem 2.4, part (1), we have 


ons (Xn) U {0} = osr(Sxn) U {0}, 


SO osR(SXn) € F and hence Sx, € Ysg(F). But Sx, — Sx and Ysgg(F) is closed, 
thus Sx € Ysr(F), that is, osg(Sx) C F. Again by Theorem 2.4 we obtain 


Ogs(x) € osn(Sx)U {0} C F, 


thus x € Xgs(F). 
The converse implication follows in a similar way, just use part (ii) of Theo- 
rem 2.4. a 


In order to study the case when 0 ¢ F we need a preliminary result: 


Lemma 2.160 Suppose that T € L(X) has the SVEP and let F be a closed subset 
of C such that Z := X7(F) is closed. If A := T|Xr(F) then Xr(K) = ZA(K) for 
all closed K C F. 


Proof Note first that A has the SVEP, so every glocal spectral subspace ZA(K) 
coincides with the local spectral subspace ZA(K), and Xr(K) € Xr(F) = Z. The 
inclusion ZA(K) € XTr(K) is immediate. In order to prove the opposite inclusion, 
suppose that x € Xr(K) = Xr(K). Then or(x) € K and there is an analytic 
function f : CXV K — X such that (uJ — T)f(u) = x for all y € CX K. By 
Theorem 2.9 we have 


or(f(u) =or(x)C K forallu € CVK, 
thus f(u) € Xr(K) € Z. Therefore, f is a Z-valued function and hence 
(ul — T)f(u) = (4I -Afu 2x forallu € CVK, 


ie.x € ZA(K) = ZACK). = 


Theorem 2.161 Let F be a closed subset of C such that X € F. If T € L(X) has 
the SVEP and Xr(F U (A]) is closed then XT (F) is closed. 


Proof Let Z := Xr(F U (A) and S := T|Xr(F U {A}). From Lemma 2.155 
we know that o(S) € F U {A}. We consider two cases: Suppose first that A ¢ 
co (S). Then c (S) € F and hence Z = Zs(F). By Lemma 2.160 we then have 
Zs(F) = Xr(F), so Xr(F) is closed. Suppose the other case that à € o (S) and 
set Fo :— o (S) N F. Then o (S) = Fo U (A). Since A € o (S), by Theorem 2.26 we 
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have Z = Zs(Fo) ® Zs({A}. From Lemma 2.160 it then follows that 
Zs(Fo) = Zr(o(S) n F) = Zs(F) = Xr(F), 


and hence X7 (F) is closed. [| 


Corollary 2.162 Let S € L(X,Y) and R € L(Y, X) be such that RS has the SVEP, 
and denote by F a closed subset of C such that 0 ¢ F. Then we have: 


Gi) If Ysr(F U {0}) is closed then X gs(F) is closed. 
Gi) If Xgs(F U {0}) is closed then Ysr(F) is closed. 


Proof Theorem 2.159 ensures that Z :— Xgs(F U {0}) is closed, since 0 € F U {0}. 
The SVEP for RS entails the SVEP for SR, by Lemma 2.158, thus Theorem 2.161 
entails that X gs(F) is closed. An analogous argument proves (ii). a 


A remarkable consequence of the previous results is that property (C) for RS is 
equivalent to property (C) for SR. 


Corollary 2.163 /fS € L(X, Y) and R € L(Y, X) then RS has Dunford’s property 
(C) if and only if S R has Dunford's property (C). 


Proof Suppose that RS has Dunford's property (C), i.e. Xgs(F) is closed for 
every closed subset F C C. If 0 € F then Ysr(F) is closed, by Theorem 2.159. 
Obviously, if 0 d F then F U {0} is closed, so Xgs(F U {0} is closed and hence 
Ysr(F) is closed, by Corollary 2.162. Therefore SR has Dunford’s property (C). 
The proof of the opposite implication is similar. [| 


Let us consider the particular case when F is a singleton set, say F :— {A}. Recall 
Ho(.I — T) = Xr ({A}), where Xr ({A}) is the glocal spectral subspace associated 
with the closed set {A}. 


Definition 2.164 An operator T € L(X) is said to have property (Q) if Ho(.1 — T) 
is closed for every à € C. 


Evidently, by Corollary 2.67, 
property (C) = property (Q) > SVEP. 


Consequently, by part (v) of Theorem 2.23, for operators T having property (Q) we 
have Ho(AI — T) = X7({A}). Property (Q) is strictly weaker than property (C), 
indeed every multiplier of a semi-simple commutative Banach algebra has property 
(Q), see the next Theorem 4.48, in particular every convolution operator 7,,, y € 
M (G), on the group algebra L1(G) has property (Q), but there are convolution 
operators which do not enjoy property (C), see [216, Chapter 4]. 


Lemma 2.165 Let F bea closed subset of C. If S € L(X, Y) and R € L(Y, X) are 
both injective, then Ysg(F) is closed if and only if X gs(F) is closed. 
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Proof Suppose that Ysg (F) is closed and let (x,) be a sequence in Xgs(F) which 
converges to x € X. Since x, € Xgs(F), ogs(x,) € F forall n € N. Because S 
is injective we have ors(Xn) = osg(S$x4), by Theorem 2.4, hence Sx, € Ysr(F), 
since osg(Sx,) € F. But Sx, — Sx, and Ysr(F) is closed, so that Sx € Ysr(F) 
and hence osa (Sx) C F. Again, by Theorem 2.4, we have ogs (x) = osr(Sx) C F, 
hence x € Xrs(F). By using the same argument and, since R is injective, we easily 
obtain the reverse implication. L| 


Theorem 2.166 Jf S € L(X,Y) and R € L(Y, X) are both injective, then RS has 
property (Q) if and only if SR has property (Q). 


Proof Suppose that RS has property (Q). Then RS has the SVEP and hence SR 
also has the SVEP, by Lemma 2.158. By Theorem 2.23, part (iv), for every 4 € C 
we have Xrs({A}) = Ags((A])) = Ho(Al — RS), and analogously Ysr({A}) = 
Vsr({a}) = Ho(AI — SR). Now, if A = 0 then, by Theorem 2.159 Ho(RS) = 
X gs((0]) is closed if and only if Ho(SR) = Ysr({O}) is closed. If A Æ 0 from 
Lemma 2.165 we see that Ho(A41 — SR) = Ysp(A} is closed if and only if H9(A1 — 
RS) = Xprs(A} is closed. | 


An interesting question is if the result of Theorem 2.166 is still valid without 
assuming that R, S are injective. 

In order to establish some results concerning the analytic core of RS and SR, 
recall that, by Theorem 2.20, for every T € L(X) we have K(AI — T) = X7(C \ 
4) = (x e X: ¢or(x)}. 


Theorem 2.167 Let S € L(X,Y) and R € L(Y, X). We have: 


(i) If A £0, then K (AI — SR) is closed if and only if K (AI — RS) is closed. 
(i) If R and S are injective then K (SR) is closed if and only if K (RS) is closed. 


Proof 


(i) Suppose that K (AJ — SR) is closed and let (x) be a sequence of elements of 
K(X1 — RS) which converges to x € X. Then à ¢ ogs(x,) for every n € N, 
and hence, by Theorem 2.4, A ¢ osg(Sx,4), that is, Sx, € K(AI — SR). Since 
Sx, — Sx and K(AI — SR) is closed, Sx € K(AI — SR), ie. à ¢ osg(Sx). 
Again from Theorem 2.4 we then have A ¢ ors(x), hence x e K(AI — RS). 

(ii) The proof is similar to that of part (1), just recalling the equalities between the 
local spectra of SR and RS, established in Theorem 2.4 in the case where R 
and S are injective. [| 


Another important property which plays a central role in local spectral theory is 
the property (8) introduced by Bishop [79]. Let H (U, X) denote the space of all 
analytic functions from U into X. With respect to pointwise vector space operations 
and the topology of locally uniform convergence, H(U, X) is a Fréchet space. 
Denote, as usual, by D(A, r) an open disc centered at A with radius r < 0. 


Definition 2.168 An operator T € L(X) is said to have Bishop’s property (£) at 
à € C if there exists an r > 0 such that for every open subset U C D(A, r), and for 
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every sequence of analytic functions (fan) C H(U, X) for which (ul — T) f,(u) > 
Oin H (U, X), we have f,(u) > Oin H(U, X). T € L(X) is said to have property 
(B) if T has property (£) at every A € C. 


The relevance of property (£) in local spectral theory is not immediately evident 
at first glance. It should be noted that the following implication holds: 
property (8) = property (C) => SVEP. 
For a proof, see Laursen and Neumann's book [216, Proposition 1.2.19]. A dual 
property of property (£) is given by the following decomposition property (ô). 
Definition 2.169 An operator T € L(X) is said to have the decomposition property 
(ô) if the decomposition 


X = Xr(U) + Xr(V) 


holds for every open cover (U, V} of C. 


A remarkable result of local spectral theory is that the there is a complete 
duality between property (8) and property (8). Indeed, T € L(X) has property 
(8) (respectively, property (8)) if and only if T* has property (£) (respectively, 
property (8)), see [216, Theorem 2.5.5]. 

We now introduce an important class of operators on Banach spaces which 
admits a rich spectral theory and contains many important classes of operators. 


Definition 2.170 Given a Banach space X, an operator T € L(X) is said to be 
decomposable if, for any open covering {U1, U2} of the complex plane C, there 
are two closed T-invariant subspaces Yı and Y? of X such that Y; + Yo = X and 
c (T|Yx) € Ut fork = 1,2. 


A very deep result in local spectral theory is that decomposability may be 
described as the union of the two weaker properties (8) and (ô), more precisely: 


T is decomposable < T has both properties (6) and (ô), 
or, 
T is decomposable < T has both properties (C) and (ô), 


see [216, Theorem 1.2.29]. 
Theorem 2.171 Let S € L(X, Y) and R € L(Y, X). Then we have 


(i) SR has property (B) if and only if RS has property (p). 
(ii) SR has property (6) if and only if RS has property (6). 
(iii) SR is decomposable if and only if RS is decomposable. 
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Proof 


(i) Suppose that SR has property (8) at A € C. Then there exists anr > 0 
such that for every open subset U C D(A,r) and for every sequence (gn) C 
H (U, X) for which 


lim (uI — SR)gn(u)=0 in H(U, Y) 
n> 
we have 
lim g,(4) =O in H(U, Y). 
n—oo 
Let W C D(A, r) be open and suppose that for (fn) C H(W, X) we have 
lim (ul — RS) f,(u) 20 in H(W, X). 
n— oo 
From this we obtain 
lim (ul — SR)Sfa (u) = lim S(u1I — RS) fa (u) = 0, 
n—oo n—oo 


in H (W, X), and hence lim,,o5 Sf, (u) = 0 in H(W, X). This implies that 
limno SRSfn(u) = 0in H (W, X), and consequently, 


lim ufa(u)=0 in H(W, X). (2.32) 
n—oo 
Obviously, if we set T = 0, the identity (2.32) may be rewritten as 
lim (ul — T)fa(u) =O in H(W, X). 
noo 


Therefore, since T has property (8), we have lim, oo f, (4) = Oin H(W, X), 
and hence RS has property (£) at A. The reverse implication easily follows by 
interchanging S and R. 

(ii) This follows from the duality between properties (£) and (ô). 

(iii) As observed above, an operator is decomposable if and only if has both 
properties (8) and (6). | 


2.4.1 Operators Which Satisfy RSR = R? and SRS = S? 


In this section we consider some local spectral properties of operators S, R € L(X) 
for which the operator equations 


RSR=R* and SRS—S? (2.33) 
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hold. This is a rather special case, but an easy example of operators which satisfy 
these equations can be obtained by putting R :— PQ and S := QP, where P and 
Q are idempotent operators. A remarkable result of Vidav [293, Theorem 2] shows 
that if R, S are self-adjoint operators on a Hilbert space then the Eq. (2.33) hold if 
and only if there exists a (uniquely determined) idempotent P such that R = P P* 
and S = P* P, where P* is the adjoint of P. 

It is easily seen that if 0 d o(R) N a(S) then R = S = I, so this case is 
without interest. For this reason we shall assume that O € c (R) N o (S). Evidently, 
the operator equations RSR = R? implies (SR)? = SR?, while SRS = S? implies 
(RS)? = RS?. 


Theorem 2.172 Let S, R € L(X) be such that RSR = R?. Suppose that F is a 
closed subset of C and O € F. Then Xg(F) is closed if and only if Xsg(F) is 
closed. 


Proof Suppose that X g(F) is closed and let (x„) be a sequence in Xsr(F) which 
converges to x € X. We need to show that x € Xgsg(F). For every n € N 
we have osg(x,) € F and hence, by the first inclusion of Lemma 2.7, we have 
Og(Rx,) € F, i.e., Rx, € Xmg(F). Since 0 € F we then have, by part (iii) 
of Theorem 2.13, x, € Xpr(F), and since by assumption Xga(F) is closed it 
then follows that x € Xp(F), hence og(x) € F. From the second inclusion of 
Lemma 2.7 we then have osr(SRx) C F, and this implies that SRx € Xsr(F). 
Again by part (iii) of Theorem 2.13, we conclude that x € Xsr(F), thus Xsr(F) is 
closed. 

Conversely, suppose that X s (F) is closed and let (xn) be a sequence of X g(F) 
which converges to x € X. Then og(x,) C F for every n € N and hence, from the 
second inclusion of Lemma 2.7, we have osg(SRx,) € F, so SRx, € Xsn(F). 
But 0 € F, so, by part (iii) of Theorem 2.13, x, € Xsr(F). Since, by assumption, 
XsnR(F) is closed, x € Xsr(F), and hence osa(x) € F. From the first inclusion of 
Lemma 2.7 we then obtain og(Rx) C F, so Rx € Xg(F), and the condition 0 € F 
then implies x € Xg(F). | 


Lemma 2.173 Let S, R € L(X) be such that RSR = R?. Then if one of the 
operators R, SR, RS has the SVEP, all of them have the SVEP. Additionally, if 
SRS — S?, and one of R, S, SR, RS has the SVEP then all of them have the SVEP. 


Proof By Lemma 2.158, SR has the SVEP if and only if RS has the SVEP. So it 
suffices only to prove that R has the SVEP at Ag if and only if so has RS. 

Suppose that R has the SVEP at Ao and let f : Uo — X be an analytic function 
on an open neighborhood Uo of Ao for which (AJ — RS) f(A) = 0 on Uo. Then 
RSf (A) = Xf (4) and 


0 = RSI — RS) f (A) = (ARS — (RS) f(A) = (ARS — (RS f(A) 
= (AI — R)RSf O). 
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The SVEP of R at Ao implies that 
RSfQ) =afQ) =0 forall A € Wo. 


Therefore, f = 0 on Uo, and hence RS has the SVEP at Ao. 

Conversely, suppose that RS has the SVEP at Ao and let f : Uo — X be an 
analytic function on an open neighborhood Uo of ào such that (47 — R) f(A) = 0 
on Up. Clearly, Rf (A) = Xf (A), and hence 


R^f(Aj)-2 ARf(Q)-—A^f() forall à € Ut. 


Furthermore, 


0— RSI — Rf (A) =ARSf (A) — R f(A) = ARSEQ) — f(A) 
= (Al — RS)(-Af (A), 


and since RS has the SVEP at Ao we then have Af (A) = 0, hence f(A) = 0, thus R 
has the SVEP at Ao. 

The second assertion is clear, if SRS = S?, just interchanging R and S in the 
argument above, the SVEP for S holds if and only if SR, or equivalently RS, has 
the SVEP. a 


We now consider the case where 0 ¢ F. 


Theorem 2.174 Let F be a closed subset of C such that O ¢ F. Suppose that 
R, S € L(X) satisfy RSR = R? and R has the SVEP. Then we have 


Q) If Xr(F U {0} is closed then Xsg(F) is closed. 
(i) If Xsr(F U {0}) is closed then Xg(F) is closed. 


Proof 


(i) Let Fi := F U {0}. Clearly, F; is closed and by assumption X g (F1) is closed. 
Since 0 € Fi, Xsg(F1) is closed, by Theorem 2.172. Moreover, the SVEP for 
R is equivalent to the SVEP for SR by Lemma 2.173. By Theorem 2.161 then 
X sr(F) is closed. 

(ii) The argumentis similar to that of part (1): if X sg (FU(0]) is closed then Xg (FU 
(05 by Theorem 2.172, and since R has the SVEP then Xa (7) is closed, by 
Theorem 2.161. a 


Theorem 2.175 Suppose that S, R € L(X) satisfy the operator equation RSR = 
R? and one of the operators R, SR, RS has property (C). Then all of them have 
property (C). If, additionally, SRS = S? and one of the operators R, S, RS, SR 
has property (C), then all of them have property (C). 


Proof Since property (C) entails the SVEP, all the operators have the SVEP, by 
Lemma 2.173. Moreover the equivalence of property (C) for SR and RS has been 
proved in Corollary 2.163, so it is enough to show that R has property (C) if and 
only if so has RS. 
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Suppose that R has property (C) and let F bea closed set. If 0 € F then Xsr(F) 
is closed, by Theorem 2.172, while in the case where 0 ¢ F we have that Xr(F U 
{0} is closed, and hence, by part (i) of Theorem 2.174, the SVEP for R ensures that 
also in this case X sg (F) is closed. Therefore, SR has property (C). 

Conversely, suppose that S R has property (C). For every closed subset F which 
contains 0 then X r(F) is closed, again by Theorem 2.172. If 0 ¢ F then Xsr(F U 
{0} is closed and hence, by part (ii) of Theorem 2.174, X g(F) is closed. Hence R 
has property (C). 

If additionally SRS = S? then, by interchanging S with R, the same argument 
above proves the second, so the proof is complete. [| 


Lemma 2.176 Let S, R € L(X) be such that RSR = R?, SRS = S?, and à € C. 
Then the following statements are equivalent: 

(i) AI — R is injective; 

(i) AI — SR is injective; 
(ii) AJ — RS is injective; 
(iv) AI — S is injective. 
Proof We consider first the case à zz 0. For A Æ 0, the equivalence (ii) & (iii) 
follows from Theorem 2.149, without any assumption on R and S. We show that if 
A Æ 0, then (i) => (ii). Suppose that ker (AJ — R) = (0) and (J — SR)x = 0 for 
some x Æ 0. Then 


0 = R(AI — SR)x = (AI — R)Rx, 
so Rx = O0 and hence SRx = Ax = 0, from which we conclude that x = 0,a 
contradiction. Therefore, (1) > (11). 
(iii) = (iv). Suppose that ker (4/7 — RS) = {0} and (AJ — S)z = 0 for some 
z Æ 0, i.e., Sz = Az. Then 
0 = RS(AI — Sz = RAS — S?) = RAS — SRS)z = (41 — RS)RSz, 


so RSz = 0, and hence 


0 = SRSz = S?z = Az, 


i.e., z = 0, a contradiction. 

(iv) > (i) Observe first that SR? = S?R and hence SR(AI — R) = (AI — S)SR. 
Now, suppose that ker (AJ — S) = {0} and (AJ — R)u = 0 for some u Z 0, i.e., 
Ru = hu. Then 


0 — SRI — Ryu = (Al — S)SRu, 
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from which we obtain SRu = 0. Consequently, 


0 = RSRu = R*u=22u, 


i.e., u = 0, a contradiction. Hence (iv) => (i) for A Æ 0. 

Therefore, the equivalence of the statements (1)-(iv) are proved for à Æ 0. 

Now, consider the case à = 0. Evidently, ker SR = {0} (respectively, ker SR = 
(0)) implies that ker R = {0} (respectively, ker S = {0}). If kerR = {0} 
(respectively, ker S = {0}), then RSR = R? (respectively. SRS = S?) implies 
ker SR = {0} (respectively, ker RS = {0}). Hence, (i) & (ii) and (iii) + (iv) for 
à = 0. Suppose that ker RS = {0} and Ry = 0. Then RSRy = R?y = 0, so 
SR?y = RS?y = 0, which implies Sy € ker RS and hence Sy = 0. Then RSy = 0, 
i.e. y = 0. Therefore, (iii) => (i). In a similar way we can prove that (ii) > (iv). M 


The following construction, known in the literature as the Sadovskii/Buoni, 
Harte, Wickstead construction, leads to a representation of the Calkin algebra 
L(X)/K (X) as an algebra of operators on a suitable Banach space. 

Let us consider the Banach space £?? (X) of all bounded sequences X :— (xn) of 
elements of X, endowed with the norm ||X|loo :— suppen ||Xn||, and if T € L(X) 
define the induced operator on £% (X), as 


TooX :— (Tx4) forall x := (xn). 


Let m(X) denote the set of all precompact sequences (xn) of elements of X, (i.e. 
the closure of (x, : n € N} is compact in X). The set m(X) i isa closed | subspace of 
£9? (X) invariant under Too. Let X :— €°(X)/m(X), and let T : X — X be defined 
by 


T (% +m(X)) = T9X-Em(X) foralli e X. 


The mapping T € L(X) > Te L(X) is a unital homomorphism from L(X) to 
L(X) with kernel K (X), which induces a norm decreasing monomorphism from 
L(X)/K(X) to L(X) with the following properties (see [245, §17, Chap. 3] for 
details): 


(a) Teo,(X) e T is injective > T is bounded below; 
(D Teo (X) & T is onto; 
(c) Te (X) & T is invertible. 


These properties easily imply that the upper semi-Fredholm spectrum ousr(T) 
coincides with Bst T) the lower semi-Fredholm spectrum eist(T) coincides with 
ox(T), while the essential spectrum oe (T') coincides with o(T). 


Lemma 2.177 Let R, S € L(X) be such that RSR = R? and SRS = S?. If 
one of the operators R, RS, SR or S is upper semi-Fredholm (respectively, lower 
semi-Fredholm, Fredholm) then all are upper semi-Fredholm (respectively, lower 
semi-Fredholm, Fredholm). 
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Proof Evidently, 

RSR—R? and SRS-—RS. 
Suppose that AJ — T € $4 (X), where U stands for one of the operators R, RS, SR 
and S. Then AT — T is injective, by part (a) above. This implies, by Lemma 2.176, 
that the operators GE NA SR and 7 — S are all injective. This shows 


that the upper semi-Fredholm spectra of R, RS, SR and S coincide. The assertions 
concerning the other spectra may be proved in a similar way. a 


Similar results to those of Lemma 2.177 hold for the upper semi-Browder opera- 
tors, lower semi-Browder operators, Browder operators, upper semi- Wey] operators, 
lower semi-Weyl operators, Weyl operators, and Drazin invertible operators, see 
Duggal [126, 282] and Schmoeger [283]. 

We consider now property (Q). 


Theorem 2.178 Let R, $ € L(X) satisfy RSR = R?, and R, S € ®4(X) or 
R, S € ®_(X). Then R has property (Q) if and only if SR has property (Q). 


Proof Suppose that R, S € c, (X) and R has property (Q). Then R has the 
SVEP and, by Lemma 2.173, SR also has the SVEP. Consequently, by part (iii) 
of Theorem 2.23, the local and glocal spectral subspaces relative to a closed set 
coincide for R and SR. By assumption Ho(A1 — R) = Xr({A}) is closed for every 
à € C, and Ho(SR) = Xsr({0} is closed by Theorem 2.172. Let 0 4 A € C. From 
part (iv) of Theorem 2.23 we have 


Xn(IA] U (0) = Xr (AJ) + Xa(10] = Hol — R) + Ho(R). 


Since R € $4 (X) has the SVEP at 0, Theorem 2.105 implies that Ho(R) is finite- 
dimensional, so X r({A} U (0]) is closed. Then, by Theorem 2.174, we conclude that 
Ho(XI — SR) = Xsn((A]) is closed, hence SR has property (Q). 

Conversely, suppose that SR has property (Q). If A = 0 then Họ(SR) = 
Xprs({0}) is closed by assumption, and Họ(R) = Xmg((0]) is closed by Theo- 
rem 2.172. In the case à 4 0 we have 


Xsr({a} U {0} = Xsg((AD + Xsr({O} = Aol — SR) + HoCSR). 


Since SR has the SVEP and SR € ®4 (X) then Ho(SR) is finite-dimensional, again 
by Theorem 2.105. So Xsg((A) U {0} is closed. By Theorem 2.174 then Xr ({A} = 
Ho(XI — R) is closed. Therefore R has property (Q). 

The proof in the case where R, S € . (X) is analogous. a 


Corollary 2.179 Let R, S € L(X) be such that RSR = R?. If both R,S are 
bounded below, then R has property (Q) if and only if SR has property (Q). 


Proof By Lemma 2.176, the operators R, S, RS, and SR are all injective when 
one of them is injective, and the same is true for being upper semi-Fredholm, by 
Lemma 2.177. Hence, if one of the operators is bounded below, then all of them are 
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bounded below. By Theorem 2.179 property (Q) for R and for SR are equivalent. So 
the same is true for S and RS, and also for RS and SR since R and S are injective. Hl 


Corollary 2.180 Let S, R € L(X) satisfy the operator equations RSR = R? and 
SRS = S?, and suppose that R and S are bounded below. If any one of the operators 
R, S, RS, and SR has property (Q), then all have property (Q). 


Proof Also RS, and SR are bounded below, as observed in the proof of Theo- 
rem 2.178, and property (Q) for R and SR are equivalent. By interchanging R 
and S we deduce that property (Q) is equivalent for S and RS. Finally, since R and 
S are injective, as noted before, property (Q) for RS and SR are equivalent. a 


We conclude this section by giving some results on the analytic core of RS and 
SR. 


Theorem 2.181 Suppose that R, S € L(X) satisfy RSR = R?. 


(i) If 0 z X € C, then K (AI — R) is closed if and only K (AI — SR) is closed, or 
equivalently K (AI — RS) is closed. 

(i) If R is injective then K (AI — R) is closed if and only K (AI — SR) is closed, or 
equivalently K (AI — RS) is closed, for all à € C. 


Proof 


(i) Suppose A z 0 and K (AJ — R) is closed. Let (xn) be a sequence of K (AJ — SR) 
which converges to x € X. Then A ¢ ogr(x,) and hence, by Lemma 2.7, 
à € og(Rx,4), thus Rx, € K(AI — R). Since Rx, —^ Rx and K(AI — R) is 
closed, it then follows that Rx € K (AI — R), i.e., à € og(Rx). Since A Æ 0, by 
part (i) of Corollary 2.5 we have à € og (x) and hence A ¢ osa (SRx), again by 
Lemma 2.7. This implies, again by part (i) of Corollary 2.5, that A € osg(x). 
Therefore x € K(AI — SR), and consequently, K (AJ — SR) is closed. 
Conversely, suppose that à # 0 and K (AI — SR) is closed. Let (x,) be a 
sequence in K (AJ — R) which converges to x € X. Then A ¢ og(x,) and, by 
Lemma 2.7, we have A ¢ osg(SRx,). From part (i) of Corollary 2.5 we have 
à € Osr(Xn), so Xn € K(AI — SR), and hence x e K (AI — SR), since the last 
set is closed. This implies that A ¢ osa (x), and hence à ¢ og(Rx), again by 
Lemma 2.7. Again by part (i) of Corollary 2.5 we then have A ¢ og(x), so that 
x € K(AI — R). Therefore, K (AJ — R) is closed. The equivalence, K (AI — SR) 
is closed if and only if K (AJ — RS) is closed, has already been proved. 
(ii) The proof is analogous to that of part (i), just use part (ii) of Corollary 2.4. M 


Corollary 2.182 If RSR = R? and SRS = S? and X Æ O then the following 
statements are equivalent: 
G) K(AI — R) is closed; 
(ii) K (AI — SR) is closed; 
(iii) K (AT — RS) is closed; 
(iv) K(AI — S) is closed. 


If R is injective then these equivalences also hold for X = 0. 
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Proof The equivalence (iii)-(iv) follows from Theorem 2.181 by interchanging 
R and S. Because the injectivity of R is equivalent to the injectivity of S, the 
equivalences (i)—(iv) also hold for A = 0. a 


2.12 Local Spectral Properties for Drazin Invertible 
Operators 


We have seen in Theorem 1.135 that a generalization of the notion of invertibility, 
which satisfies the relationships of “reciprocity” observed between the nonzero parts 
of the spectrum is provided by the concept of Drazin invertibility. In this section 
we see that many local spectral properties are transmitted from a Drazin invertible 
operator T to its Drazin inverse S. Recall from Chap. | that if T € L(X) is Drazin 
invertible then there exist two closed invariant subspaces Y and Z such that X — 
Y Q Z and, with respect to this decomposition, we can write T = Ti ® T» with 
T; := T|Y nilpotent and 72 :— T|Z invertible. The Drazin inverse S of T, if 
it exists, is uniquely determined, and in the proof of Theorem 1.132, it has been 
observed that S may be represented, with respect to the decomposition X = Y @ Z, 
as the direct sum S :— 0 @ S» with $5 := Ty !. It has already been observed in 
Sect. 2.10 of this chapter that if T has property (C) then so does f(T) for every 
function f analytic on an open neighborhood U of o (T). The same happens for the 
SVEP, by Theorem 2.86. An easy consequence is that the SVEP and property (C) 
are transmitted from T € L(X) to T~! in the case when T is invertible: 


Lemma 2.183 Suppose that T € L(X) is invertible and let Xo z 0. 


(i) If T has the SVEP at Ao then T-! has the SVEP at 1/A0. 
(ii) If T has property (C) then T7! has property (C). 


Proof 


(i) Let g(A) = i. Since 0 ¢ c (T), there is an open neighborhood U containing 
the spectrum such that 0 ¢ U and obviously g is analytic on D. Since T has the 
SVEP at Ao then, by Theorem 2.88, g(T) = T-! has the SVEP at i. 

(ii) This is proved by using a similar argument and Theorem 2.157. a 


A natural question, suggested by Lemma 2.183, is if property (C) or the other 
local spectral properties are transmitted to the Drazin inverse, if the operator is 
Drazin invertible. In this section we show that the answer to this question is positive. 
We begin with the SVEP. 


Theorem 2.184 Suppose that R € L(X) is Drazin invertible with Drazin 
inverse S. 


(i) R has the SVEP at Xo E 0 if and only if S has the SVEP at +. 
(i) R has the SVEP if and only if S has the SVEP. 
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Proof 


Gi) Let X = Y @ Z, R = Rı ® Ro and S = 0 @ S5, where $2 = R3. Suppose 
that R has the SVEP at Ag. Then R2 = R|Z has the SVEP at Ao, since the 
localized SVEP is inherited by the restriction on invariant closed subspaces. 
By Lemma 2.183 then S2 has the SVEP at i. Since the null operator has the 


SVEP at every point, and by Theorem 2.15, S has the SVEP at i. The reverse 
is proved similarly, since every nilpotent operator has the SVEP. 

(ii) Suppose that R has the SVEP and that it is Drazin invertible with Drazin 
inverse S. We can assume that 0 € c (R). Then there exist two closed invariant 
subspaces Y and Z of X such that X = Y È Z, Rı := R|Y is nilpotent and 
Ro :— R|Z is invertible. The operator Rı has the SVEP, since it is nilpotent, 
and also the restriction R? :— R|Z has the SVEP. By Lemma 2.183, $5 := m 
also has the SVEP, so the Drazin inverse S = 0 @® S2 has the SVEP. 


Conversely, if S = 0 @ S2 has the SVEP then the restriction $5 = S|Z has the 
SVEP, and hence its inverse R? = R|Z has the SVEP. Consequently, R = Ri ® R2 
has the SVEP, since R; is nilpotent and hence has the SVEP. | 


Recall that T € L(X) is relatively regular if there exists an S € L(X) such 
that TST = T. S is called a pseudo-inverse of T. The reciprocal relationship 
between the nonzero part of the local spectrum of a relatively regular operator T 
and the nonzero part of the local spectrum of any of its pseudo-inverses is not 
satisfied. For instance, if T is the unilateral right shift in £2(N) then, as observed 
in Example 1.137, since 


or (x) = o (T) = DO, 1), 


where D(0, 1) is the closed unit disc of C, o7 (x) V {0} is the punctured disc D(0, 1) \ 
{0}. Consequently, the points of os (x) \ {0}, for any pseudo-inverse S, cannot be the 
reciprocals of or (x) \ {0}, otherwise os (x) would be unbounded. 

It should be noted that if S is a pseudo-inverse of T € L(X) the SVEP for T 
does not entail, in general, the SVEP for S. Indeed, the unilateral left shift L is a 
pseudo-inverse of the right shift T, since trivially T = T LT, but T has the SVEP, 
while L does not have the SVEP. 


Theorem 2.185 Suppose that T € L(X) is Drazin invertible with Drazin inverse 
S. If T has the SVEP then for every x € X we have: 


1 
os(x) \ {0} = Ih 1A € or (x) \ | (2.34) 


Proof Suppose that T has the SVEP. If 0 ¢ c(T) then $ = T-! and the 
equality (2.34) follows from part (ii) of Theorem 2.87, applied to the function 
fA) := i. Suppose that 0 € o (T). According to the decomposition X = Y @ Z, 
Tı := T|Y nilpotent and T :— RT |Z invertible, the restrictions T; and T have the 
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SVEP. If x = y +z, y € Y,z € Z, we then have 
or (x) = or, O) U on (z), 


by Theorem 2.15. The Drazin inverse S :— 0 @ So, with S5 :— 25 has the SVEP, 
by Theorem 2.184, so, again by Theorem 2.15, we have 


Os(x) = o0(y) U on (z). 


Since S5 is the inverse of T2, from the spectral mapping theorem of the local 
spectrum applied to the function f (A) :— L, we have 


1 
os (z) = h :A€ ZI for all z € Z. 


Now, in the decomposition x = y + z, y € Y, z € Z, consider first the case y = 0. 
Then or, (y) = Ø and hence or(x) = on (z) and, analogously, os(x) = os;(z). 
Therefore, 


1 
os(x) = l P arw). 


Suppose that x = y + z, with y Æ 0. Since Tı is nilpotent (and hence has the 
SVEP), or, (y) Z Ø, hence or, (y) = {0} and analogously, oo(y) = {0}. Therefore, 
or (x) V {0} = on, (z) and os (x) V {0} = os, (z), since T» and 5» are invertible, from 
which we obtain: 


1 
os(x) \ {0} = os, (z) = l ihe on (| 


1 
= {pre ore oh, 


so the proof is complete. a 


Note that the right shift considered above has the SVEP, so the SVEP for a 
relatively regular operator does not ensure the reciprocal relationship noted for 
Drazin invertible operators with SVEP. 

The following elementary result will be needed in the sequel. 


Lemma 2.186 Suppose that T € L(X) is quasi-nilpotent and F is a closed subset 
of C. If0 € F then Xr(F) = X, while Xr(F) = {0} if0 ¢ F. 


Proof If T is quasi-nilpotent we have 


Xr(F) = Xr(Fno(T)) = Xr (FN {0}, 
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so Xr(F) = Xr() = (0) if 0 ¢ F, while Xr(F) = Xr((0) = Ho(T) = X, if 
0 € F, and T is quasi-nilpotent. [| 


Property C) is transmitted from a Drazin invertible operator T to its Drazin 
inverse S: 


Theorem 2.187 Let T € L(X), X a Banach space, be Drazin invertible with 
Drazin inverse S. Then T has property (C) if and only if S has property (C). 


Proof Suppose that T has property (C) and that it is Drazin invertible. Also here we 
can assume, by Lemma 2.183, that 0 € o (T). Let X = Y © Z such that Tj :— T|Y 
is nilpotent and T :— T |Z is invertible. For the Drazin inverse S := 0 @ S5 of T, 
with $5 :— Lo we have, by Corollary 2.16, 


Xs(F) = Yo(F) ® Zs,(F), for every closed F C C. 


Since T has property (C), the restriction 7? = T|Z also has property (C). But T2 
is invertible, so $5 = pn has property (C), by Lemma 2.183, and hence Zs, (F) is 
closed for all closed F € C. From Lemma 2.186 we know that if 0 ¢ F then the 
spectral subspace Yo(F) of the null operator 0 is {0}, while if 0 € F then Yo(F) = 
X. Hence Xs5(F) coincides with {0} $ Zs,(F), if 0 ¢ F, or coincides with X, if 
0 € F. In both cases Xs(F) is closed, and consequently S has property (C). 
Conversely, suppose that S has property (C) and F is a closed subset of C. Then 
X s(F) is closed, and as above Xs(F) = {0} 6 Zs, (F) if0 ¢ F,orXs(F)2Y 0o 
Zs, (F)ifO e F. This implies that Zs, (F) is closed, and hence 5» has property (C). 
Consequently its inverse 7? has property (C), by Lemma 2.183. Since Xr(F) = 
Yn (F) ® Zr, (F), by Theorem 2.19, and T; is nilpotent it then follows, again by 
Lemma 2.186, that Xr(F) is either (0) & Zr, (F) (if 0 ¢ F), oris Y ® Zn (F) Gf 
0 € F), so Xr(F) is closed for every closed F € C, thus T has property (C). B 


Consider now the case where the singleton set F := {A}. Recall that since 
property (Q) for T entails SVEP then Ho(4I — T) = Xr({A}) = Xr ({A}). 


Lemma 2.188 /f T € L(X) has property (Q) and f is an injective analytic 
function defined on an open neighbourhood U of o (T), then f (T) also has property 
(Q). 


Proof Recall that, by Theorem 2.29, the equality Xfer (F) = ArCf 1G) 
holds for every closed subset F of C and every analytic function f on an open 
neighbourhood U of c (T). Now, to show that f(T) has property (Q), f injective, 
we have to prove that Ho(AI — f (T)) is closed for every A € C. If A ¢ o(f(T)) 
then Ho(Al — f(T)) = {0}, while if à € o( f(T)) = f(o(T)), then 


HAI — f(T)) = X pay (Ah) = Xr (f 0) = Holul — T), 


where f(A) = Jj, and, consequently, Ho(41 — f(T)) is closed. In particular, 


considering the function f (A) :— i, we see that if T is invertible and has property 


(Q) then its inverse has property (Q). m 
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Property (Q) is transmitted to the Drazin inverse: 


Theorem 2.189 Let T € L(X), X a Banach space, be Drazin invertible with 
Drazin inverse S. Then T has property (Q) if and only if S has property (Q). 


Proof Suppose that T is Drazin invertible and has property (Q). We need only 
consider the case 0 € c (T). Then there exist two closed invariant subspaces Y and 
Z of X such that X = Y © Z, Tı := T|Y is nilpotent, 75 := T|Z is invertible and 
the Drazin inverse of T is given by S :— 0 @ S5, with $5 := zt Since T has the 
SVEP, S has the SVEP, by Theorem 2.184, so we have 


Ho(XI — S) = Xs({A}) = Yo) 6 Zs (dà),  forallà € C. 


Moreover, property (Q) for T implies that the restriction 7? = T|Z has property 
(Q). Since 0 ¢ c (T5) then Sz :— T5! has property (Q), and hence Zs,((4]) = 
Ho(XI — S2) is closed. By Lemma 2.186, the spectral subspace Ho(A1) = Yo({A}) 
of the null operator O is {0} if O Æ A, while Yo({A}) = Y if 0 = A. Therefore, 
Xs 5({A}) is either {0} S Zs, ({A}) or Y G Zs,((4]), so it is closed, and consequently 
S has property (Q). 

Conversely, suppose that S = 0 & S» has property (Q). Then $5 = S|Z has 
property (Q) and hence T? = S27! has property (Q). From 


HI — T) = WI — Ti) 6 WAI — Th) = X7,({A}) 8 WAI — Th), 


we obtain that Ho9(AI — T) is either Y @ Ho(AI — T5) or {0} & Ho(AI — Tr), so 
Ho(Al — T) is closed for all à € C. a 


Property (£) is transmitted from a Drazin invertible operator to its Drazin inverse. 
Recall that property (£) is inherited by the restriction to closed invariant subspaces, 
see [216, Theorem 3.3.6]. Property (£) is also preserved by the functional calculus, 
ie. if T € L(X) has property (8) and f is an analytic function on an open 
neighbourhood U of c (T), then f (T) has property (£), see [216, Theorem 3.3.6]. 
Consequently, if T € L(X) is invertible and has property (8) then T ^! has property 
(B). Let H (U, X) denote the space of all analytic functions from U into X. With 
respect to pointwise vector space operations and the topology of locally uniform 
convergence, H (U, X) is a Fréchet space. For every T € L(X) and every open set 
U C C, define Ty : H(U, X) —^ H(U, X) by 


(Ty f)0) == A1 — T)fO). forall f € H(U, X) and 4 € U. 


Property (£) for T holds precisely when, for every open set U C C, the operator Ty 
has closed range in H (U, X), see Laursen and Neumann [216, Proposition 3.3.5]. 
Evidently, the restriction of an operator with property (£) to a closed invariant 
subspace inherits this property. 
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Theorem 2.190 Let T € L(X), X a Banach space, be Drazin invertible with 
Drazin inverse S. Then T has property (B) if and only if S has property (). 


Proof Suppose that T has property (8). Also here we may assume 0 € o (T). Let 
X = Y Q Z, where Tj := T|Y is nilpotent and 75 := T|Z is invertible. Consider 
the Drazin inverse of R given by S := 0 @ So, with Sz :— D As noted above, to 
show property (£) for S it suffices to prove that the operator (Sy f)(A) := (AI — 
S) f(A) defined on H (U, X), U an open subset of C, has closed range. By a result 
of Gleason [153] we can identify H (U, X) with the direct sum H (U, Y) H(U, Z) 
(for a proof, see also [216, Proposition 1.2.2] in the case when U is an open disc, 
and [216, Proposition 2.1.4] for the more general case of arbitrary open subsets of 
C). The restriction R2 has property (£) and hence $5 :— R3 ! has property (B). 
Consequently, the operator S2; defined as 


(Soy g)(A) := AT — S2)ge (à) forallg e H(U,Z), X eU, 
has closed range in H (U, Z). Now, 


Su[H (U, X)] = (06 Su[H(U, Y) 6 H(U, Z)] 
= Or[H(U, Y)] 6 Su[H(U, Z)]. 


Clearly, the operator Oy has closed range in H(U, Y), since, trivially, the null 
operator has property (6). Consequently, Sy has closed range in H (U, X) and hence 
S has property (6). 

Conversely, suppose that S has property (8). Then $5 :— S|Z has property (£) 
and, consequently, its inverse Rz has property (6) and hence Rzy has closed range 
in H (U, Z). Since the nilpotent operator R; has property (6), Riy also has closed 
range in H (U, Y). From the decomposition 


Ry[H(U, X)] = R1y[H(U, Y)] $ R2u[H(U, Z)], 


we then conclude that Ry [H (U, X)] is closed, so property (£) holds for R. [| 


Corollary 2.191 Suppose that T is Drazin invertible with Drazin inverse S. If T 
has property (8) then S has property (8), and analogously, if T is decomposable 
then S is decomposable. 


Proof Clearly, from the definition of Drazin invertibility it follows that if T is 
Drazin invertible then its dual T* is Drazin invertible, with Drazin inverse S*. If 
T has property (ô) then T* has property (8) and hence, by Theorem 2.190, S* 
also has property (6). By duality this implies that S has property (6). The second 
assertion is clear: if T is decomposable then T has both properties (ô) and (6) and 
the same holds for S, by Theorem 2.190 and the first part of the proof. Thus, S is 
decomposable. [| 
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2.13 Comments 


An extensive treatment of the role of the local spectral subspaces in the theory of 
spectral decomposition may be found in the book of Laursen and Neumann [216]. 
This book also provides a large variety of examples and applications to several 
concrete cases. Lemma 2.4 is due to Benhida and Zerouali [66]. The characterization 
of the analytic core of an operator given in Theorem 2.20 is due to Vrbová [293] and 
Mbekhta [230]. 

The concept of a glocal spectral subspace dates back to the early days of local 
spectral theory and may be found, for instance, in Bishop [79]. However, the precise 
relationship between local spectral subspaces and glocal spectral subspaces has been 
established, together with some other basic properties, by Laursen and Neumann 
[214]. The result that the glocal spectral subspaces behave canonically under the 
functional calculus, established in Theorem 2.29, is due to Bartle and Kariotis 
[59], which also showed Theorem 2.30, see also Laursen and Neumann [215]. 
Theorem 2.30 is due to Vrbová [294]. The equality Ho(T) = X7({0}) for an 
operator having the SVEP may also be found in Mbekhta [230]. 

The localized SVEP at a point was introduced by Finch [148], and the charac- 
terization of the SVEP at a single point A9 given in Theorem 2.60 is taken from 
Aiena and Monsalve [19], while the classical result of Corollary 2.61 is owed to 
Finch [148]. Except for Theorem 2.70 and Corollary 2.71, owed to Mbekhta [232], 
the source of the results of the second section is essentially that of Aiena et al. 
[33, 34]. The relations between the local spectrum and the surjectivity spectrum 
established in Theorem 2.21 are taken from Laursen and Vrbová [218] and Vrbová 
[293]. The section concerning the localized SVEP for operators having topological 
uniform descent is modeled after Jiang and Zhong [191], which extended previous 
results concerning the localized SVEP for quasi-Fredholm operators established in 
[3]. Theorem 2.104 is taken from [305], while Theorems 2.118 and 2.117 is taken 
from [24]. The SVEP on the components of the semi-Fredholm regions was first 
studied in Aiena and Villafáne [31]. Successively, this study has been extended to 
the components of a Kato-type resolvent in [192], and extended to the components 
of a quasi-Fredholm region in [305]. Finally, the SVEP on the components of 
the topological uniform descent resolvent, established here in Theorem 2.124 and 
Corollary 2.125, has been studied in Jiang et al. [193]. Theorem 2.111 is due to 
Schmoeger [273]. 

The stability of the localized SVEP under commuting Riesz perturbations is due 
to Aiena and Muller [20], while the subsequent material concerning the localized 
SVEP and quasi-nilpotent equivalence is modeled after Aiena and Neumann [21]. 
Property (C) was introduced by Dunford and plays a large role in the development 
of the theory of spectral operators. In the book by Dunford and Schwartz [143] prop- 
erty (C) was one of the three basic conditions used in the abstract characterization 
of spectral operators, and another one was the SVEP. The SVEP as a consequence 
of property (C) was observed by Laursen and Neumann [214]. 
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The section concerning property (C) for RS and SR is inspired by the work of 
Aiena and Gonzalez [14, 15], and the work of Zeng and Zhong [302]. The spectral 
properties and the local spectral properties of operators which satisfy RSR = R? 
and SRS — S? have been investigated by some other authors, see Schmoeger 
[283], Duggal [126] and Aiena and Gonzalez [15]. The section concerning the local 
spectral theory of Drazin invertible operators is modelled after Aiena and Triolo 
[27]. Some of these results have been extended to generalized Drazin invertible 
operators, i.e. operators which are either invertible or such that O € isoo (T), by 
Duggal in [128]. 


Chapter 3 A 
Essential Spectra Under Perturbations gsti 


The spectrum of a bounded linear operator on a Banach space X can be sectioned 
into subsets in many different ways, depending on the purpose of the inquiry. This 
chapter plays a central role in this book, since we establish the relationships between 
the various parts of the spectrum. More precisely, we look more closely at some 
parts of the spectrum of many bounded linear operators from the viewpoint of 
Fredholm theory, and we shall study in detail, by using the localized SVEP, some 
of the spectra generated by the classes of operators introduced in the first chapter. 
Moreover, we shall give further results concerning the stability of these essential 
spectra under commuting perturbations. In this chapter the interaction between the 
localized SVEP and Fredholm theory appears in full strength and elegancy: indeed, 
many classical results from Fredholm theory may be deduced by using the localized 
SVEP. 

The first section of this chapter concerns the class of Riesz operators, and 
in particular we shall see, by using the stability of the localized SVEP under 
Riesz commuting perturbations, that the Browder spectra are invariant under 
Riesz commuting perturbations. The second section regards some representation 
theorems for Weyl and Browder operators, while the third section is focused on 
Drazin invertible operators. The fourth section addresses the class of meromorphic 
operators, a class of operators which contains the class of Riesz operators, while 
the fifth section concerns the subclass of all algebraic operators. The sixth section is 
mainly devoted to the study of Drazin spectra and the relationship of these spectra 
with the spectra generated by the B-Fredholm theory. 

We also give in this section some other results concerning the spectra of the 
products of operators T R and RT of two operators R and T. In the following section 
we introduce the concept of regularity in order to establish the spectral mapping 
theorem for several classes of operators. The eighth section addresses the concept 
of the pole of the resolvent, and some generalizations of it, such as the concept of 
the left pole or right pole of the resolvent. 
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214 3 Essential Spectra Under Perturbations 
3.1 Weyl, Browder and Riesz Operators 


We begin this section by proving several perturbation results concerning the spectra 
relative to some important classes of operators in Fredholm theory that have already 
been introduced in the first chapter. Recall that a bounded operator T € L(X) 
is said to be a Weyl operator, T € W(X), if T is a Fredholm operator having 
index 0. The classes of upper semi-Weyl and lower semi-Weyl operators are defined, 
respectively, as: 
W(X) := {T € ©4(X): indT < 0}, 
and 
W_(X) := (T e ®_(X) : indT > 0}. 
Clearly, W(X) = W4 (X) N W_(X). The Weyl spectrum is defined as 
ow(T) := {Ae C:Al—-T € W(X)}, 
the upper semi-Weyl spectrum is defined as 
Ouww(T) := {AE C:I -T € Wi (X)}, 
and the lower semi-Weyl spectrum is defined as 
Ow(T) := {A € C: A1 - T € W_(X)}. 
By duality we have oy(T) = ow(T*), 


Ouw(T) = ow(T*) and ow(T) = ouw(T*). 


Let us now consider the following spectra associated with the Browder operators 
defined in Chap. 1. The Browder spectrum, defined by 


(T) := (4 € C: AI — T ¢ B(X)}, 
the upper semi-Browder spectrum of T , defined as 
eue (T) := (4 € C: AL — T ¢ B4(X)], 
and the lower semi-Browder spectrum of T defined as 


on(T) = {A EC: AI -T € B. (X). 
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Clearly, every Browder (respectively, upper semi-Browder, lower semi-Browder) 
operator T € L(X) is Weyl (respectively, upper semi- Weyl, lower semi-Weyl), by 
Theorem 1.22, so 


Ow(T) C œ(T), oww(T) C ow(T), oiw(T) C ow (T). 


The operator T :— L @ R, where R and L are the right unilateral shift and the left 
unilateral shift in £? (N), respectively, provides an example of a Weyl operator which 
is not Browder. Indeed, T is Fredholm with index ind T = ind L + ind R = 0, while 
0 € o (T) = D(0, 1) is not isolated in o (T), hence T cannot be Browder. 

By duality, we have o5 (T) = oy(T*), 


Ow (T) = oq (T*) and op(T) = ow(T*). 
Since o,;£ (T) € ow (T) and osf (T) € oj (T), Theorem 2.126 also entails that the 
semi-Browder spectra are non-empty. These spectra are closed subsets of C, see the 
next Corollary 3.42. 

We have already observed, in Chap. 2, in the case of a Hilbert space operator 
T, that the conjugate linear isometry defined as U : y € H — fy € H*, where 
fy (x) := (x, y) for all x € H, satisfies the identity 

U(XI— T) 2(AI— T*)U  forall A € C, 


where as usual T’ denotes the Hilbert adjoint of T. From this it then easily follows 
that 


AI — T* € 6,(H*) & XI — T' e (H). (3.1) 
Theorem 3.1 Let T € L(H), H a Hilbert space. Then oy(T*) = op(T’) and 
Our(T*) = ow (T^) and op(T*) = ow(T?). 
Analogously, ow(T*) = ow(T') and 
Sus (T^) = ew (T) and ow(T*) = ow(T?). 


Similar equalities hold for the approximate point spectrum and the surjective 
spectrum. 

Proof We only prove that AJ — T* € B4,(H*) if and only if AJ — T’ € B4(H). 
Suppose that p := p(AI — T*) < oo and let x € ker (AJ — T')?*! be arbitrary. 
Then 


UGI — TAPt!x = (AI — T*)Pt!x = 0, (3.2) 
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so Ux € ker (AI — T*)?+! = ker (AI — T*)?, from which we obtain 
(Al — T*)PUx = UGI — T')?x 2 0. 


Since U is injective we then have (AJ —T’)?x = 0, so ker (41 — T/)P*! C ker AI— 
T^)". Since the opposite inclusion always holds, we then conclude p(AI — T^) < p. 
A similar argument shows that if p(AJ — T^) < oo then p(AI — T*) < p(AI — T^). 
Therefore, p(41 — T*) = pO — T"). Taking into account (3.1) we then conclude 
that AZ — T* € B,(H*) if and only if AJ — T’ € B, (H). Hence the first equality 
in (3.2) is proved. The other equalities may be shown in a similar way. a 


We have already introduced the class of Riesz operators as those operators R € 
L(X) such that AJ — R € ®(X) for every à € C \ {0}. Riesz operators may be 
characterized in several ways. 


Theorem 3.2 For a bounded operator T on a Banach space the following state- 
ments are equivalent: 


(i) T is a Riesz operator; 
(i) AI — T € B(X) for all à € CX (0); 
(ii) AJ — T e W(X) for all . € CN (0); 
(iv) AI — T € By(X) for all rx € CX {0}; 
(v) AI — T € B (X) for all X € CX {0}; 
(vi) AI — T € 64 (X) for all € CX (0); 
(vii) A1 — T € o. (X) for all X € CX (0); 
(viii) AI — T is essentially semi-regular for all à € C X {0}; 
(ix) Each spectral point à + 0 is isolated and the spectral projection associated 
with {A} is finite-dimensional. 


Proof (i) => (ii) If T is a Riesz operator the topological uniform descent resolvent 
has a unique component C \ (0). By Theorems 2.123 and 2.124 it then follows that 
both T and T* have the SVEP at every à # 0. Therefore, again by Theorems 2.97 
and 2.98, AI — T € B(X) for all A 4 0. 

The implications (ii) => (iii) => (i) are clear, so (i), (ii), and (iii) are equivalent. 
The implications (ii) > (iv) > (vi) > (viii) and (ii) > (v) => (viii) are evident, so 
in order to show that all these implications are equivalences we need only to show 
that (viii) > (ii). 

(viii) = (ii) Suppose that (viii) holds. Then the topological uniform descent 
resolvent ox(T) contains C \ {0}, and hence, by Theorem 2.125, both T and T* 
have the SVEP at every A zz 0. By Theorems 2.97 and 2.98 we then conclude that 
AI — T € B(X) for all A 4 0. 

(i) = (ix) As above, both T and T* have the SVEP at every à z 0, so every 
non-zero spectral point A is an isolated point of o (T). From Corollary 2.47 it then 
follows that the spectral projection associated with {A} is finite-dimensional. 

(ix) = (ii) If the spectral projection associated with the spectral set {A} is 
finite-dimensional then Ho(AJ — T) is finite-dimensional and K(AJ — T) has 
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finite codimension, by Theorem 2.45. Hence, by Theorem 2.100, AJ — T is 
Browder. | 


Since every non-zero spectral point of a Riesz operator T is isolated, the spectrum 
c (T) of a Riesz operator T € L(X) is a finite set or a sequence of eigenvalues which 
converges to 0. Moreover, since AJ — T € B(X) for all A € C \ {0}, every spectral 
point A Æ 0 is a pole of R(A, T). Clearly, if X is an infinite-dimensional complex 
space the spectrum of a Riesz operator T contains at least the point 0. In this case 
T € L(X) is a Riesz operator if and only if T:=T+K (X) is a quasi-nilpotent 
element in the Calkin algebra L:= L(X)/K (X). This result is an easy consequence 
of the Atkinson characterization of Fredholm operators (see the Appendix A) and in 
the literature this result is known as the Ruston characterization of Riesz operators. 

Further information on Riesz operators may be found in Aiena [1, Chapter 3 
and Chapter 7]. A good treatment of Riesz operator theory may also be found in 
Heuser's book [179] and some generalization of Riesz operators are considered in 
the recent book by Jeribi [186]. 

In the sequel we collect some other basic facts about Riesz operators that will be 
used in the rest of the chapter. 

Generally, the sum and the product of Riesz operators T, S € L(X) need not be 
Riesz. However, the next result shows this is true if we assume T and S$ commute. 


Theorem 3.3 /f T, S € L(X) on a Banach space X the following statements 
hold: 


(i) If T and S are commuting Riesz operators then T + S is a Riesz operator. 
(i) If S commutes with the Riesz operator T then the products TS and ST are 
Riesz operators. 
(iii) The limit of a uniformly convergent sequence of commuting Riesz operators is 
a Riesz operator. 
(v) IfT is a Riesz operator and K € K(X) then T + K is a Riesz operator. 


Proof If T and S commute, the equivalences classes T and $ commute in L, so (i), 
(ii), and (iii) easily follow from the Ruston characterization of Riesz operators and 
from the well-known spectral radius formulas 


r(T -S) <r D+ and. r(TS) € r(Tyr (S). 
The assertion (iv) is obvious, again by the Ruston characterization of Riesz 


operators. [| 


It should be noted that in part (i) and part (ii) of Theorem 3.3 the assumption 
that 7 and S commute may be relaxed into the weaker assumption that T and S 
commute modulo K (X), i.e., TS — ST € K(X). 
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Theorem 3.4 Let T € L(X) and suppose f € H(o(T)) does not vanish on o (T)N 
(0). Then we have: 


(i) IfT is a Riesz operator and f (0) = 0 then f (T) is a Riesz operator. 

(i) If f (T) is a Riesz operator and f € H(o (T) does not vanish on o (T)N(0] then 
T is a Riesz operator. In particular, if T" is a Riesz operator for some n € N 
then T is a Riesz operator. 


Proof 


(i) Suppose that T is a Riesz operator. Since f(0) = O there exists an analytic 
function g on a neighborhood of o (T) such that f(A) = Ag(A). Hence f(T) = 
Tg(T) and since T and g(T) commute it then follows that f(T) is a Riesz 
operator. 

(ii) Assume that f(T) is a Riesz operator and f vanishes only at 0. Then there 
exist an analytic function g on a neighborhood of o (T) and n € N such that 
f(A) = A" g(A) holds on the set of definition of f and g(A) zz 0. Hence f(T) = 
T" g(T) and g(T) is invertible. The operators f(T) and g(T)! commute, so, 
by part (ii) of Theorem 3.3, 7" — f(T)g(T)7! is a Riesz operator. Hence T” 
is quasi-nilpotent modulo K (X) and from this it easily follows that T is quasi- 
nilpotent modulo K (X). By the Ruston characterization we then conclude that 
T is a Riesz operator. [| 


Let T € L(X) and M a closed T-invariant subspace of X. Denote by T|M the 
restriction of T to M and by DE : X/M — X/M the operator induced by T, 
defined as Tu£:— — Tx, for every X := x + M. 


Lemma 3.5 Let T € L(X) and suppose that M is a closed T -invariant subspace 
of X. 


(i) IfT is invertible then T|M is bounded below and Tu is onto. 
Gi) If T € ®(X) then T|M € 6, (M) and Ty € 6 (X/M). 


Proof The assertion (i) is easy to see. Suppose that T € P(x). Since ker T|M = 
ker T N M, we have a(T|M) < oo. Define T: x| ker T — T(X) by F(x + 
ker T) = Tx. Since T(X) is closed and T is injective, T is an open map, by the 
open mapping theorem. Hence T(N +ker T) = T(M) is closed, thus T'| M is upper 
semi-Fredholm. —— 

To show that Ty € do. (X/M), observe first that since T (X) has finite 
codimension, there exists a finite-dimensional subspace W of X such that X — 
T (X) ® W. Then 


Tu(X/M) + (M + W)/M = (T (X) -- M + W)/M = XJM. 


Therefore, B(Tu) « oo and hence Ta is lower semi-Fredholm. E 


Remark 3.6 The result of Lemma 3.5 cannot, in general, be improved, in the sense 
that T is Fredholm does not imply that T|M € ®(M) and Ty € ®(X/M). For 
instance, suppose that H is an infinite-dimensional Hilbert space, and let R and L 
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denote the right shift and the left shift on the Hilbert space Y := £2(H). Denote by 
P the projection 


P(x1,x2,...) :2 (41,0,0,...) forall (xn) € £o(H). 
It is straightforward to check that 
LR=I1, RL-— I — P, LP =0, and PR —O. 


RP 


Let X = Y Q X and define the operator matrix T :— ( OL 


). Then T is invertible 


LO 
PR 
Taking M :— Y € 0, we have, as is easy to check, that T|M is similar to R, while 
Tyi is similar to L, from which we conclude that neither T |M nor Tw are Fredholm. 


with inverse T^! :— ( | Thus, T € ®(X) but neither R and L are Fredholm. 


The property of being a Riesz operator is inherited by the restrictions on closed 
invariant subspaces: 


Theorem 3.7 Let R € L(X) be a Riesz operator. Then we have 


(i) If M isa closed R-invariant subspace of R then R|M and Ry are Riesz. 
(ii) The dual R* is a Riesz operator. Conversely, if R* is Riesz then R is Riesz. 


Proof 


(i) If R is Riesz then AJ — R € (X) for all A z 0. By Lemma 3.5, (AJ — R)|M € 
®,(M) for all à Z 0. By Theorem 3.2 then T|M is Riesz. Analogously, by 
Lemma 3.5, Aly — Ry € ®_(X/M) for all A Z 0, so, by Theorem 3.2, Ry is 
Riesz. 

(ii) If R is a Riesz operator then A7 — R € ®(X) forall A 4 0. Therefore AI* — R* € 
cQ (X*) for all A z 0, so R* is Riesz. Conversely, if R* is a Riesz operator, by 
what we have just proved the bi-dual R** is also a Riesz operator. Since the 
restriction of R** to the closed subspace X of X** is R, it follows from part (i) 
that R itself must be a Riesz operator. [| 


We now turn to the stability of semi-Browder spectra under commuting Riesz 
perturbations. 


Theorem 3.8 Let T € L(X) and R be a Riesz operator such that TR = RT. Then 
we have: 


G) T € B4(X) & T +R € B4 (X). 


Gi) T € B. (X) & T +R € B} (X). 
(iii) T € B(X) & T +R € B(X). 
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Proof 


(i) If T is upper semi-Browder then p(T) « oo and this is equivalent to saying 
that T has the SVEP at 0, by Theorem 2.97. By Theorem 2.129 it then follows 
that T + R has the SVEP at 0, and since T + R is upper semi-Fredholm, 
p(T +R) < oo, again by Theorem 2.97, so T + R is upper semi-Browder. The 
converse follows by symmetry. 

(ii) The proof is analogous to that of part (i). Let T be lower semi-Browder, so 
q(T) « co and this is equivalent to saying that T* has the SVEP at 0, by 
Theorem 2.98. The dual of a Riesz operator is also Riesz. By Theorem 2.129 it 
then follows that T* + R* has the SVEP at 0, and since T + R is lower semi- 
Fredholm it then follows that q(T + R) < oo, so T+ R is lower semi-Browder. 

(iii) Clear. 


Corollary 3.9 The Browder spectra ow (T), oj (T), and oy(T) are stable under 
commuting Riesz perturbations. 


The following example shows that the assumption that the perturbation R 
commutes with T in Theorem 3.8, and Corollary 3.9, cannot be dropped, even in 
the case when R is finite-dimensional. 


Example 3.10 Let H be a Hilbert space with an orthonormal basis (ex) 4, and 


consider the bilateral shift defined by Teg = ex41. Let K be the one-dimensional 
operator defined by Kx = (x,eo)ei. Then T — K has infinite descent, so 0 € 
Ojp(T — K), while O £ oj (T). 


In the particular case of bounded below, or surjective, operators we can say 
something more: 


Theorem 3.11 Suppose that T € L(X) and R € L(X) is a Riesz operator 
commuting with T. Then 


(i) If T is bounded below then T + R € B4(X). Moreover, 
T(ker(T + R)) = ker (T + R)” forall n € N. 
(i) IfT is onto then T + R € B_(X). Moreover, 
T- (T + R)"(X)) = (T + R'(X) for all n € N. 


Proof 


(i) The first assertion is clear by Theorem 3.8, since T € B4 (X). 
Define S :— T + R. We have S” € (X) for every n € N, so ker S" is 
finite-dimensional. If x € ker S” then Tx € ker S”, since 


(T +R)"Tx 2 T(T +R)"x = 0, 
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hence ker S” is T-invariant. Furthermore, the restriction of T to ker S” is 
injective, since T is bounded below, so T maps ker $” onto itself. 
(ii) The first assertion is clear by Theorem 3.8, since T € B. (X). 

Let S :— T + R. Then S” € c. (X) for every n € N, so codim S" (X) = 
dim X/S"(X) < oo. Consider the map T: X/S" (X) > X/S"(X) induced by 
T, defined by Tk :— Tx for all ẹ :— x + S" (X). Since T is onto, for every 
y € X there exists an element z € X such that y — Tz, and therefore, y — f2. 
Hence T is onto. Since X / S" (X) is finite-dimensional it then follows that T 
is also injective, and this implies that Tx € S"(X) if and only if x € S" (X). 
Consequently, T^! (S^ (X)) = S"(X). E 


The class of essentially semi-regular operators, which properly contains the class 
of semi-Browder operators, is also stable under Riesz commuting perturbations: 


Theorem 3.12 Suppose that T, R € L(X) commutes. If T is essentially semi- 
regular and R is a Riesz operator, then T + R is essentially semi-regular. 


Proof We know, by Theorems 1.63 and 1.64, that the hyper-range T™ (X) is closed. 
Set T := T|T™(X) and denote by T: X/T®(X) > X/T®(X) the operator 
induced by T. Observe that TR = RT entails that R(T?(X)) € T™(X), 
so T™(X) is both T-invariant and R-invariant. Since T has topological uniform 
descent, by b ipe 1.83, it then follows, by Theorem 1.79, that T is onto. The 
restriction R :— = R|T™(X) is Riesz, and since TR = RT, from Theorem 3.11 
we deduce that T + R is lower semi-Browder. Now, let T and R denote the induced 
mappings on X/T°(X), by T and R, respectively. From Lemma 1.66 we know that 
T is upper semi-Browder, R is Riesz and RT = TR, thus, by Theorem 3.8, T+R 
is upper semi-Browder. By Theorem 1.67, applied to T + R, we then conclude that 
T + R is essentially semi-regular. [| 


Theorem 3.13 Let T € L(X) be essentially semi-regular. Then there exists an € > 
0 such that T + S is essentially semi-regular for every S € L(X) which commutes 
with T having norm ||S|| < €. 


Proof If M :— T^" (X), then M is closed and T(M) — M. By Lemma 1.66, 
the induced operator T : X/M — X/M is upper semi-Browder. Suppose that 
S commutes with T and S has norm small enough. Then M is invariant under S, 
(T + S(M) = M and the operator induced (T + S) = T+ Sis upper semi- 
Browder, hence T + S is essentially semi-regular, by Theorem 1.67. a 


Denote by 
Oes(T) :— {A € C: AI — T is not essentially semi-regular} 
the essentially semi-regular spectrum. Obviously, des(T) is a subset of the semi- 


regular spectrum ose (T). Further, since every Fredholm operator is essentially semi- 
regular, oes(T) € o¢(T). 
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Denote by K(X) and F(X) the two-sided ideals in L(X) of all compact operators 
and all finite-dimensional continuous operators on the Banach space X, respectively. 
If R(X) denotes the set of all Riesz operators we have 


F(X) € K(X) € R(X). 


It is well-known that K(X) is closed in L(X). 
Theorem 3.14 Let T € L(X). 


(i) Oes(T) is a non-empty compact subset. In particular, os (T) contains the 
boundary of the essential spectrum o,(T). 
Gi) If R € L(X) is a commuting Riesz operator then des(T) is invariant under R, 
i.e., Oes(T) = Oes(T + R). 
(iii) We have 


dos (T) = (]) (TF) 
FeF(X),FT-TF 
- [| TR). 


RER(X),RT=TR 


Proof 


(i) Oes(T) is closed, by Theorem 3.13. We show now that the boundary do0,(T) 

is contained in oe, (T), from which it follows that o«,(T) is non-empty. Let 
A € doe(T) and suppose that A ¢ oes(T). Then AJ — T has closed range, 
since AJ — T is essentially semi-regular, and hence there exist two invariant 
closed subspace M, N such that X = M È N, dim N < œ, (AI — T)|M 
is semi-regular and (AJ — T)|N is nilpotent. Choose a sequence (A,,) which 
converges at A and such that A, ¢ o&(T) for alln € N. Then 4,7 — T 
is Fredholm and hence ker (4,7 — T)|M is finite-dimensional, because it is 
contained in ker(A; J — T). Since (AJ — T)|M is semi-regular we then have that 
dim ker ((AJ — T)|M) < co, from which we conclude that dim ker (AJ — T) < 
oo. In a similar way it is possible to prove that codim (A7 — T) < oo, so 
AI — T € (X), and hence à ¢ oe(T), a contradiction. 

(ii) By Theorem 3.12 we have o4, (T + R) € oc, (T) and by symmetry oes (T) = 
Ges (T + R) — R) € os (T + R). 

(iii) We show first the inclusion 


(|  os(T +F) S oes(T). 
FeF(X),FT=TF 


Let A ¢ oes(T). There is no harm if we suppose X = 0. Then T is essentially 
semi-regular, so there exists a decomposition X = M © N such that dim N < 
oo, T|M is semi-regular and T |N is nilpotent. Let F := O@/y, Iy the operator 
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identity on N. Clearly, F € F(X), TF = FT, and T + F(X) is closed. Since 
T |N is nilpotent we have 


ker (T + F) = ker T|M € (T|M)* (M) € (T|IM)* (M) 8 N 
= (T + F)™(X), 


thus T + F is semi-regular and hence 


og f] oe(T+F), 


FeF(X),FT-TF 


and consequently 


(| eT F) S oes (T). 
FeF(X),FT=TF 


The inclusion 


()  oe(T + RVC (] (TR) 


RER(X),RT=TR FeF(X),FT=T F 


is evident. To conclude the proof, let 


ag () ose (T + R). 


RER(X),RT=TR 


Then there exists an R € R(X), which commutes with T, such that AJ — 
(T + R) is semi-regular. Adding R, by Theorem 3.12 we then deduce that 
àI — T = àI — (T + R) + R is essentially semi-regular, so A € oes5(T), and 
the proof is complete. a 


The stability result observed in Theorem 3.14 for o¢3(T) does not hold for the 
semi-regular spectrum. For instance, consider the identity 7 in a Hilbert space and 
let K denote a one-dimensional orthogonal projection. Then 0 € os« (7 — K), while, 
obviously, 0 ¢ oc (1). 

As a simple consequence of Theorem 3.14 we obtain the following characteriza- 
tion of Riesz operators: 


Corollary 3.15 Let S € L(X). Then the following statements are equivalent: 


(i) S is a Riesz operator, 
(ii) os (T + S) = o4 (T) for all T € L(X) such that TS = ST. 


Proof (i) => (ii) has been proved in Theorem 3.14. To show (ii) > (i), take T = 0. 
Then o&(S$) = des(0) = {0}. From part (i) of Theorem 3.14 we then have o¢(S) = 
{0}, thus S is a Riesz operator. [| 
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Essentially semi-regular operators having finite ascent, or finite descent, are also 
stable under Riesz commuting perturbations: 


Theorem 3.16 Let T € L(X) be essentially semi-regular and R € L(X) a Riesz 
operator commuting with T. Then 


(i) T has finite ascent if and only if T + R has finite ascent. 
(i) T has finite descent if and only if T + R has finite descent. 


Proof (i) Suppose that T has finite ascent and R is a Riesz operator commuting 
with T. We know, by Theorem 2.97, that the condition p(T) < oo entails that T has 
the SVEP at 0. Hence T + R has the SVEP at 0, by Theorem 2.129. But T + R is 
essentially semi-regular, by Theorem 3.12, and in particular has topological uniform 
descent. The SVEP of T + R at 0 is then equivalent to saying that p(T + R) < oo, 
by Theorem 2.97. The converse may be obtained by symmetry from the equality 
p(T) = p(T + R) — R) = p(T + R), since T + R commutes with R. 

The proof of part (ii) is analogous: if T has finite descent and R is Riesz, then 
T* has the SVEP at 0, hence, by Theorem 2.129, T* + R* has the SVEP at 0, since 
R* is a Riesz operator, and R* commutes with T*. Now, T + R is essentially semi- 
regular, again by Theorem 3.12, and hence T* + R* is essentially semi-regular, 
in particular it has topological uniform descent. The SVEP of T* + R* at 0 then 
implies, by Theorem 2.97, that q(T + R) < oo. The converse may be obtained 
again by symmetry. [| 


To show the invariance of the semi-Fredholm spectra and Weyl spectra under 
Riesz commuting perturbations we shall use the Sadovskii/Buoni, Harte, Wickstead 
construction, already introduced in Chap. 2. 

Recall that if T : X > X is defined by 


T (% + m(X)) :- TWX + m(X) forall X € X, 


then 
Teo,(X) e T is injective <> T is bounded below; 
while 
Teo (X) Ss T is onto; 
and 


T € ®(X) & T is invertible. 


Theorem 3.17 Let T € L(X) and R be a Riesz operator such that TR = RT. 
Then we have: 


G) TeW(X) ST-ReW,(X). 
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Gi) T e W,(X) & T +R € W(X). 
(iii) T € W_(X) & T +R e W(X). 


Analogous statements hold for the classes P4 (X), P_(X) and (X). 


Proof (i) If R is Riesz then A7 — R € B(X) forall A Z 0, hence Ris quasi-nilpotent, 


from (c) above. Let u € [0, n Since T and uR commutes, we have (T + u + AR) = 
Ts uR. It then follows that T and T + uR are quasi-nilpotent equivalent forall u € 


[0, 1], so, by Theorem 2.143, (T + wR) is invertible if and only if T is invertible. 
Hence, T € ®(X) if and only if T + R € (X). The Fredholm index being a 
continuous function, it then follows that T € W(X) if and only if T + R € W(X). 
The other statements may be proved in a similar way. [| 


Corollary 3.18 The Weyl spectra ouw(T), oiu (T), ow(T), the semi-Fredholm 
spectra Oyst(T), oist(T), and the essential spectrum o.(T) are stable under Riesz 
commuting perturbations. 


We now consider some other perturbation results concerning the whole spectrum. 
A well-known consequence of the Gelfand theory for commutative Banach algebras 
is that: 


o(T +S) Co(T)+a(S) forallT, Se L(X) with TS = ST, 


see for instance Theorem 11.23 of Rudin [269]. The following simple example 
shows that the spectrum in general is not stable under a commuting Riesz perturba- 
tion K, even in the case when K is finite-dimensional. 


Example 3.19 Let T :— P € L(X), X an infinite-dimensional Banach space and 
P a non-zero projection with finite-dimensional range. Set K :— 2P. Then both P 
and Z — P are not injective, so o (T) = (0, 1}. On the other hand, o (T + K) = 
o(3P) = {0,3} Zo(T). 


The previous example shows that the isolated points of the two sets o (T) and 
o(T + K) may be different. This is not true for the sets of accumulation points. 


Theorem 3.20 Suppose that T, K € L(X) commutes. If K" is a finite rank 
operator for some natural n € N then acc o (T + K) = acco(T). 


Proof Suppose that A9 ¢ acco (T). Then there exists an € > 0 such that wl — T 
is invertible for all |u — Ag| < £. Denote by D(Ao, £) the open disc centered at Ao 
with radius £. Let uo € D(Ao, £) V {Ao} and assume that wo € o (T + K). Since 
uol — T is invertible, there exists an operator $ € L(X) such that S(uwol — T) = 
(uol — T) = I. It is easily seen that mọ is an eigenvalue of T + K. Indeed, if 
a(uol — (T + K)) = 0 then uol — (T + K) is Weyl, since ol — T is invertible, 
and hence 


a (uoI — (T + K)) = B(uol — (T + K)) —0, 


thus uo ¢ o (T + K), a contradiction. 
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Therefore, ker (uol — (T + K)) Æ (0). Let x Æ 0 be an arbitrary eigenvector 
relative a uo, i.e., (uol — (T + K))x = 0. Then 


0 = [S(uol — (T + K)|x = S(uol — T)x — SKx = x — SKx, 
thus x = SKx. Since SK = KS it then follows that 
x= SKSK = S$ K?x =---=S"K"x. 


If Z := S" K"(X) then x € Z. It is well known that eigenvectors relative to distinct 
eigenvalues are linearly independent. But Z is a finite-dimensional subspace, since 
K" (X) is finite-dimensional, and consequently only finite many points of o (T 4- K) 
may be contained in D(Ao, €)\ {Ao}, so Ao € acco (T + K). This prove the inclusion 
acco (T + K) € acco (T). Since T + K commutes with K, by symmetry, we have 


acco (T) = acco[(T + K) — K] Cacco(T), 


and hence the proof is complete. [| 


In Example 3.19 we have 3 € isoc (T + K) while 3 ¢ isoo(T). The next 
corollary shows that isolated points of o (T + K) which belong to o (T) are isolated 
points of o (T + K). 


Corollary 3.21 Suppose that T, K € L(X) commutes, and K" is a finite rank 
operator for some n € N. Then isoo (T + K) Ac (T) € isoo (T). 


Proof Let A € isoc (T + K) 1 6 (T) and suppose that à ¢ isoc (T). Then A € 
acco (T) = acco(T + K), acontradiction. Hence A € isoo (T). | 


Since for every operator T € L(X) we have, trivially, o (T) = isoo(T) U 
acc o (T), from Theorem 3.20 we immediately have: 


Corollary 3.22 Suppose that T, K € L(X) commutes, and K" is a finite rank 
operator for some n € N. Then o (T + K) = o (T) if and only if isoo(T + K) = 
Iso c (T). 


In order to give further information about the approximate point spectrum 
of sums of operators we need to introduce the Berberian—Quisley extension for 
operators on Banach spaces. Given a non-trivial complex Banach space X, denote 
by co(X) the subspace of all sequences of X which converge to 0. Denote by X 
the quotient £??(X)/co(X), endowed with the quotient canonical norm. Then X 
is a Banach space and X may be isometrically embedded into X. Every operator 
T € L(X) defines, by componentwise action, an operator on £??(X) which has 
as invariant subspace co(X), and consequently T induces an operator T € L(X). 
It is evident that T is an extension of T, when X is regarded as a subspace 
of X. Moreover, the mapping T € L(X) — T € L(X) is an isometric 
algebra isomorphism. The Berberian-Quisley extension has an important property: 
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it converts points of oap (T) into eigenvalues of T, i.e. 
Oap(T) = Oap(T) = oy (T) forall T € L(X), 


see Choi and Davis [93]. 
Theorem 3.23 Suppose that T, S € L(X) commutes. Then 


Oap(T + S) € oap(T) + Gap(S) and o(T + S) € os(T) + os(S). 


Proof Let X € oap(T + S) and set Z :— ker(AI — (T + S)). Evidently, Z is non- 
zero and TS = ST, so that Z is invariant under T and o3; (T|Z) is non-empty and 
S|Z = A(I — T)|Z. Choosing u € oap(T|Z), we then obtain A — u € o3p(S|Z), and 
hence 


à = u + (A — H) € oap (T) + Oap(S) = osp(T) + oap (S). 


This proves the first inclusion, while the second one may be obtained by duality. MI 


Corollary 3.24 Suppose that T € L(X) and Q is a quasi-nilpotent operator 
commuting with T. Then oap (T) = Oap(T + Q) and o;(T) = ox(T + Q). 


Proof From Theorem 3.23 we know that 
Oap(T + Q) € Oap(T) + {0} = oap(T). 
The opposite inclusion is obtained by symmetry: 
Oap(T) = Oap(T + Q — Q) € Oap(T + Q). 


The equality os(T) = os(T + Q) follows by duality. [| 


We now show that the semi-regular spectrum ose(T) and the essentially semi- 
regular spectrum oes(T) are invariant under commuting quasi-nilpotent perturba- 
tions. Recall that for every T € L(X) the spectral radius formula r(T) :— 


lim, os || 7" |? holds. 


Theorem 3.25 Suppose that T € L(X) and Q is a quasi-nilpotent operator 
commuting with T. Then 


Ose(T) = ose(T + Q) and oes(T) = oes(T + Q). 


Proof Suppose that A ¢ ose(T). We may assume that A = 0. Set M := T™(X). 
Since T and Q commute, Q(M) C M. Denote by T s X|M — X/M and 
O : X/M — X/M the operators induced by T and Q, respectively. From the 
spectral radius formula we see that the restriction Q|M is a quasi-nilpotent operator 
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commuting with T |M, while Q is a quasi-nilpotent operator which commutes with 
T. Now, by Theorem 1.45, T |M is onto and T is bounded below. By Corollary 3.24, 
then A ¢ o,(T|M) = ox(T|M + Q|M), thus (T + Q)|M = T|M + Q|M is onto. 
Again by Corollary 3.24, we have A € Oap(T) = = oap (T + Q), so T + Qi is bounded 
below. Theorem 1.45 then yields that T+ Q is semi-regular, i.e., à € ose (T +Q), and 
hence ose(T + Q) € ose (T). A symmetric argument shows the reverse inclusion, 
thus the first equality is proved. 
The second equality easily follows from Theorem 3.12. 
a 


The approximate point spectrum in general is not stable under finite-rank 
perturbations commuting with 7'. The operator T considered in Example 3.19 shows 
that the isolated points of o;5 (7) and oap(T + K) can be different. Indeed, in this 
case we have og, (T) = o (P) = (0, 1}, while oap (T + K) = {0, 3}. By duality, it 
then follows that o,(T) is also not stable under finite-rank perturbations commuting 
with T. However, we have: 


Theorem 3.26 Suppose that T, K € L(X) commute, and K" is a finite rank 
operator for some n € N. Then we have 


(i) acc oap (T) = acc Oap(T + K). 
(ii) acco,(T) = acco,(T + K). 


Proof Let ho € acc Oap(T + K) and assume that Ag € acc oap (T). Then there exists 
a sequence (4j) € oap(T) which converges to Ag. We may assume that A; 4 A; for 
i # j, and since A9 € accoap(T + K) we may also assume that A; H — (T 4 K) 
is bounded below for all j € N. Consequently, 4j7 — (T + K) K = AjI — T 
is upper semi-Browder, by Theorem 3.11, and linc has closed range. Note that 
0 « a(A;I — T) < oo, otherwise if a(A; — T) = 0 we would have that 4; 7 — T is 
bounded below, hence àj € oap(T). Denote now by K; the restriction K | ket ;I— 
T). The operator Kj is ae Indeed, if Kjx = 0 with x € ker (AjI — T), then 
Q1 — (T + K))x = = 0 and this implies that x = 0, because àj — (T + K) is 
injective. Since ker (A ;/ — T) is finite-dimensional it then follows that K; is also 
onto, i.e., 


ker (AjI — T) = Kj(ker(A;] — T)) forevery j €N. 
From this it easily follows that 

ker (AjI — T) = K;"[ker(Aj1—T)] forevery j € N. 
In particular, ker (A; — T) is contained in the range of K ;", and hence 


ker(4jI — T) € K"(X) forall j EN. (3.3) 
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LetO Æ x; € ker (A; I — T) with j € N. From the inclusion (3.3) we see that all the 
vectors x; belong to K"(X) for every j € N. Since eigenvectors relative to distinct 
eigenvalues are linearly independent we then conclude that K"(X) has infinite 
dimension, a contradiction. Hence, ào € accosp(T). This proves the inclusion 
acc oap (T) € accoap(T + K). By symmetry we then obtain 


acc oap(T + K) = acc oap (T + K) — K] = accoap(T), 


and hence acc op (T + K) = acc dap (T). 
(ii) Since K *" is finite-dimensional, by duality and part (i) we obtain 


acc o,(T) = acc Oap(T*) = accoap(T* + K*) = accos(T + K), 


so the proof is complete. [| 


Theorem 3.27 Suppose that T, K € L(X) commute, and K” is a finite rank 
operator for some n € N. Then osy (T +K) = oa (T) if and only if iso oap(T +K) = 
iso Oap(T). In this case we also have o(T + K) = o(T). 


Proof Trivially, o35(T + K) = Oap(T) implies isooap(T + K) = is800ap(T). 
Conversely, assume that iso oap(T + K) = isOoap(T). Then, by Theorem 3.26, 
we have 


Oap(T + K) = iso Oap(T + K) U accoap(T + K) = iso dap (T) U acc oap (T) 
= Oap(T). 
To show that o(T) = o(T + K), observe first that if A € isoo(T), then A € 
Oap(T) and hence, A € iso Gap(T) = iso Oap(T + K). Therefore, taking into account 


Theorem 3.20, we have 


o(T) = isoo(T) U acco(T) € isooap(T) U acco(T) 
= isooap(T + K) Uacco(T + K) € oap(T + K) Uacco(T + K) 
C o(T +K). 


Since K commutes with T + K, asymmetric argument shows that 
9(T -* K) C o((T - K) - K) 2o(T). 


Therefore, o(T) = o(T + K). 
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Every isolated point of oap(T + K) which belongs to o35 (7) is necessarily an 
isolated point of o;35 (T): 


Corollary 3.28 Suppose that T, K € L(X) commute, and K" is a finite rank 
operator for some n € N. Then iso oap(T + K) N oap(T) € iso oap(T ). 


Proof Let X € iso oap(T + K) N Oap(T) and suppose that A £ iso oap(T). Since 
À € Oap(T) it then follows that à € accoap(T) = acc Oap(T + K), a contradiction. 
Hence À € iso Oap(T). a 


The equality o35 (T) = oap(T + K) for a commuting finite-dimensional operator 
K is satisfied in a very particular case: 


Theorem 3.29 Let T, K € L(X) be commuting operators and suppose that 
isocap(T) = Ø. If K” is a finite rank operator for some n € N, then oa (T) = 
Oap(T + K). 


Proof We have 


Oap(T) = iso dap (T) U acc oap (T) = acc oap (T) 
= acc oap (T + K) C Oap(T + K). 


Now c(K), and hence also oap(K), is a finite set, for instance oap(K) = 
(A1, 42, ... An}. Then we have, by using Theorem 3.23, 


iso oap (T + K) C iso (cs (T) + cap (K)) = iso (| JG. + oap(T)) = Ø, 
k=1 


thus, since iso oap (T) = Ø, 


Oap(T + K) = isooap(T + K) U acc oap(T + K) = acc oap(T + K) 


= ACC Oap(T) U iso Oap(T) = Oap (T). 
p p p 


The condition iso cap (T) = Ø is satisfied by every non-quasi-nilpotent unilateral 
right shift T on £P (N), with 1 < p < co, see [216, Proposition 1.6.15]. 

We conclude this section by establishing some relationships between the cluster 
points of oge(T), and the essential spectrum oe(T). We start with a preliminary 
lemma. 


Theorem 3.30 Let T € L(X). Then we have: 


Ose(T) U pe (T) € op(T) U op(T*), (3.4) 
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and 
acc Oge(T) C oe (T), (3.5) 
and 
9c (T) \ oe(T) C isoa(T). (3.6) 
Furthermore, 


© Jf T has the SVEP then acc Oap(T) € o«(T). 
(ii) If T* has the SVEP then acc o;(T) € o¢(T). 


Proof Evidently, cap (T) U pe(T) € op (T), and hence 
os(T) U pe (T) = oa (T^) U pe (T*) € op(T*). 


Since ose (T) € Oap(T) N os(T), the inclusion (3.4) follows. 

To show (3.4), let A € pe(T). Since every Fredholm operator is of Kato-type, 
by Theorem 1.65 there exists an open disc D(A, €) for which os. (T) O D(A, €) € 
{A}. This shows that every point of ose(T) N pe(T) is isolated in o;e (T), thus 
the inclusion (3.5) holds. The assertions (i) and (ii) are now immediate from 
Theorem 2.68, since the SVEP for T entails o35(T) = ose(T), while the SVEP 
for T* entails that o; (T) = ose (T). The inclusion (3.6) is clear: both T and T* have 
the SVEP at the points A € do (T), so, if A — T € ®(X), then, by Corollary 2.99, 
0 is a pole and hence an isolated point of c (T). L| 


A simple consequence of Theorem 3.30 is the following result. 


Corollary 3.31 /f T € L(X) has no eigenvalues then 
Ose (T) = aoc (T) = Oap(T), (3.7) 
while 
o(T) = (T): (3.8) 


Proof Immediate, since from Theorems 3.30 and 2.68, o, (T) = Ø and T has the 
SVEP. | 
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3.2 Representation Theorems for Weyl and Browder 
Operators 


This section addresses some characterizations of Weyl and Browder operators. The 
first simple characterization describes the semi-Browder operators in terms of the 
hyper-kernels or hyper-ranges. 


Theorem 3.32 /f T € L(X) the following equivalences hold: 


(i) T € B.(X) if and only if T (X) is closed and dim? (T) < oo. 
(ii) T € B. (X) if and only if codim T? (X) < oo. 
(i) T € B(X) if and only if dim * (T) < oo and codim T” (X) < oc. 


Proof 


Gi) If T € B4(X) then the ascent p :— p(T) < oo and T (X) is closed. Clearly, 
N®(T) = ker TP, and since T" € ®,(X) for every n € N, ker T? is 
finite-dimensional. Conversely, if T (X) is closed and dim. ^* (T) < oo then 
ker T is finite-dimensional, since ker T C N™(T), so T € 6, (X). From the 
inclusions ker T" C ker T"*! C N™(T), it then follows that p(T) < oo. 

(i) If T € B. (X) then the descent q := q(T) < oo and T (X) is closed. Clearly, 
T^? (X) = T4(X), and since T" € c. (X) for every n € N we then have 
codim T4(X) < oo. From the inclusion T??(X) C T4(X) we conclude that 
codim T% (X) < oo. Conversely, if codim T% (X) < oo then T (X) has finite 
codimension, since T??(X) C T(X),so T € ®_(X) and trivially q(T) < oo. 

(iii) Clear. | 


Lemma 3.33 /f T € B,(X) is semi-regular then T is bounded below. If T € 
B_(X) is semi-regular then T is onto. 


Proof To show the first assertion, assume that O Z xo € ker T. Since ker T C T(X) 
there exists an x; € X such that x9 = Tx,. Obviously, x; € ker T? C T(X), so 
we can construct a sequence (x,) such that Tx, = x,_, for all n € N. Such vectors 
x, are linearly independent, and they all belong to M% (X), so N™(X) is infinite- 
dimensional, contradicting Theorem 3.32. The second assertion follows by duality: 
if T € B_(X) is semi-regular then T* € B, (X*). By the first part it then follows 
that T* is bounded below and hence T is onto. | 


Theorem 3.34 Let T € L(X). Then we have: 


(i) T € By(X) if and only if there exist two closed invariant subspaces M, N of 
X such that X = M Q N, dim N < œ, T|M is bounded below, and T|N is 
nilpotent. In this case N = N® (T). 

(i) T € B_(X) if and only if there exist two closed invariant subspaces M, N of 
X such that X = M Q N, dim N < œ, T|M is onto, and T|N is nilpotent. In 
this case M = T® (X). 
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(i) T € B(X) if and only if there exist two closed invariant subspaces M, N of X 
such that X = M È N, dim N < co, T|M is invertible, and T|N is nilpotent. 
In this case N = N® (T) < oo and M = T® (X). 


Proof (i) If T € B,(X) then T is essentially semi-regular, so there exists a Kato 
decomposition X = M @ N, with dim N < oo, T|M is semi-regular, and T|N 
is nilpotent. Evidently, «(T|M) < oo and since T|M has closed range, so T|M 
is upper semi-Fredholm. It is easily seen that p(T|M) « oo, T|M is upper semi- 
Browder. By Lemma 3.33 it then follows that T|M is bounded below. Moreover, 
N C A'?* (T). Suppose that x = xj ® x2 € ker T" for some n. Then T”x2 = 0, 
so x2 = 0. Therefore, ker T” C N for all n € N, hence N = N” (T). On the 
other hand, the direct sum T] ® T» of a finite-dimensional nilpotent operator Tj and 
a bounded below operator T) is evidently upper semi-Browder. 

Part (ii) and part (iii) can be obtained in a similar way. | 


By a basic result of operator theory, every finite-dimensional operator T € F(X) 
may be represented in the form 


n 


Tx = 5 Jk(x)Xk, 


k=1 


where the vectors x1, . . . , Xn from X and the vectors fi, ..., fn from X* are linearly 
independent, see Heuser [179, p. 81]. Clearly, T (X) € Y, where Y is the subspace 
generated by the vectors x1, ... , Xp. 

Conversely, if y :— Ayxy +... + ÀnXn is an arbitrary element of Y we can 
choose z;,...,z, in X such that f;(zj) = ôi, j, where ô; j denotes the Kronecker 
delta (such a choice is always possible, see Heuser [179, Proposition 15.1]). Define 
zo Yea AKZk, then 


n n n n 
Tz—- fu =) fi (x 2 xk = c» ere =, 
k=1 k=1 k=1 k=1 


thus the set (x1, ..., Xn } forms a basis for the subspace T (X). 


Theorem 3.35 For a bounded operator T on a Banach space X, the following 
assertions are equivalent: 


(i) T is a Weyl operator; 
(ii) There exist a K € F(X) and an invertible operator S € L(X) such that 
T = S + K is invertible; 
(iii) There exist a Riesz operator R € R(X) and an invertible operator S € L(X) 
such that T = S + R is invertible. 


Proof (i) => (ii) Assume that T € W(X) and let m := o (T) = (T). Let P € L(X) 
denote the projection of X onto the finite-dimensional space ker T. Obviously, 
ker T N ker P = {0} and we can represent the finite-dimensional operator P 
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in the form 
m 
Px= 2. fi x)xi, 
i=l 
where the vectors x1, ...,Xm from X and the vectors fi,--- , fm from X*, are 
linearly independent. As observed before, the set {x1, ..., Xm} forms a basis of 
P(X) and therefore Px; = x; for every i = 1,...,m, from which we obtain that 
fi Gk) = óik. 
Denote by Y the topological complement of the finite-codimensional subspace 
T (X). Then dim Y = m, so we can choose a basis {y1,..., Ym} of Y. Define 
m 
Kx := 3 fi yi. 


i=l 


Clearly, K € F(X), so from classical Fredholm theory we obtain that $ := T +K € 
(X) and K(X) = Y. 

Finally, consider an element x € ker S. Then Tx = Kx = 0, and this easily 
implies that f;(x) = O0 for alli = 1,...,m. Consequently, Px = 0 and therefore 
x € ker T (1 ker P = {0}, so S is injective. 

In order to show that S 1s onto, observe first that 


JP) (È roma) = fi(x). 
k=1 
From this we obtain that 
KPx=) > fi(Px)yi = X Ai) yi = Kx. (3.9) 
i=l i=l 


Since X = T(X) @Y = T(X) ® K(X), every z € X may be represented in the 
form z = Tu + Kv, with u, v € X. Set uy := u — Pu and vı := Pv. From (3.9), 
and from the equality P(X) = ker T, it then follows that 


Ku; =0, Tv =0, Kv=Kv and Tu= Tu. 
Hence 
Su, + vi) = (T + K)i + vı) = Tu + Kv =z, 
so S is surjective. Therefore S = T + K is invertible. 
(i) (iii) Clear. 


(iii) (i) Suppose T + R = U, where U is invertible and R is Riesz. Then U is 
Weyl, and hence T = U — R is also Weyl, by Theorem 3.17. a 
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A simple modification of the proof of Theorem 3.35 leads to the following 
characterizations of upper and lower semi-Weyl operators: 


Theorem 3.36 Let T € L(X). Then we have 


G) T € W(X) if and only if there exist a K € F(X) (or a Riesz operator) and a 
bounded below operator S € L(X) such that T = S + K. 

Gi) T € W_(X) if and only if there exist a K € F(X) (or a Riesz operator) and a 
surjective operator S such that T = S + K. 


Proof To show part (i), take m := a(T) and proceed as in the proof of Theo- 
rem 3.35. The operator S = T + K is then injective and has closed range, since 
T + K € (X). To show part (ii), take m :— 6(T) and proceed as in the proof of 
Theorem 3.35. The operator S$ = T + K is then onto, since T + K eb. (X). M 


An immediate consequence of Theorems 3.35 and 3.36 is that the Weyl spectra 
may be characterized as follows. 


Corollary 3.37 Let T € L(X), X a Banach space. Then the Weyl spectra ow(T), 
Ouw(T ) and oy (T) are closed. Moreover, 


ow(T)= (| oT+K)= [) sm. (3.10) 
KeJF(X) RER(X) 
Ow(T)= (| op(T+K)= f) oa(T +R), (3.11) 
KeF(X) RER(X) 
and 
Olw(T) = () o,(T + K) = () ox(T + R). (3.12) 
KeF(X) ReR(X) 


Proof Let py(T) := C \ ow(T). The equality (3.10) may be restated, taking 
complements, as follows 


p(T)= L oT+K)= LU emn. (3.13) 
KeF(X) RER(X) 


The equalities (3.13) are now immediate from Theorem 3.35. The equalities (3.11) 
and (3.12) are proved in a similar way, by using Theorem 3.36. Clearly, all Weyl 
spectra are closed, since they are intersections of closed sets. [| 


Semi-Browder operators admit similar characterizations to those given above for 
semi-Weyl operators. In this case the perturbations need to commute with T: 
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Theorem 3.38 For an operator T € L(X), X a Banach space, the following 
statements are equivalent: 


() T is essentially semi-regular and T has the SVEP at 0; 
(ii) There exist an idempotent P € F(X) and a bounded below operator S € L(X) 
such that TP = PT and T = $+ P; 
(ii) There exist a Riesz operator R € R(X) and a bounded below operator S € 
L(X) such that TR = RT and T = S + R; 
(iv) T € B4. (X). 


Proof (i) = (ii) Suppose that T is essentially semi-regular and that T has the 
SVEP at 0. Let (M, N) be a GKD for T, where T|N is nilpotent and N is finite- 
dimensional. Let P denote the finite-dimensional projection of X onto N along M. 
Clearly P commutes with T, because N and M reduce T. Since T has the SVEP 
at 0 it follows that T'| M is injective, by Theorem 2.91. Furthermore, the restriction 
(I — T)|N is bijective, since T|N is nilpotent and hence 1 £ o(T|N). Therefore 
(I — T)(N) = N and ker(7 — T)|N = {0}. From this it follows that 


ker (T — P) = ker (T — P)|M @ ker (T — P)|N 
= ker T|M @ ker (J — T)|N = {0}, 


thus the operator T — P is injective. On the other hand, the equalities 


(T — P)(X) = (T — P)(M) $ (T — P)(N) 
— T(M) &€(T — D(N) 2 T(M) 6N 


show that the subspace (T — P)(X) is closed, since it is the sum of the subspace 
T (M), which is closed by semi-regularity, and the finite-dimensional subspace N. 
Therefore, the operator T — P is bounded below. 

(ii) > (iii) Clear. 

(iii) = (iv) Suppose that there exists a commuting Riesz operator R such that 
T + R is bounded below. By Theorem 3.11 it then follows that T = (T+ R) — R € 


B4 (X). 
The implication (iv) = (i) is clear, since every upper semi-Browder operator is 
essentially semi-regular and T has the SVEP at 0, since p(T) < oo. a 


The next result is dual to that given in Theorem 3.38. 


Theorem 3.39 Let T € L(X), X a Banach space. Then the following properties 
are equivalent: 


(i) T is essentially semi-regular and T* has the SVEP at 0; 
(ii) There exist an idempotent P € F(X) and a surjective operator S such that 
TP = PT andT=S+4+P; 
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(ii) There exist a Riesz operator R € R(X) and a surjective operator S such that 
TR = RT andT=S+R; 
(iv) T e B. (X). 


Proof (i) = (ii) Let T be essentially semi-regular and suppose that T* has the 
SVEP at 0. Let (M,N) be a GKD for T, where T|N is nilpotent and N is 
finite-dimensional. Then (N+, M+) is a GKD for T*. In particular, 7 *|N L is semi- 
regular. 

Let P denote the finite rank projection of X onto N along M. Then P commutes 
with T, since N and M reduce T. Moreover, since T*|N+ has the SVEP at 0, 
T*|N- is injective and this implies that T|M is surjective, see Lemma 2.78. Since 
T|N is nilpotent the restriction (T — J) |N is bijective, so we have 


(T — P)(X) = (T — P(M) S(T - PQN) = T(M)O (T - D(QT) = MON = X. 


This shows that T + P is onto. 

(ii) > (iii) Obvious. 

(iii) > (iv) Suppose that there exists a commuting Riesz operator R € L(X) such 
that T + R is onto. By Theorem 3.11 it then follows that T = (T+ R),— R € B. (X). 

The implication (iv) = (i) is clear, since every lower semi-Bowder operator is 
essentially semi-regular and the condition q(T) < oo entails the SVEP for T* 
at 0. | 


Combining Theorems 3.38 and 3.39 we readily obtain the following characteri- 
zations of Browder operators. 


Theorem 3.40 Let T € L(X), X a Banach space. Then the following properties 
are equivalent: 


(i) T is essentially semi-regular, both T and T* have the SVEP at 0; 
(ii) There exist an idempotent P € F(X) and an invertible operator S such that 
TP = PT andT = S+ P; 
(iii) There exist a Riesz operator R € R(X) and an invertible operator S such that 
TR = RT andT = $+ R; 
(iv) T € B(X). 


The following corollary is an immediate consequence of Theorem 3.40, once we 
observe that both the operators T and T* have the SVEP at every à € ðo (T), 90 (T) 
the boundary of o (T). 


Corollary 3.41 Let T € L(X), X a Banach space, and suppose that 49) € ðo (T). 
Then dol — T is essentially semi-regular if and only if X91 — T is semi-Fredholm, 
and this is the case if and only if X91 — T is Browder. a 
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Corollary 3.42 Let T € L(X). Then we have 


ow (T) = () THK) = f] THR, GIA 
KeF(X),KT-TK RER(X),RT=TR 
w= f|) off +K)= [|] TR, 615) 
KeF(X),KT=TK RER(X),RT=TR 
and 
oy(T) = () o(T+K)= () o(T +R). (3.16) 
KeF(X),KT=T K RER(X),RT=TR 


We now show that the Browder spectra may be obtained by adding to Weyl 
spectra the cluster points of some parts of the spectrum. 


Theorem 3.43 For a bounded operator T € L(X) the following statements hold: 


(i) eus (T) = eu. (T) U acc Oap(T). 
(li) oj (T) = ow(T) U accos(T). 
(iii) oy (T) = ow(T) U acco (T). 


Proof (i) If à € ou (T) U acc oap(T) then AL — T € 4 (X) and oa(T) does not 
cluster at A. Then T has the SVEP at A, and hence, by Theorem 2.97, p(AI — T) < 
oo from which we conclude that à ¢ ous (T). This shows the inclusion ow (T) C 
Ouw(T) U acc oap (T). 

Conversely, suppose that 4 € Ouw(T) U accoap(T). If A € ou (T) then A € 
Gub (T), since Ouw(T) € ou (T). If A € acc oap(T) then either A € ou(T) or 
A € ou (T). In the first case A € ous (T). In the second case, since AJ — T € Wi(X), 
the condition X € acc osp (T) entails, by Theorem 2.97, that p(AJ — T) = oo. From 
this we conclude that A € oup (T). Therefore the equality (i) is proved. 

The proof of equality (ii) is similar. Equality (iii) follows combining (i) with (ii) 
and taking into account the equality o (T) = oap(T) U os(T). | 


If either T or T* has the SVEP we can say more: 
Theorem 3.44 Suppose that T € L(X). 


(i) If T has the SVEP then ow (T) = ow(T) = oy(T) = oy(T). 
Gi) If T* has the SVEP then ow (T) = ow(T) = ow(T) = op(T). 


Proof 


(i) We have ow(T) € ow(T) € ow(T) and ow(T) € op(T) € œ(T), so it 
suffices to prove the inclusion og (T) € oq (T). Suppose that à ¢ oy (T) then 
AI — T € W_(X), and the SVEP of T at X ensures that p(AI — T) < oo, by 
Theorem 2.97. By Theorem 1.22, part (i), we then have ind (AJ — T) < 0 and 
since AJ — T € W_(X) we also have ind (AJ — T) > 0, hence ind (AJ — T) = 0. 
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From part (iv) of Theorem 1.22 we then conclude that AJ — T is Browder, hence 
A € op(T). 
(ii) The equalities may be shown from part (i) by duality. [| 


3.3 Semi B-Browder Spectra 


It is natural to extend the concepts of Weyl and Browder operators in the context of 
B-Fredholm theory. Recall that by T, we denote the restriction T |T” (X). 


Definition 3.45 A bounded operator T € L(X) is said to be B-Weyl (respectively, 
upper semi B-Weyl, lower semi B-Weyl) if for some integer n > 0 T" (X) is closed 
and T, is Weyl (respectively, upper semi-Weyl, lower semi-Weyl). Analogously, 
T € L(X) is said to be B-Browder (respectively, upper semi B-Browder, lower 
semi B-Browder) if for some integer n > 0 7"(X) is closed and T, is Browder 
(respectively, upper semi-Browder, lower semi-Weyl). 


The classes of operators previously defined generate the following spectra: the 
B-Weyl spectrum, defined as 


Obw(T ) := {A € C: AI — T is not B-Weyl], 
the upper semi B-Weyl spectrum, defined as 
Oubw(T) :— {A € C : AI — T is not upper semi B-Weyl], 
and the lower semi B-Weyl spectrum, defined as 
Ojbw(T) :— {A € C : Al — T is not lower semi B-Wey]}. 
The B-Browder spectrum is defined as 
Obo (T) := {A € C : Al — T is not B-Browder}, 
the upper semi B-Browder spectrum is defined as 
Oubb (T) :— {A € C : AI — T is not upper semi B-Browder}, 
and the lower semi B-Browder spectrum is defined as 
Ojpb (T ) :— {A € C: AI — T is not lower semi B-Browder}. 
Obviously, 


Obw(T) C ow(T) and odypw(T) € ou (1), 
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and the B-Fredholm spectrum, defined as 
ope(T) := {A € C: AI — T is not B-Fredholm}, 


is a subset of the essential spectrum oe(T ). 

These inclusions in general are proper. For instance, if X :— €2(N) ® €2(N) and 
T := 0 9 Re L(X), R the right shift, then oj, (T) = T, T the closed unit circle 
of C, while ou, (T) = T U {0}. If V € L(£2(N) is defined as 


Vidisse (o. 5.0, 0) for all (x1, x2, ...) € O(N), 


then we have opf(V) = obw (V) =f, while o; (V) = ow(V) = {0}. 
Given n € N let us denote by T, : X/ker T" — X/ker T” the quotient map 
defined canonically by T, € := Tx foreach X € X :— X/ ker T", where x € x. 


Lemma 3.46 Suppose that T € L(X) and T"(X) is closed for some n € N. If 
T, is upper semi-Fredholm then T. is upper semi-Fredholm and ind T, — ind Ta. 
Analogous statements hold if T, is assumed to be lower semi-Fredholm, upper or 
lower semi-Weyl, upper or lower semi-Browder, respectively. Moreover, if T has the 
SVEP at 0 then T, also has the SVEP at 0. 


Proof Itis easily seen that the operator [7"] : X/ ker T” — T” (X) defined by 
[T"] 2T"x, wherex ex 


is a bijection. Moreover, 


a 


[T^]T, = T,[T"] foralln €N, (3.17) 


from which the statements easily follow. 
If T has the SVEP at 0 then the restriction Tn — T|T"(X) has the SVEP at 0. By 
Lemma 2.141 the equality (3.17) entails that T„ also has the SVEP at 0. a 


Every bounded below operator 7 € L(X) is upper semi-Browder, while every 
surjective operator T € L(X) is lower semi-Browder, so, by Theorem 1.140, 
every left Drazin invertible operator is upper semi B-Browder, while every right 
Drazin invertible operator is lower semi B-Browder. Actually, we have the following 
equivalences: 


Theorem 3.47 /f T € L(X) then the following equivalences hold: 


(i) T is upper semi B-Browder < T is left Drazin invertible. 
(ii) T is lower semi B-Browder <> T if T is right Drazin invertible. 


Consequently, T is B-Browder if and only if T is Drazin invertible. 


3:3 
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Proof 


(i) 


(i) 


Suppose that T is upper semi B-Browder. By Lemma 3.46, T, is upper semi- 
Browder for some n € N and hence has uniform topological descent. By 
Theorem 2.97 the condition p) « oo is equivalent to saying that Gall) 
does not cluster at 0. Let D(0, £) be an open disc centered at 0 such that 
(0, £) \ {0} does not contain points of oap (75), so 


ker (AI — T) = {0} forallO < |A| < e. (3.18) 


Since the restriction T|ker 7" is nilpotent we also have that D(0, £) V {0} € 
p (T| ker T"), where o(T | ker T") is the resolvent of T| ker T”, hence 


(AI — T)(ker T") = ker T" forallO < |A| < €. (3.19) 
Since for all 0 < |A| « & we also have ker (AJ — T)| ker T" = {0}, it then easily 
follows that ker (AJ — T) = {0}, so AI — T is injective for all 0 < |A| < e. 
We show now that (AJ — T)(X) is closed for all 0 < |A| < £. Set X :— 
X/ ker T" and let w € (AI — T)(X) be arbitrary. Then there exists an x € X 
such that w = (AJ — T)x and hence 
® = OI- e0 en 


Because à ¢ Sap T ), AI — -TÈ ) is closed, and hence there exists a sequence 
(wn) C X such that (AT — T, ), > Ù as n — +00, thus 


(AI — T)w, — w > Zn € ker T”. 


From (3.19) we know that there exists a y, € ker T” such that zn = (AI—T) yn, 
and hence 


(AI — T)w, — (AI — T)y, = (AL — T)(ws — yn) > w, 


so (AI — T)(X) is closed. We have shown that AJ — T is bounded below for all 
0 < |A| < £ and hence that 0 is an isolated point of o35 (T). By assumption T is 
upper semi B-Fredholm, and hence has topological uniform descent. Moreover, 
p(T) < oo, by Theorem 2.97. From Theorem 1.142 we then conclude that T 
is left Drazin invertible. 

Let T be lower semi B-Browder and let n € N such that 7T"(X) is closed 
and T, is lower semi-Browder. By Lemma 3.46, T, is lower semi-Browder and 
hence, by Theorem 2.98, the condition q(T) < oo is equivalent to saying that 
ox(T;) does not cluster at 0. Let ID(0, £) be an open ball centered at O such 
that ID(0, £) \ (0) does not contain points of o,(75). As in the proof of part 
(i) we have (AJ — T)(ker T") = ker T” for all 0 < |A| < e. We show that 
(AI — T)(X) = X for all 0 < |A| < £. Since AT — T. is onto, for each x € X 
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there exists a y € X such that (AJ — T) y =X and hence 
x — (AI — T)y € ker T" = (AI — T)(ker T"). 
Consequently, there exists a z € ker T" such that 
x— (àI —T)y = (AI — T)z, 
from which it follows that 
x= 04 — T)(zt y) e Al—T)(X). 


We have proved that AJ — T is onto for all 0 < |A| < e, thus o,(T) does 
not cluster at 0 and consequently T* has the SVEP at 0. Every lower semi 
B-Browder operator has topological uniform descent, so, by Theorem 2.98, T 
has finite descent q :— q(T). Consequently, T4 (X) = T??(X) is closed, by 
Corollary 2.96, and hence T is right Drazin invertible. [| 


The left Drazin spectrum is defined as 
oja(T) := {A € C : AJ — T is not left Drazin invertible}, 
the right Drazin spectrum is defined as 
O:a (T) :— {A € C : AI — T is not right Drazin invertible}. 
The Drazin spectrum is defined as 
oa(T) := {A € C: AI — T is not Drazin invertible}. 


Obviously, og(T) = oia (T) U o,a (T). 


Remark 3.48 If T € L(X) is meromorphic and the spectrum o (T ) is an infinite set, 
then o (T) clusters at 0, and T is not Drazin invertible. Therefore, og(T) = {0}. Note 
that for the topological uniform descent spectrum we have oua(T) € oq(T) for 
every operator T € L(X). On the other hand, if T is meromorphic with an infinite 
spectrum, then the opposite inclusion oq(T) C Otwa(T) is also true, so oqa(T) = 
{0}, and hence T does not have topological uniform descent. 


From Theorem 1.144 we obtain og(T) = oq(T *) and 
o(T) = ora(T*) and | oj(T) = ej (T?). 


An easy consequence is that T € L(X) is meromorphic if and only if T* is 
meromorphic. From Theorem 3.47 the next result immediately follows. 
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Corollary 3.49 For every T € L(X) we have 


Owbb(T) = o1a(T), | Op (T) = oxa(T), ow(T) = oa(T). 


The relationship between the B-Browder spectra and the B-Weyl spectra is 
similar to that observed for the Browder spectra and Weyl spectra, established in 
Theorem 3.43: 


Theorem 3.50 /f T € L(X) then the following equalities hold: 


(i) 


o1a(T) = Oupw(T) U acc oap (T ). 


Gi) ora (T) = Ow (T) U accos (T). 
(iii) og(T) = obw(T) U acc o(T). 
Proof 
(i) The inclusion oypw(T) © oup (T) = oja(T) is clear from Corollary 3.49, so, 


Qi) 


(iii) 


in order to show that oup (T) U accoap(T) C oja(T) it suffices to prove that 
accoap(T) C oa(T). For this, let à ¢ oja(T). Then AJ — T is left Drazin 
invertible, and hence has topological uniform descent. Since p(AgI — T) < 
oo it then follows, from Corollary 1.92, that AJ — T is bounded below in a 
punctured disc centered at Ap, so À É acc oap(T). 

To show the inclusion oypw(T) U accoap(T) 2 oj(T), consider A ¢ 

Oubw(T) U accoap(T). Since A € accoap(T) then T has the SVEP at À. 
Moreover, since AJ — T is upper semi B-Weyl, by Theorem 2.97, we have 
that p(A1 — T) < oo, so AI — T is upper semi B-Browder, or equivalently, left 
Drazin invertible, and hence A ¢ ojq(T). Hence the equality (i) is proved. 
The proof is similar to part (i). Indeed, by Corollary 3.49, we have oj (T) C 
O]bo (T) = ora (T). In order show the inclusion ora (T) 2 ojpw(T) U acco,(T) 
we need only to prove that acc o;(T) C oga(T). If A ¢ ora(T) then AJ — T is 
right Drazin invertible, and hence AJ — T is semi B-Fredholm with q(4J —T) < 
oo. By Corollary 1.92 it then follows that AJ — T is onto in a punctured disc 
centered at A, thus A ¢ acc os(T). 

To show the opposite inclusion ora (T) C ojpw(T) U acc o; (T), suppose that 
À € Opw(T) U accos (T). Since A ¢ acco,(T), T* has the SVEP at A, and 
since A7 — T is lower semi B-Fredholm, it then follows by Theorem 2.98 that 
AI — T is lower semi B-Browder, or equivalently, right Drazin invertible, i.e. 
à € oqa (T). Hence ora (T) € ots (T) U acc os (T). 

Clear. | 


Evidently, every upper semi-Browder operator is upper semi B-Browder, so, from 
Corollary 3.49 we obtain that 


eja(T) = ounn(T) € oup (1), 
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while 


oa(T) = ow (T) € œ (T). 


The next result shows that oup (T) may be obtained by adding to oja (T) the isolated 
points of ow (T), and analogous results hold for the other Browder spectra. 


Theorem 3.51 For every T € L(X) we have: 


(i) 
(ii) 
(iii) 


acc Oyb(T) € oja (T) and acc oy(T) C og(T). 
iso og (T) C iso ow (T) and iso og(T) € iso oja (T). 
Gub (T) = oja(T) U iso ow (T) and op(T) = og(T) U iso œ (T). 


Proof 


(i) 


(ii) 


(iii) 


Let Ao ¢ oja(T). Then Aol — T is left Drazin invertible, and hence upper semi 
B-Browder, by Theorem 3.47. By Theorem 1.117 we see that there exists an 
€ > 0 such that AJ — T is upper semi-Browder in the open punctured disc 
ID(Ao, £) \ {Ao}, thus Ao ¢ acc oup (T). The second equality follows by a similar 
argument. 

Since oyp(T) is a subset of oy (T) it suffices to prove that iso os (T) € oup(T ). 
Let Ag € iso og (T) be arbitrary and suppose that ào ¢ cup (T ). We can suppose 
that Ag = 0. Then T € B,(X), thus a(T) < oo, and, by the punctured 
neighborhood theorem, there exists an € > O such that AJ — T is Browder 
for all 0 < |A| < £. In particular, g(AJ — T) < oo for all 0 < |A| < £, so T* 
has the SVEP at every point of the punctured disc D(0, £) \ {0}. This implies 
that T* has the SVEP at 0 and hence q(T) « oo, by Theorem 2.98. Since 
p(T) < oo we then have p(T) = q(T) and from Theorem 1.22 we obtain that 
a (T) = (T) < co. Hence 0 ¢ oy (T), a contradiction. Therefore, 0 € oup (T). 
The second inclusion follows by a similar argument. 

From part (1) we have 


Oub(T) = acc oub (T) Uisoogp(T) € oqja(T) U iso oup (T). 


The opposite inclusion is always true, hence the first equality is proved. The 
second equality follows by a similar argument. a 


Corollary 3.52 If isooyw(T) € oja(T) then ow (T) = oja(T) and oy(T) = oa(T). 


Proof The equality oyw(T) = oja(T) is clear from the first equality of (iii) of 
Theorem 3.51. Part (ii) of Theorem 3.51 entails that 


iso og (T) € isooup(T) € oia(T) € oa(T), 


thus og (T) = oa(T), again by part (iii) of Theorem 3.51. | 
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The following result shows that many of the spectra considered before coincide 
whenever T or T* has the SVEP. 


Theorem 3.53 Suppose that T € L(X). Then the following statements hold: 
Gi) If T has the SVEP then 


Olbw(T) = ora(T) = oa(T) = obw (T), (3.20) 
and 
Oubw(T ) = oja(T ). (3.21) 
(ii) If T* has the SVEP then 
Oubw(T) = oja(T) = oa(T) = oby (T), (3.22) 
and 
Olbw(T) = ora (T). (3.23) 
(iti) If both T and T* have the SVEP then 
Oubw(T) = Olbw(T) = Opw(T) = o1a(T) = ora(T) = oa(T). (3.24) 


Proof 


(i) By Corollary 3.49 and we have 
Obw(T) € ow(T) = ora(T) € oa(T). 


We show now that oq(T) C otjw(T). Assume that A ¢ ojw(T). We may 
assume A = 0. Then there exists an n € N such that T" (X) is closed, T; is 
lower semi-Fredholm and ind 7; > 0. Since T has the SVEP at 0 then, by 
Theorem 2.97, we also have p(T) « oo and hence, by Lemma 1.23, there 
exists a k € N such that Tg is bounded below, in particular ind Tj < 0. Now, 
if m = max{n, k}, then ind Tm = ind 7; = ind T; = 0, and since ker Tj41 C 
ker T; for all j € N, we also have p(Tm) = 0. By Theorem 1.22, it then 
follows that q(7,,) = 0, so Tm is Browder and hence T is B-Browder. By 
part (iii) of Theorem 3.47, T is Drazin invertible, so 0 ¢ o4(T), as desired. 
Thus, ojpw(T) = ora(T) = oa(T). Clearly, oww(T) € ow (T) = oa(T), by 
Corollary 3.49. Suppose that A ¢ og (T), i.e., there exists a k € N such that 
(AI — T)'(X) is closed and «(A47 — T,) = (àI —T,) < œœ forall n > k. Since 
T has the SVEP at A, p :— p(AI — T) < oo, by Theorem 2.97, hence, see 
Remark 1.25, AJ — T, is injective for all n > p. Therefore, by Theorem 1.22, 
for n sufficiently large we have q(AI — Ta) = p(Al — T4) = 0, so AI — T, is 
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invertible, hence Browder. Therefore, by Corollary 3.49, A ¢ og(T) and hence 
oa(T) € oj (T). 

To conclude the proof we need only to show that og(T) = Opw(T). 
The inclusion opw(T) € og(T) follows from Theorem 1.141. Suppose that 
à € Obw(T). Then AI — T is B-Weyl and the SVEP for T at X implies, by 
Theorem 2.97, that p(AJ — T) < oo. From part (iii) of Theorem 1.143 we then 
conclude that à ¢ og(T), so oa(T) € opw(T) and hence og(T) = opw(T). 

To show the equalities (3.22), note first that the inclusion oup (T) € oja(T) 
holds for every operator. Let A ¢ oubw(T). Then AJ — T is upper semi B-Weyl 
and from Theorem 2.97 the SVEP for T implies that AJ — T is left Drazin 
invertible. Hence, A € oja(T), thus oja(T) € oubw(T). 

The inclusion 


Olbw(T) € otp (T) = ora (T) € oa(T) 


holds for every T € L(X), by Theorem 3.50 and Corollary 3.49. 

We show that og(T) € oubw(T). Suppose that A ¢ oupw(T) and assume 
that à = 0. Then there exists an n € N such that T, is upper semi-Fredholm 
with ind Tp < 0. Since T* has the SVEP at 0, by Theorem 2.98 we have 
q(T) « oo and hence 7; is onto for some k € N, by Lemma 1.24. Clearly, 
ind T; > 0. For n sufficiently large we then have ind T, = 0 and q (Ta) = 0. By 
Theorem 1.22, it then follows that p(7,,) = 0, so that T; is Browder and hence 
T is B-Browder, or equivalently T is Drazin invertible. Therefore 0 ¢ og(T), as 
desired. Also here, to finish the proof, we have to prove that og(T) = opw(T). 
The inclusion opy(T) C og(T) follows from Theorem 1.141. Suppose that 
à € Opw(T). Then AJ — T is B-Weyl and the SVEP for T* at A implies, by 
Theorem 2.98, that q (ÀI — T) < oo. From part (iii) of Theorem 1.143 we then 
conclude that à ¢ og(T), so oa(T) = opw(T). 

To show (3.23), note that oj; (T) C ora(T) holds for every operator. Let 
à € oj (T). Then A7 — T is lower semi B-Weyl and from Theorem 2.98 the 
SVEP for T* implies that A7 — T is right Drazin invertible. Hence, à ¢ o;a(T), 
so osa (T) € oipy (T). 

Clear from part (1) and part (ii). | 


It makes sense to ask if the Drazin spectra, and the B-Weyl spectra are also 
stable under commuting Riesz perturbations. The following example shows that 
the answer in the case of Riesz operators is negative, even in the simple case of 
a commuting quasi-nilpotent perturbation. 


Example 3.54 Let X :— £?(N) and {e;} the canonical basis of X. Denote by P the 
orthogonal projection of X on the subspace generated by the set (e; : 1 <i < n} 
and let S be the quasi-nilpotent operator defined by 


SC, X2...) = (F EN for all x = (x1, x2, ...) € ÊN). 
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If T := 09 P e L(X Q X) then T has the SVEP, since P is finite-dimensional, 
hence, from part (1) of Theorem 3.53 we have 


Oubw(T) = oa (T) = oa(T) = og (T) = Ø. 


Consider the quasi-nilpotent operator Q = S ®0. Clearly, Q has infinite ascent, and 
TQ = QT = Q. It is easily seen that 


Oubw(T + Q) = oa(T + Q) = oa(T + Q) = opw(T + Q) = {0}. 


We want show now that the stability of the Drazin spectra, as well as the B-Weyl 
spectra, under Riesz commuting perturbations hold in some special cases. First we 
need the following theorem. 


Theorem 3.55 /f T € L(X) the following statements hold: 


G) ouw(T) = Oupw(T) U iso ous (T). 
(ii) ow(T) = oy, (T) U iso oy (T). 
(iil) oe(T) = oyr(T) U iso oe (T). 


Proof (i) Let ào € Ouw(T) NV Cubw(T). Then Ao/ — T is upper semi B-Weyl, and 
hence, by Theorem 1.117, there exists an € > 0 such that AJ — T is upper semi- 
Weyl for all |A — Ao| < £. Therefore, Ao € iso Ouw(T), so the inclusion C holds in 
(i). The opposite inclusion is always true, thus (i) is proved. 

(ii) and (iii) Use a similar argument. | 


The following corollary is an easy consequence of Theorem 3.55. 


Corollary 3.56 If iso ouw(T) € ouw(T) then ou. (T) = Oubw(T). Analogously, if 
iso Ow(T) C opw(T) then ow(T) = opw(T). 


For an operator T € L(X) set 


py(T) = (€ C: AL — T € +(X), ind (AI — T) > 0}, 
and 


p (T) = (€ C: AL — T € +(X), ind Al — T) < 0}. 


If, as usual, osr(T) denotes the semi-Fredholm spectrum of T we have: 
Lemma 3.57 [fT € L(X) then 
G) ow(T) = ose(T) U o (T) U py CT). 


Gi) eu (T) = ose(T) U pġ (T). 
(ii) ew(T) = ost(T) U py (T). 
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Proof 


(i) The inclusion (C) is evident. Conversely, if A ¢ ow(T), then AZ — T € W(X), 
so À £ os¢(T) U p (T) U p, (T). 
(ii) The inclusion ost(T) U pe (T) € Oyw(T) is clear. Conversely, suppose that 
à € os(T) U p(T). Then AJ — T € Ọ4(X) and ind (AI — T) < 0, so 
a (XI — T) € (àI — T), which obviously implies that AJ — T € (X) and 
hence A ¢ ous (T). Therefore, the equality (i) holds. 
(iii) The proof is analogous to that of part (ii). | 


The isolated points of the Weyl spectra are related as follows: 
Theorem 3.58 /f T € L(X) we have 


(i) 1soo« (T) € iso Oyw(T) C iso os (T). 
(ii) iso ow(T) € iso oiw(T) C isoosr(T). 


Proof We prove only the inclusions (i). Let Ao € iso ow(T). Then there exists an 
€ > 0 such that AJ — T e W(X) for all 0 < |A| < e. This easily implies that 
Ao € osr(T ). In fact, if not, then 497 — T € ®4 (X). By the continuity of the index 
function we then obtain ind (49/7 — T) = 0, i.e. Ao € ow (T), a contradiction. Since, 
by Lemma 3.57, we have oy, (T) = ost(T)Uo (T), then D(Ao, €)Nouw(T) = {Ao}, 
SO Ag € iso Oyw(T). 

Now, choose an arbitrary uo € isOOyw(7). To show the second inclusion it 
suffices to prove that uo € o&r(T). Assume that uo € osr(T). Then uol — T € 
O. (X), and, since 4 (X) is an open subset of L(X), there exists ad > 0 such 
that uI — T € $4 (X) for all u € D(uo, ô). Again by the continuity of the index 
function, there exists an n € Z U (—oo, +00} such that ind (uI — T) = n for all 
u € D(uo, 8). Note that ou, (T) = osr(T) U o; (T), by Lemma 3.57. If n < 0 then 
Lo € Ouw(T), a contradiction. If n > 0 then D(uo, ô) € pu, (T) = C \ oww (T), 
and hence jo is an interior point of oy (T), again a contradiction. Therefore, 
Ho € osr(T). a 


We now consider the case when the T is perturbed by a commuting Riesz 
operator. 


Theorem 3.59 Let T € L(X) and let R € L(X) be a Riesz operator which 
commutes with T. Then we have: 


(i) Ifisoow(T) = Ø then 
Obw(T + R) = opw(T). 
(ii) Ifiso Ouw(T) = Ø then 


Oubw(T + R) = ou (T) and opw(T + R) = opw(T). 
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(ii) Ifisoos(T) = Ø then 
Opt(T + R) = ow(T). 
(iv) Ifiso op(T) = Ø then 
oa(T + R) = oq(T). 
(v) fiso ow (T) = Ø then 
oa(T + R) = oua (T). 


Proof (i) By Corollary 3.18 we have ow(T + R) = ow(T) and hence iso ow(T) = 
iso ow(T +R) = Ø. From Corollary 3.56 we then obtain obw(T +R) = ow(T +R) = 
ow(T) = owy (T). 

The proofs of (ii), (iii), (iv) and (v) are similar to that of part (i). Clearly, 
the equality opw(T + R) = Opw(T) in (ii) is a consequence of Theorem 3.58, 
part (1). | 


Corollary 3.60 Suppose that T € L(X) has the SVEP, R € L(X) is a Riesz 
operator which commutes with T and iso oy(T) = Ø. Then 


oa(T) = og(T + R) = od(T) = o1a(T + R) = ow (T) 
= Oubw(T + R) = op. (T) = obw (T + R). 


Proof By Corollary 3.9 we have isoo(T + R) = oy(T) = 9), and T + R has 
the SVEP, by Theorem 2.129. The equalities then follow from Theorems 3.53 
and 3.59. E 
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An operator T € L(X) is meromorphic if all the non-zero spectral points are 
poles of the resolvent. Evidently, an operator T € L(X) is meromorphic if and 
only if oa(T) C {0}. An obvious consequence is that every meromorphic operator 
possesses at most countably many spectral points, which can cluster only at 0. 
Obviously, Riesz operators, and in particular compact operators, are meromorphic. 
Moreover, 


T is meromorphic <= T* is meromorphic. 


Note that, in contrast with Riesz operators, the sum of commuting meromorphic 
operators may not be meromorphic. For instance, the identity 7 and a quasi-nilpotent 
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operator are trivially meromorphic and commute, while J + Q is not meromorphic. 
The product of two commuting operators, one of which is meromorphic, may not be 
meromorphic. For instance, the operators J and J + Q above commute and J+ Q = 
I (1 + Q) is not meromorphic. 


Theorem 3.61 [fT € L(X) then the following statements are equivalent: 


(i) T is meromorphic; 
(ii) AI — T is left Drazin invertible for all X 4 0; 
Gii) A1 — T is right Drazin invertible for all à + 0; 
(iv) AI — T is upper semi B-Fredholm for all à 4 0; 
(v) AI — T is lower semi B-Fredholm for all à + 0; 
(vi) AI — T is quasi-Fredholm for all X 4 0; 
(vii) AJ — T has topological uniform descent for all à # 0. 


Proof If T is meromorphic then AJ — T is Drazin invertible, and hence left Drazin 
invertible, for all à Æ 0. Hence (i) > (ii). Clearly, (ii) > (iv) since every left Drazin 
invertible operator is upper semi B-Fredholm, and (iv) = (vi) = (vii), since every 
upper semi B-Fredholm is quasi-Fredholm and has topological uniform descent. 
Analogously, (1) > (iii) > (vi) > (vii). 

(vii) > (i) If AJ — T has topological uniform descent for all A Æ 0 then C X {0} 
is contained in a component of the topological uniform descent resolvent which 
intersects the resolvent. By Corollary 2.125, AJ — T is Drazin invertible for all 
à £0. a 


Corollary 3.62 /f T € L(X) is meromorphic and K € L(X) is a finite-dimensional 
operator then T + K is meromorphic. 


Proof If T is meromorphic, AJ — T is quasi-Fredholm for every A # 0, hence 
AI — (T + K) is quasi-Fredholm, by Theorem 1.110, and this is equivalent to saying 
that T + K is meromorphic, by Theorem 3.61. a 


As before, if M is a closed subspace invariant under T € L(X), we denote by 
Ty the quotient operator induced by T on X/M defined by Ty = = Tx for every 
$eX:-x / M. The spectra of the three operators T, T|M and Ty are related as 
follows: 


Theorem 3.63 [fT € L(X) then we have: 
(i) o(T) C o(T|M) U o (Ty). 
Gi) c (T|M) Co(T) Uo(Ty). 
(iii) c (Ty) € c(T)Uoc(T|M). 
Proof 
(i) Suppose that A ¢ o(T|M)U o (Ty). We may assume à = 0. Then T|M and 
Ty are invertible. First we show that T is onto. Let y € X. Then there exists 


an x € X such that Ty = y, thus y — Tx € M. Since T|M is surjective, 
there exists w € M such that Tw = y — Tx, hence T(w + x) = y, so T 
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is surjective. Next, to show that T is injective, assume that Tx = 0. Then 
Tus = 0, so x € M. Since T|M is invertible and T|Mx = 0, we then have 
x = 0. Hence 0 ¢ c (T), thus the inclusion (i) is proved. 

(i) Suppose that A ¢ o (T)U o (Ty). We may suppose A = 0. Then T is invertible, 
so T|M is bounded below. Let y € M be arbitrary. Then there exists an x € X 
such that y = Tx. Clearly, Tuk =Tx= Y, and since y € M we then have 
y= 0, Le. y € M. Hence y = T|Mx, so T|M is onto and consequently, 
0 é c (T|M). 

(i) Letz : X — X/M denote the quotient homomorphism. Evidently, rT = 
Tyr. Let à € c(T)U c (T|M) be arbitrary. Also here we can assume ? À —0. 
Then Tu is onto, since both x and T are onto. If x € X satisfies Tuk = 
Tunx = = 0, then Tx € M, hence x € M, because 0 ¢ o(T|M). Therefore, 
Ty is invertible, i.e. 0 ¢ o (fy). a 


Corollary 3.64 If T € L(X) then: 


(i) o(T|M) Uc (Ty) = o (T) U {0 (T|IM) No (Tur). 
(ii) e(T)Uo(TuM) = o (T|M)U (o (T) n o (Tu)I. 
Gii) o(T) Uo(T|M) = o (Ty) U {o (T) No (T|M)). 


Consequently, if X is an isolated point in the spectra of any two of the operators 
T, T|M, Ty, then à is an isolated point of the spectrum of the third one or is not in 
its spectrum. 


It is meaningful to find necessary or sufficient conditions under which the 
spectrum of T coincides with the union of the spectra of T|M and Ty. Clearly, 
the equality o (T) = o(T|M) U o (Ty) holds if c(T|M) N o(Tw) = ø, or 
o(T|M) € o(T), or o (Ty) C c (T). Another important condition which entails 
this equality is given in the following theorem. 


Theorem 3.65 Let T € L(X) and M bea closed T -invariant subspace of X. Then 
we have: 


(i) T|M and Ty are invertible if and only if T is invertible and M is invariant 
under T~!, 

(i) If M is a closed subspace of X hyperinvariant under T then o (T) = o (T|M)U 
6 (Ty). 


Proof 


(i) By part (i) of Theorem 3.63, if T|M and Tu are invertible then T is invertible. 
Suppose that w € M. Then there exists an x € M such that T|M x = w, thus 
T-(M) C M. Conversely, assume that T is invertible and T-'(M ) € M. 
Clearly the restriction T-!|M is the inverse of T|M and the quotient operator 

a induced by T~! on X/M, is the inverse of Ty. 
(ii) Clear, from part (i). E 
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In [115] S.V. Djordjević and B.P. Duggal showed that this equality o (T) = 
c(T|M)U o (Ty) also holds if we assume that (T |M)* or Tu has the SVEP. We 
mention that similar results to those of Theorem 3.63 and Corollary 3.64 hold for 
the essential spectra and the Browder spectra of T, T|M and T see [115]. 

It is easily seen that the ascent and descent of the three operators are related as 
follows: 


p(T\|M) < p(T) € p(T|M) + p(Ty), (3.25) 
and 
q(fu) < q(T) < q(T|M) +q În). (3.26) 


The next theorem shows that the property of being meromorphic for T, T|M and 
Ty are strongly related. 


Theorem 3.66 Let T € L(X). Then we have: 

(i) If T :— Gi 4 Tx. Then T is meromorphic if and only if Ty is meromorphic for 
alll <k <n. nu 

(i) T is meromorphic if and only if the restriction T|M and Ty are both 
meromorphic. 


Proof 
(i) We have c (T) = Ur 10 (Tk). For all 1 < j < n and à € C we have 


n 


pal; - Tj) < p&1 - T) Y` pakke — T) 
k=1 


and 


n 


q(alj — Ij) < ql - T) Y aad — Ty), 
k=1 


see [291, Exercise 7, p. 293], so the statement follows. 

(ii) The implication (<=) is clear from the inequalities (3.25) and (3.26). Suppose 
that T is meromorphic. We show first that (AJ — T)(M) = M for all à € p(T). 
The inclusion (AJ — T)(M) € M is clear. Let |A| > r(T).If Ry := (A1— Ty 
from the well-known representation 


oo 
R, = 3i que) 


n=0 
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it easily follows that R;(M) C M. For every x’ € M+ and x € M let us 
consider the analytic function A € o(T) — x'(R;x). This function vanishes 
outside the spectral disc of T, so, since o(T) is connected, we infer from the 
identity theorem for analytic functions that x'(R;x) = O0 for all A € p(T). 
Therefore R;x € M++ = M and consequently 


x = (Al — T)Rx € (AI — TY(M). 


This shows that M C (AI — T)(M), and hence (AJ — T)(M) = M for all 
A € p(T). 
Now, AJ — T is injective for all A € p(T), so p(T) € o(T|M) and hence 


Oap(T|M) = o (T|M) € o (T) = eap (T). 


Now, let 0 Z à € c (T|M). Then å is isolated in o (T) and hence isolated in 
e (T|M) and p(Al — T|M) < pI — T) < oo. Observe that A is isolated i in 
c (T) and o (T|M) forces À to be isolated in o (Ty). Thus, since q O1 — Tu) < < 

q(XI—T) «oo, AI — Tu i is Drazin invertible (trivially, if A € o (Ty), AI— TM 
is invertible). This forces A7 — T'|M to be Drazin invertible. Consequently, T |M 
is meromorphic. 

To show that Tu is meromorphic, observe that 47 — T* is Drazin invertible 
for every A # 0, and an argument similar to the above implies that the 
restriction of T* to the annihilator M+ has spectrum o (T*| M+) C o(T*) and 
AI — T*|M*+ is Drazin invertible for all 0 4 A € o(T*|M-). Identifying the 
dual of Ty with T*|M“ it follows that o (Ty) = o (Tu)* € o(T*) and (Ty)* 
is meromorphic, which implies that the bidual of Ty is also meromorphic. 
Finally, identifying Ty with the restriction of the bidual of Ty on X /M (X/M 
is a closed subspace of (X/M)**) under (Tu)* it then follows that Ty is 
meromorphic. [| 
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In this section we study in more detail the class of algebraic operators, i.e., 
those operators T € L(X) for which there exists a nontrivial polynomial h such 
that h(T) = 0. The algebraic operators find many applications in applied linear 
algebra and they have been investigated by several mathematicians, see for instance 
Aupetit [53]. 

We shall need the following lemma. 


Lemma 3.67 Let T € L(X) and let (41, --- , Ax} be a finite subset of C such that 
hi Æ àj fori £ j. Assume that (ni, - - - p C Nand set p(A) :— II 104 — 2)", 
Then 


ker p(T) = QD ker (ail — T)" (3.27) 
i=l 
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and 


k 
PTX) = (041 - T)" 00. (3.28) 
i=l 
Proof We shall show (3.27) for k = 2 and the general case then follows by 
induction. Clearly ker (A;J — T)" C ker p(T) fori = 1,2, so that if p;(T) := 
(A;I1 — T)" then 
ker p1(T) + ker p2(T) C ker p(T). 


In order to show the converse inclusion, observe first that p1, p» are relatively prime, 
hence, by Lemma 1.13, there exist two polynomials q1, q2 such that 


qı(T)pı(T) + q3(T) po (T) = IH. 
Consequently, every x € X admits the decomposition 
x = qi(T)pi(T)x + qo(T)po(T)x. (3.29) 
Now if x € ker p(T) then 
0 = p(T)x = p(T) p2(T)x = p2(T) pi(T)x = p(T)x, 
from which we deduce that po(T)x € ker pi(T) and pi(T)x € ker po(T). 


Moreover, since every polynomial in T maps the subspaces ker (4;7 — T)" into 
themselves, we have 


x1 := qo(T)p2(T)x € ker p(T) 
while 
x2 := qi(T)pi(T)x € ker po(T). 
From the equality (3.29) we have x = x; + x2, so 
ker p(T) € ker p1(T) + ker po(T). 
Therefore ker p(T) = ker p,(T) + ker p2(T). It only remains to prove 
that ker p; (T) N ker po(T) = {0}. This is an immediate consequence of the 


identity (3.29). 
As before we prove (3.27) only for n — 2. Evidently, 


p(T)(X) = pi(T)py(T)(X) = po(T)pi(T)(X) 
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is a subset of pi (T )(X), as well as a subset of po (T )(X). 
Conversely, suppose that x € pi(T)(X) N p2(T)(X) and let y € X such that 
x = p2(T)y. Then 


pi(T)x = p(T)y € p(T)(X). 


Analogously p2(T)x € p(T)(X). Let gi, q2 be two polynomials for which the 
equality (3.29) holds. Then we have 


x= qi(T)pi( D)x + q2(T)p2(T)x € qı(T)p(T)(X) + qo( TD) pT )(X) 
= p(TDqi (DX) + pT)qa(T)(X) € pX) + pT) € p(T)(X). 


Hence 


PAT)(X) N p2(T)(X) € p(T)(X), 


and this completes the proof. [| 
Algebraic operators may be characterized in several ways: 
Theorem 3.68 [fT € L(X) the following assertions are equivalent: 


(i) AI — T is essentially right Drazin invertible for all X € C; 
(ii) AI — T has finite descent for all X € C; 
(ii) A1—T has finite descent for all à which belong to the boundary of the spectrum 
0c (T); 
(v) The spectrum is a finite set of poles; 
(v) T is algebraic. 


Proof (i) = (ii) By duality we know that A/* — T* is essentially left Drazin 
invertible, hence upper semi B-Fredholm, for all à € C. Therefore, in the denotation 
of Theorem 2.116, the set Y,,(7*) has a unique component and consequently T* has 
the SVEP. Since AJ — T is quasi-Fredholm, hence has topological uniform descent, 
it then follows, by Theorem 2.98 that the descent q (àZ — T) is finite for all A € C. 

(ii) (ii) is obvious. 

(iii) = (iv) Observe first that T has the SVEP at every A € do(T), so, by 
Theorem 2.109, pl — T) < oo for every à € 3o (T), so A is a pole, hence an 
isolated point of o (T). This implies that o (T) = ðo (T), hence o (T) is a finite set 
of poles. 

(iv) > (i) It suffices to prove that AJ — T is semi B-Fredholm for all A € o (T). 
Suppose that o (T) is a finite set of poles of R(A, T). If A € c (T), let P be the 
spectral projection associated with the singleton {A}. Then X = M @® N, where 
M := K(AI — T) = ker P and N := HQo(AI — T), by Theorem 2.45. Since 
I — T has positive finite ascent and descent, if p :— p(AoI — T) = q(AI — T) 
then N = ker(AI — T)?. From the classical Riesz functional calculus we know that 
c (T|M) = e (T) \ {A}, so that (AJ — T)|M is bijective, while AJ — T|N)? = 0. 
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Therefore, by Theorem 1.119 AJ — T is B-Fredholm for every 4 € C. In particular, 
AI — T is upper semi B-Fredholm for every à € C, or equivalently, is essentially 
left Drazin invertible for every A € C. 

Therefore the statements (1)- (1v) are equivalent. 

(iv) > (v) Assume that o (T) is a finite set of poles (41, . . . , An}, where for every 
i = 1,...,n with pj we denote the order of A;. Let h(A) := (A1—2A)?! ... (A44, —A)P^, 
Then by Lemma 3.67 


h(T)(X) = (1041 - TP (X) = (1 KA: - T), 
i=l i=l 


where the last equality follows from Theorem 2.98 since T has the SVEP. But the 
last intersection is {0}, because if x € KQjI — T) K(AjI — T), with à; Æ Xj, 
then or (x) € {Aj} N {A;} = Ø, and hence x = 0, since T has the SVEP. Therefore 
h(T) — 0. 

(v) => (i) Let ^ be a polynomial such that A(T) = 0. From the spectral 
mapping theorem we easily deduce that o (T) is a finite set (A1, ..., An}. The points 
À1, ..., Àn are zeros of finite multiplicities of h, say k1, - - - , kn, respectively, so that 


hO) = Q1 — A98... An — 2)", 


and hence, by Lemma 3.67, 
n 
X =kerh(T) = QD ker(ail —T)*, 


Now suppose that à = Àj for some j and define 


hoa) = [ [G; - »»*. 
izj 
We have 


M :— kerho(T) = Dker(ajl — TY", 
izj 


and if N :— ker(à jI — T)'i then X = MGN and M, N are invariant under AjI—T. 
From the inclusion ker(A;7 — T) € ker(Aj] — T)‘i = N we infer that the restriction 
of A; — T on M is injective. It is easily seen that 


(AjI — T)(kerQI — T)85) = kerQuI — T5, i j, 
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so (;1 — T)(M) = M. Therefore, the restriction of A; 7 — T on M is also surjective 
and hence bijective. Obviously (A; — T)|N)‘i = 0, so, by Theorem 1.119, AJ — 
T is B-Fredholm when 4 belongs to the spectrum, in particular is upper semi B- 
Fredholm, or equivalently essentially left Drazin invertible. a 


From Theorem 3.68 it immediately follows that: 
Corollary 3.69 Every algebraic operator is meromorphic. 


Evidently, every nilpotent operator is algebraic. A less trivial example of an 
algebraic operator is provided by an operator K € L(X) for which a power K” 
is finite-dimensional: 


Corollary 3.70 Let K € L(X) be such that K" is finite-dimensional for some n € 
N. Then K is algebraic. 


Proof K" is a Riesz operator and hence K is also a Riesz operator, by Theorem 3.7, 
part (iv). Therefore, q (AI — T) < oo for all à zz 0. On the other hand, Kn (X)C 
K" (X) for all n € N, and since K"(X) is finite-dimensional it follows that q(K) < 
co. Therefore, by Theorem 3.68, K is algebraic. E 


Now, we want to characterize the operators having a finite-dimensional power 
among the class of all algebraic operators. We first need a preliminary lemma. 


Lemma 3.71 LetT € L(X) and let pı and p» be two relatively prime polynomials. 
Then ker pi(T) € po(T)(X). 


Proof Since p; and p2 are two relatively prime polynomials there exist two 


polynomial q1, q2 such that p1(4)q1(4) + p2(A)q2(A) = 1, so pi(T)qi(T) + 
p2(T)q2(T) = I. Let x € ker pi (T). Then 


x = qo(T) p2(T)x = p2(T)q2(T)x € p2(T)(X). 


Let P denote the set of all polynomials h(A) := ag + ajA + ---anà” with 
an = 1. Operators which have a finite-dimensional power may be characterized in 
the following way. 


Theorem 3.72 Let T € L(X). Then T has a finite-dimensional power if and only 
if T is algebraic and dim ker h(T) < oo for all h € P. 


Proof Suppose that dim T” (X) < oo and set T := T|T"(X). Let v be the 
characteristic polynomial of T, so v(T) = 0 and set vo(A) = A" vo(A). Then 


vo(T)x = T v(T)x = (T) T'x =0 forallx e X. 


From Lemma 3.71, we have ker A(T) C T"(X) for all h € P. Moreover, T is 
algebraic, by Corollary 3.70. 
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Conversely, if dim ker h(T) < oo for all ^ € P and T is algebraic, then 
ker A(T)” is finite-dimensional for all n € N. | 


The operators K for which a power is finite-dimensional may be characterized 
among Riesz operators in the following way: 


Theorem 3.73 Let K € L(X). The following statements are equivalent: 


() K" is finite-dimensional for some n € N; 
(ii) K is Riesz and Drazin invertible; 
(ii) K is Riesz and left Drazin invertible; 
(v) K is Riesz and right Drazin invertible; 
(v) K is Riesz and essentially left Drazin invertible; 
(vi) K is Riesz and essentially right Drazin invertible; 
(vil) K is Riesz and q(K) « oo; 
(viii) K is Riesz and has essential descent qe(K) < oo; 
(viii) K is Riesz and has topological uniform descent. 


Proof (i) => (ii) K is algebraic, by Corollary 3.70. The implications (ii) > (iii) > 
(v) are clear. We show (v) > (i). Suppose that K is Riesz and essentially left Drazin 
invertible. As observed in Remark 1.146, then the restriction K, := K|K"(X) is 
upper semi-Fredholm. But K is a Riesz operator, so the restriction K, is also Riesz, 
by Theorem 3.7, so AJ — K, is upper semi-Fredholm for all A € C. This implies, 
by Theorem 2.126, that K" (X) is finite-dimensional. 

Clearly, (ii) > (iv) > (vi) > (viii), and (ii) 2 (iv) 2 (vii) > (viii). 

We show now the implication (viii) > (ix). Suppose that K is Riesz and qe(K) < 
oo and set q :— qe(K). Then K (X)+ker K^ has finite-codimension in X, and since 
the sequence {K (X) J- ker K") is increasing, we infer that there exists a d > q such 
that K(X) + ker K"*! = K(X) + ker K” for all n > d. Note that the quantity 


K'QO | ua E00. gin KOO me 
im Kx, (X) = dim Kx) + dim KK) ...+ dim EI QD 


is finite for all n d. Note that K"(X) can be viewed as the operator range of the 
restriction K"~¢|K4(X) : KY(X) — K4(X), where K^(X) is provided with the 
range topology. From Corollary 1.7 it then follows that K"(X) is closed in the 
operator range topology of K^(X) for all n > d. Therefore, K has topological 
uniform descent. 

(ix) 2 (1) Suppose that K is Riesz and has topological uniform descent. Then 
K* is a Riesz operator, so K* has the SVEP at every à € C, in particular K * has the 
SVEP at 0. By Theorem 2.98 then K has descent q := q(T) < oo. Consequently, 


the dimension of the quotient space KO ker K7 18 zero and hence the induced 


operator K onX / ker K”, defined by 


K(x +ker K"):— Kx +ker K”, 
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is onto, and hence lower semi-Fredholm. Since K is Riesz, then K is also Riesz, by 
Theorem 3.7, hence AJ — K is lower semi-Fredholm for all à € C. Since the upper 
semi-Fredholm spectrum of an operator acting on an infinite-dimensional space is 
non-empty, see Theorem 2.126, X/ K" (X) is finite-dimensional, and, consequently, 
K" (X) has finite-dimension. | 


Finite-dimensional Banach spaces may be characterized as follows: 


Theorem 3.74 Let X be a Banach space. The following assertions are equiva- 
lent: 


(i) dim X < oo; 
(i) Every T € L(X) has finite ascent; 
(iii) Every T € L(X) has finite essential descent. 
Proof The implications (i) > (ii) => (iii) are obvious. Suppose that X has infinite 
dimension and take an infinite sequence (xn) of linearly independent vectors of X 


and suppose that (fa) is a sequence in X* such that f;(e;) = 9j; for alli, j € N. 
Define 


[o9] 
Ti fx @ ek, 


k=1 


where (Ax) is sequence of non-zero scalars such that the sum 


oo 
XC flll fre Ilex ll < oo. 


k=1 


The sequence (@)m+1,4k) consists of linearly independent vectors of the difference 
ker T7741 V ker 7”, hence T has infinite essential ascent. [| 


Lemma 3.75 Let T € L(X) be essentially left Drazin invertible. Then the operator 
T induced by T on the quotient X/ ker T" is both semi-regular and upper semi- 
Fredholm. 


Proof Clearly, ker T has finite dimension and 
T(X/ ker T") = (T(X) + ker T)/ ker T" = (T " (T"*! (X))/ ker T" 


is closed, so T is upper semi-Fredholm. Now, since ker T N T"(X) = ker T N 
T’*"(X) for all n € N, it is easy to see that ker porle T” (X) + ker T" 
for all n € N. Therefore ker T is contained in the hyper-range of T, thus T is 
semi-regular. a 
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Theorem 3.76 Suppose that T, K € L(X) commutes and that K" is finite- 
dimensional for some n € N. Then we have 


(i) IfT has finite essential ascent then T + K also has finite essential ascent. 
(i) If T is essentially left Drazin invertible then T + K is essentially left Drazin 
invertible. 


Proof 


(i) Suppose that p^(T) < oo and let v :— v(T). Given k > n + v, since T”+k 
maps ker (T + K)* into K” (X) it is clear that 


dim ker(T + K)*/(ker(T + K)* n ker T"*^) < oo. 
Moreover, from 
dim ker(T + K)* /(ker T") < oo, 
we deduce that 
dim ker(T + K)*/(ker(T + K)' n ker T") < oo. 
We also have 
ker T" n ker T" C ker(T + K)f n ker T" C ker T" 
and, since K" is finite-dimensional, we conclude that 
dim ker T" /(ker K” n ker T") < oo. 
From this we obtain 
dim ker(T + K)*/(ker K” n ker T") < oo, 
which implies that p^(T + K) x n +v. 
(ii) By part (1) we have only to prove that if T P«(* (X) is closed then (T + 
K)Pe(T+®)+1(X) is closed. From the equality (3.31) it suffices to prove that 
(T + KY (X) is closed for some k > n + v. Denote by T and K the operators 
induced by T and K on X/T"(X), respectively. By Lemma 3.75 we know that 
T is upper semi-Fredholm and since K is Riesz then K is Riesz, so T + K 
is upper semi-Fredholm. Consequently, (T + K)*(X) + ker T” is closed. To 
conclude the proof, by Lemma 1.6 it suffices to prove that (T +K Y (X)nker T" 


is closed. Note that since (T + K)* maps ker T" into K"(X) we have that 


dim ker T"/(ker (T + K)' n ker T") < oc. 
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Therefore, 
dim (T + K)'(X) n ker T”)/((T + K)*(X) N ker (T + K)* n ker T") < oo. 


Since p*(T +K) < oo it then follows that (T + K)*(X)Nker (T + K)“ is finite- 
dimensional, consequently (T -- K Ju (X) ker T" is also finite-dimensional, in 
particular a closed subspace of X. [| 


Corollary 3.77 Suppose that T, K € L(X) commutes and that K" is finite- 
dimensional for some n € N. 


(i) If T is upper semi B-Fredholm then T + K is also upper semi B-Fredholm. 
(i) If T is lower semi B-Fredholm then T + K is also lower semi B-Fredholm. 


Proof 


(i) As noted in Remark 1.146, T is upper semi B-Fredholm if and only if T is 
essentially left Drazin invertible, so this statement has already been proved in 
Theorem 3.76. 

(ii) Observe that (K*)” is finite-dimensional. Indeed, K” (X) is finite-dimensional 
and hence a closed subspace of X, so, by the annihilator theorem 


dim (K*)" (X*) = dim (ker K")- = dim K” (X). 


Obviously K*T* — T*K*. Now, if T is lower semi B-Fredholm then T is 
essentially right Drazin invertible, hence T* is essentially left Drazin invertible, 
so T* + K* is essentially left Drazin invertible, by Theorem 3.76, and this 
implies that T + K is lower semi B-Fredholm. [| 


A consequence of Corollary 3.77 is that the essential left Drazin spectrum and 
the essential right Drazin spectrum are invariant under commuting perturbations K 
for which K" is finite-dimensional for some n € N. We show now that this is also 
true for the Drazin spectra. 


Theorem 3.78 The Drazin spectra oja(T), oxa(T), and og(T) are stable under 
commuting perturbations K for which K" is finite-dimensional for some n € N. 


Proof Suppose that à ¢ oja(T). Then AJ — T is left Drazin invertible, or 
equivalently, upper semi B-Browder, in particular à — T is upper semi B-Fredholm. 
By Corollary 3.77 it then follows that AJ — T + K is also lower semi B-Fredholm, 
and hence quasi-Fredholm. Now, K is a Riesz operator, since K" is Riesz. From 
p(XI — T) < oo we know that T has the SVEP at A, and hence T + K has the 
SVEP at A, by Theorem 2.129. Since every quasi-Fredholm operator has topological 
uniform descent, then, by Theorem 2.97, the SVEP of T + K at A entails that 
pO — (T + K)) < oo. By Theorem 1.142 we then conclude that AJ — (T + K) is 
left Drazin invertible, i.e., A € o14(T + K). Hence, oa(T + K) € oja(T). 
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By symmetry, the same argument shows that 
oj (T) = ei ((T + K) - K) C oia (T + K). 


Therefore, oja(T + K) = oa (T). 
The stability for the other spectra o;a(T), and oq(T) may be proved in a similar 
way. [| 


Corollary 3.79 If T € L(X) is meromorphic, K € L(X) commutes with T and K” 
is finite-dimensional for some n € N, then T + K is meromorphic. 


The descent spectrum oqgesc(T) (defined as the set of all A € C for which 
q(Al — T) is infinite) is also invariant under commuting perturbations K for which 
there exists a finite-dimensional power, see Kaashoek and Lay [194]. This property 
characterizes those operators, ie., K" is finite-dimensional for some natural n 
precisely when ogesc(T) = Odesc(T + K) for all T € L(X) which commutes with 
K, see Burgos et al. [85]. Bel Hadj Fredj [149] has shown that this characterization 
may be extended to the essential descent spectrum, i.e. K" is finite-dimensional for 
some natural n if and only if the essential descent spectra of T and of T +K coincide 
forall T € L(X) which commutes with K. Analogously, K" is finite-dimensional 
for some natural n if and only if the essential left Drazin spectra of T and of T + K 
coincide for all T € L(X) which commute with K, or, equivalently, the left Drazin 
spectra of T and of T + K coincide for all T € L(X) which commute with K, see 
[150]. By duality, the same statement holds for the right Drazin spectrum. 

It should be noted that the spectra ogw (T), opr(T), Cubw(T) and ojpw(T) are also 
stable under commuting perturbations K for which K" is finite-dimensional for 
some n € N. The proof of this is omitted, see [304]. 

We know that if AJ — T has finite ascent then T has the SVEP at A. The following 
example reveals that this is not true for the essential ascent. 


Example 3.80 It has been noted in Remark 2.64 that the left shift L on LN) fails 
the SVEP at 0. It is easily seen that AJ — L has essential finite ascent for all A € C, 
since ker(AJ — L) = {0} for |AÀ| > 1, and ker (àZ — T) has dimension 1 for all 
|A| « 1. 


We conclude this section by mentioning some recent results on the perturbation 
class of algebraic operators due to Oudghiri and Souilah [254]. Denote by .A(X) the 
set of all algebraic operators on X. 


Lemma 3.81 /f K € L(X) is algebraic and N € L(X) is nilpotent and commutes 
with K, then T + N is algebraic. 


Proof Since K is algebraic we can write X = X4 ®--- ® Xn, where X; = 
ker(A;I] — K)";, where the scalars A; are distinct. All the restrictions Kj; :— 
(Aj — K)|X; are nilpotent, and K = (A; + K1) ®--- (4I + Kn). Moreover, 
every X; is invariant under N. With respect the same decomposition of X we can 
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write N = Ni Q--- 6 Nn. Since every Nj is nilpotent and K; Nj = N;K;j it then 
follows that T; + Nj is nilpotent for every 1 < j < n, so K + N is algebraic. MI 


Let us consider the class of operators P.(A(X)) of all T € L(X) such that 
T + S € A(X) for all $ € A(X) which commute with T. 


Theorem 3.82 We have 
P.(A(X)) = A(X). 


Proof Evidently, P.(.A(X)) € A(X). To show the reverse inclusion suppose that 
K,S € A(X) and SK = KS. Then X = X4 ©--- ® Xn, where X; = ker(AjJ — 
K)"; and A; are distinct. The restriction Ky := (AjI — K)|X; are nilpotent for 
every j — l,...n,and K — Q aol + Kj). Since SK = KS, Xj is invariant 
under S, and with respect to the decomposition above we can write S = $1 ®---@® 
Sn. From this one can easily see that every K; + S; is algebraic, thus K + S is 
algebraic. a 


The class A(X) of nilpotent operators is not stable under small perturbations: 


Lemma 3.83 Let N € L(X) be nilpotent. Then, for every € > O there exists a 
T € L(X) for which |T|| < £ and T ¢ A(X). 


Proof Since N is nilpotent then ker N is infinite-dimensional. Let 0 Z xo € ker N 
and write X = span {xo} ® Xo. Evidently, Xo is a closed subspace. Choose fo € X* 
such that fo(xo) = 1 and fo = 0 on Xo. Let 0 Æ xı € ker N N Xo and write 
Xo = span (x1) ® Xj. In particular, the vectors xo and x, are linearly independent, 
and X = span {xo, x1} ® X4. Hence there exists a linear form fı € X* which 
satisfies 


fi(xi) = ôi; fori 20,1 and fi(x) 20 forx € Xi. 


Note that fo(x1) = 0. Repeating this argument we then obtain two linearly 
independent sets {xn} and ( fn} such that f; (xj) = 6;; for alli, j > 0. Let e > 0 and 
define 


oo 
T := » UnXn+1 Q fas 
n=0 
where the scalars jl satisfy 


oo 
3l lixssa Q fall < 8. 


n=0 
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We have 

(T + K)'xo = Ho Hi +++ Ma-1Xxg. forevery n > 1, 
so the set (T + K y xo} for 0 < j € n is a linearly independent set, and this implies 
that T + K is non-algebraic. L| 


The previous result has a remarkable consequence. 


Corollary 3.84 /f X is a Banach space then X is infinite-dimensional if and only if 
L(X) contains a non-algebraic operator. 


The class of all algebraic operators is not stable under small perturbations: 


Theorem 3.85 Let K € A(X). Then, for every € > 0 there exists a T € L(X) for 
which ||T || < e and T ¢ A(X). Consequently, the interior of A(X) is empty. 


Proof Let K € A(X) and e > 0. Write X = X4 ®--- Xn, where X; = ker(AjJ — 
K)"j, j c 1,..., n and Aj Æ Aj for j Ai. The operators N; = (AjI — K)|X j are 
nilpotent and K — Q (A;I + Nj). Without loss of generality we may assume 
dimX, = oo. Let P € L(X) be the idempotent operator defined as P := 70900 
: - -®0, with respect to the above decomposition of X. By Lemma 3.83 there exists a 
bounded operator T; on X, such that ||; || < || P ||-! and T; + N; is non-algebraic. 
If we set T :— T; 80 @---0, we then have |[T || < £ and T ¢ A(X). a 


Now, let us consider the perturbation class of A(X) defined as 
P(S(X)) := (T € L(X) : T +S € A(X) forall S € A(X)}. 


In the case of Hilbert space operators we have: 
Theorem 3.86 ([254, Theorem 2.1] Jf H is an infinite-dimensional complex 
Hilbert space, then 


P(A(H)) = CI + F(A), 


where F (1) is the ideal of finite-dimensional operators. 


A natural question arises from the previous result: Does the result of Theo- 
rem 3.86 hold for Banach spaces? 


Theorem 3.87 ([254, Theorem 2.1]) Jf H is an infinite-dimensional complex 
Hilbert space, then 


P(A(H)) = CI + F(A), 


where F (HZ) is the ideal of finite-dimensional operators. 
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3.6 Essentially Left and Right Drazin Invertible Operators 


In this section we will give further results concerning the Drazin spectra. To do this 
we first need some preliminary results on essentially left and right Drazin invertible 
operators, which have been defined in Chap. 1. 

Define, as we have done in Chap. 1, 


T"(X) ker T^*1 


(— di $ AS 
cn (T) = dim zy and c, (T) := dim "Aer m 


If the essential ascent pe(T) is finite let us denote by v(T) the smallest positive 
integer k with c, (T) = c, (T) for all n > k. Clearly, pe(T) < v(T). Analogously if 
the essential descent qe(T ) is finite, let L(T) denote the smallest positive integer k 
with c; (T) = c&(T) for all n > k. Clearly, qe (T) < u(T). 


Lemma 3.88 Let T € L(X) be semi-regular. 


(i) Ifker T finite-dimensional then dim ker T" = n dim ker T for all n € N. 
(i) If T (X) has finite codimension then codim T" (X) = n codim T (X) for all n € 
N. 


Proof 


(i) Letn € N. Since ker T"-! C T(X), T isa surjection from ker T" to ker T^-!, 
hence dim ker T" = dim ker T + dim ker T"-!. The statement then follows by 
induction. 

(ii) Let n > 2andlet S : X — X/T"(X) be the operator defined by 


Sx := T" lx + T^(X). 
Since T is semi-regular we have 
ker S = T(X) + ker T”! = T(X), 
consequently the quotient X/ T (X) is isomorphic to T”~!(X)/T"(X). On the 
other hand, we know that X/T"-!(X) x T"-! (X)/ T"(X) is isomorphic to 
X/T"(X), so X/T"-! (X) x X/T(X) is isomorphic to X/ T"(X). Hence 


codim T” (X) = codim T"-! (X) + codim T (X), 


and a successive repetition of this argument easily leads to the equality 
codim T" (X) = n codim T (X) for all n € N. a 


Theorem 3.89 Let T € L(X) be essentially left Drazin invertible. Then there exists 
a ô > 0 such that XI — T is semi-regular for every 0 < |A| < ô. Moreover, 


(i) dimker (AI — T)" = n dim ker T"*!/ ker T" for all n € N. 
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(ii) codim(AI — T)” (X) = ndimT"(X)/T"* (X) forall n € N. 
Analogously, if T has finite essential descent then there exists a ô > 0 such 
that XI — T is semi-regular for every 0 < |A| < 6. Moreover, 
(iii) dimker (AJ — T)" = n dim ker T^*! / ker T" for all n € N. 
(iv) codim(AI — T)"(X) = n dim T" (X)/T"* (X) for all n € N. 


Proof Suppose first that T is essentially left Drazin invertible. By Lemma 3.75 the 
operator T induced by T on Y := X/ker T" is both semi-regular and upper semi- 
Fredholm. From part (iii) of Theorem 1.44, and from the punctured neighborhood 
theorem for semi-Fredholm operators, we then have that there exists a ô > 0 such 
that AT — T is semi-regular and upper semi-Fredholm with 


dim ker (AJ — T) = dim ker T forall |A| < ô. 
Fix à € C such that |A| < 6. We have 


ker (AT — T)” = ker (AI — T)"T”)/ ker T" = (ker (41 — T)” @ ker T")/ ker T", 
(3.30) 


and 
(AT—T)(Y) = ((AI—T)(X)+ker T’)/ ker T" = (AI—T)(X)/ker T”. (3.30 


Consequently, (47 — T)(X) is closed and contains the finite-dimensional subspace 
ker (AI — T) for all n € N. From this it then follows that A7 — T is both semi-regular 
and upper semi-Fredholm. Moreover, by (3.30) and Lemma 3.88, we have 
dim (AI — T)'(X) = dim (AT — T)” (Y) = n dim ker (A7 — T) 
= ndim ker T = n dim ker T"*! /ker T". 


From the continuity of the index we then deduce that 


codim (AI — T)"(X) = codim(Al — T)” (X)/ ker T" = codim(aT — T)" (Y) 
= dim ker (AT — T)” — ind (AT — Ty" 
= n dim ker T — ind (AT — T) 
= n dim ker T — ind (T) = n codimT (Y) 
= ndim X/(T (X) + ker T") = n dim T" (X)/T"*! (X), 
for all n € N. 


Assume the other case that T has finite essential descent g°(T). Define on T^ (X) 
a new norm 


Iyl = [yl] + inf {lix]| : y = T”x} forall y € T^(X). 


3.6 Essentially Left and Right Drazin Invertible Operators 267 


Then the space Y :— 7"(X) equipped with this norm is a Banach space and 
the restriction Tọ :— T(Y) is semi-Fredholm, since the range of Tọ is Tx) 
which has finite codimension in Y = TUu(X). Moreover, since ge(T) < oo, by 
Theorem 1.74 we have 


ker T'AT"(X) = ker TY T"""(X)  foralln €N, 
and so 
ker To = ker T N T"(X) = ker T N T"*"(X) C TY (X) = T (Y), 


which shows that Tọ is also semi-regular. According to Theorem 1.44, let 6 > 0 be 
such that AJ — To is both semi-Fredholm and semi-regular for |A| < 6. We show 
now that, without any restriction on T', we have 


X=QI-TY"+T#*(X) foralane NA #0. (3.32) 


Indeed, the two polynomials A(z) :— (z — A)" and k(z) := z” have no common 
divisors, so, by Lemma 1.13, there exist two polynomials u, v such that 


I =h(T)u(T) +k(T)v(T), 


from which we obtain the equality (3.32). Consequently, by Lemma 3.88, for each 
0 < |A| < 6 we have 
codim (AJ — T)” (X) = dim X/(AI — T)" (X) 
= dim ((T"(X) + (AL — T)"(X))/QI — T)"(X)) 
= dim (T"(X)/(T"(X) à MI — T)” (X))) 
= codim (AI — To)” (Y) = ncodim (AI — To)(Y) 
= ndim T" (X)/T"*! (X). 


In particular, AJ — T is semi-Fredholm. Moreover, for all k € N we have 
ker(AJ — T) = T” (X) A ker (AI — T) = ker(AI — To) 
€ (1 — To) (Y) € Q1 — T) (X), 
so AI — T is semi-regular. It remains to show part (iii). We have 
dim ker (AJ — T)" = ker(AI — To) = ind (AI — To)" + codim (AI — To)" (Y) 
= n [ind (AI — To) + codim (AJ — To)(Y)] 


= n [ind Tọ + codim 7o (Y)] = n dim ker To 
= ndim (T" (X) n ker T). 
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Since T” induces an isomorphism from ker T^*! / ker T onto T^(X) N ker T, it 
then follows that 


dim ker(AJ — T)" = n dim (T"(X) N ker T) = n dim (ker T^*! / ker T^), 


so the proof is complete. [| 


Taking into account the continuity of the index, from Theorem 3.89 we easily 
deduce that a semi-Fredholm operator T' has finite essential ascent if and only if 
T € (X). Note that, if T has a finite essential descent, then there exists a finite- 
dimensional subspace M of X for which X = (AI — T)(X) 9 M for every A 4 0 
sufficiently small. Indeed, arguing as in the second part of proof of Theorem 3.89, 
since 7o is semi-regular and its range has finite codimension, there exists a ô > 0 
and a finite-dimensional subspace M for which 


T"(X) = (A—To)(Y) @M forall |A| < 6. 
Hence, 
X=(AI—-T)(X)+T"(X)=(AI—T)(X)@M_ for0 < |A| < ô. 


Corollary 3.90 Suppose that T € L(X) has finite ascent p := p(T) and that 
TP*!(X) is closed. Then there exists a 8 > O such that for every 0 < |A| < 6 the 
following assertions hold: 


(i) AI — T is bounded below. 
(ii) codim(AI — T)” (X) = n dim T?(X)/T?*!(X) for all n € N. 


Analogously, if T € L(X) has finite descent q := q(T) then there exists a 5 > 0 
such that for every 0 « |A| « à the following assertions hold: 


(i) AI — T is onto. 
(ii) dimker (AJ — T)" — n dim ker T4*! / ker T? for all n € N. 


The essential left Drazin spectrum oT) of T € L(X) is defined as the 
complement of the essential resolvent ascent pig (T). defined as the set of all A € C 
such that A7 — T is essentially left Drazin invertible. In a similar way the essential 
right Drazin spectrum az (T) of T € L(X) is defined as the complement of the set 
p(T), defined as the set of all A € C such that AJ — T is essentially right Drazin 
invertible. Clearly, ou (T) is a subset of oja (T), while om (T) is a subset of oya (T). 


Corollary 3.91 The essential left Drazin spectrum, the essential right Drazin 
spectrum, the left Drazin spectrum and the right Drazin spectrum are compact 
subsets of C. 


Denote by I1(T) the set of poles of T and by pia(T) the set of all à € C such 
that AJ — T is left Drazin invertible. 
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Lemma 3.92 If T € L(X) then 

pi (T) N ðo (T) = p(T) N ðo (T) = I(T), 
and 

ot (T) n 8e (T) = palT) N ðo (T) = (T). 
Proof The inclusion 

I(T) € palT) 3o (T) = pf (T) 9o (T) 


is clear. Now, let Ap € py (T) N ðo (T) be arbitrary and let v :— v(T) be defined as 
before. By Theorem 3.89 there exists a punctured neighborhood U of Ao such that 


dim ker(AI — T) = dim ker(AoJ — T)"*! / ker(AoI — T)", 
and 
codim (AI — T)(X) = dim (AgI — T)”(X)/(ol — T)"*! (x) 
for all A € U. Since U V c (T) is non-empty, we then have 
dim ker(AoJ —T)"*!/ker(AgI — T)" = dim (491 — T)" (X)/(A91 — T)"*! (X) = 0, 


thus Ag/ — T has finite ascent and descent, i.e., Ao is a pole of the resolvent of T. 
The proof concerning essentially right Drazin invertible operators is analogous. W 


Algebraic operators may be characterized in the following way. 
Theorem 3.93 /f T € L(X) then the following statements are equivalent: 


(i) T is algebraic; 
(ii) oa(T) = Ø; 
(ili) oq (T) = 9; 
(iv) 9o (T) N ýT) = Ø; 
(v) exa(T) = 9. 


Proof If T is algebraic then c (T) is a finite set of poles, so AJ — T is left Drazin 
invertible for all A € C. Hence the implications (i) — (ii) — (iii) > (iv) hold. 
Assume (iv). By Lemma 3.92 we have ðo (T) = I(T), and this implies that o (T) = 
ðo (T), so o (T) is a finite set of poles and hence, by Theorem 3.68, T is algebraic. 
Therefore, the statements (1)-(iv) are equivalent. 

(i) & (v) T is algebraic if and only if T* is algebraic. From the first part of the 
proof, T* is algebraic if and only if oj4(T*) = Ø. The equivalence then follows from 
the equality oa (T) = ojg(T*). L 
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As in Chap. 2, set 
S(T) := {A e C: T fails to have the SVEP at A}. 
The next result shows that the left Drazin spectrum and the essential left Drazin 


spectrum coincide if T has the SVEP. 


Theorem 3.94 For every T € L(X) we have oa(T) = o4(T)U S(T). If T has the 
SVEP then oy(T) = oġ (T) € oqq(T?). 


Proof Clearly, o (T) U S(T) € oja(T). The opposite inclusion easily follows from 
Corollary 2.99. Hence if T has the SVEP then oj4(T) = of (T). Let Ao € o4(T*) 
be arbitrary, and suppose that T has the SVEP. Let v := v(AoI — T*), according to 
the definition before Lemma 3.75. From Theorem 3.89 we know that for all A which 
belong to a small punctured open disc centered at Ao, AJ — T*, and hence AJ — T, 
is semi-Fredholm with 
dim ker(AJ — T) = codim (AI — T*)(X*) 

= dim (AgI — T*)”(X*)/(Aol — T*)"*! (x*) 

= dim ker(ApI — T) N (Aol — T)" (X) 

= dim (ker(AgI — T)"*! / ker(AoI — T)"). 


Since T has the SVEP the index of AJ — T is less than or equal to 0, by 
Corollary 2.106. This implies that 


dim ker(AI — T) = dim (ker(AgI — T)"*!/ ker(AoJ — T)") < oo, 


thus Ao ¢ o (T). [| 


In the sequel we will give further results for the products RT and T R of operators 
T, R € L(X). First we need some preliminary results. 


Theorem 3.95 Let T, R € L(X) andi zt 0. Then we have: 


G) p(AI — TR) = pI — RT). 
(ii) q(AI — TR) 2 q(AI — RT). 
Gii) [fn € N then (AI — T R)” (X) is closed if and only if (AI — RT)" (X) is closed. 


Proof 


(i) Let x € ker(AJ — RT)" but x ¢ ker(AJ — RT)"-!. We show that Tx € 
ker (AI — TR)", but Tx ¢ ker (AJ — T R)"-!. Notice that 


(AI — RT)"x =0=TQI — RT)"x = (AI — TR)"Tx, 


and consequently that Tx € ker (AI — TR)”. 
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i) 


(iii) 


Assume now that Tx € ker (AJ — FRY, We have 
Ql —TR)""'!Tx =0=T(lI — RT)" !x, 
where (AJ — RT)"-!x Æ 0. Hence, 


(Al — RTYAI — RT)" !x 202 RTI — RT! x — AGI — RT)" !x 
— AI — RT)! x. 

Since A ¥ 0, this contradicts the fact that (AJ — RT)'-!x + 0. Therefore, 
Tx ¢ ker (A1 — T R)'-! and hence, pO —TR) x p(AI — RT). Ina similar 
fashion we obtain the reverse inequality, so (1) is proved. 

Suppose that y € (AJ — T R)'-! (X) and y ¢ (AI — T R)” (X). We show that 
Ry € (AI — RT)'-K(X) and Ry ¢ (AI — RT)'(X). There exists an x € X 
such that (AJ — T R)'-!x = y, so 


(al — RT)'-! Rx = Ry, 
and 
Ry € (AI — RT)y*-! (X). 
Assume that Ry € (AJ — RT)" (X). Then there exists a z € X with 
(AI —TR)y 2 T(AI — RT)'z — Xy. 


Since y € (AI — T R'-! (X) we have (AI — TR)y € (AI — T R)” (X), hence 
1 
y= 3104 — TR)Tz (AI —TR)y] € (AI — TR)” (X), 


and this is a contradiction. Thus Ry ¢ (AJ — RT)” (X) and consequently, 
q(Al — TR) € q(.I — RT). Similarly, gal — RT) < ql — TR), so (ii) is 
proved. 

Assume that (AJ — T R)'(X) is closed for some n € N. Let y € X such 
that AI — RT)" xk — y as k — oo. Since (AI — RT)'Txy, — Ty and 
(AI — T R)” (X) is closed, there exists a z € X such that Ty = (AJ — T R)"z. 
Now, 


Ay = (AL — RT)y + RTy = (Al — RT)y + ROI — TRy'z 
= (AI — RT)y + (Al — RT)" Rz, 
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thus, y € (AJ — RT)(X) and there exists au € X such that y = (AJ — RT)u. 
From this we obtain 


ày = (AI — RT)y + RTy = (Al — RTYu + (Al — RT)" Rz, 


and y € (AI — RT)? (X). By continuing this argument, it then follows that 
y € (Al — RT)'(X), so (AI — RT)"(X) is closed. The converse follows by 
symmetry. [| 


We now consider the case where A = 0. 


Lemma 3.96 If T, R € L(X) then: 


(i) 
i) 


p(TR) —1 € p(RT) € p(TR) +1. 
q(TR) - 1 < (RT) < q(TR) + 1. 


Proof 


(i) 


i) 


Suppose that p(RT) :— p < oo. We show first that p(T R) — 1 < p. Suppose 
that this is not true, i.e., p(T R) > p + 1. Then there exists a y € ker (T R)P+? 
such that y ¢ ker (T R)P+!. We have 


(RT)? Ry = R(T RP* T Ry = R(T R)?*y = 0, 
and from 
T(RT)? Ry = (TR)! £0 
we obtain that (RT)? Ry # 0. Thus, Ry € ker (RT)??? but Ry ¢ ker (R)S?, 
a contradiction. 

To show that p(RT) < p(TR) + 1, let p(T R) :— p < oo and suppose 
that p(RT) > p + 1. Then there exists an x € ker (RT)?*? such that x é 
ker (RT)?*!. We have 

(T R)''??Tx = T(RT)?*?x 5 0, 
and from 
R(T R?Tx = R(T R)PTx = (RT)*!x £0 
we deduce that (TR)? Tx Æ 0. Thus Tx € ker (T R)?*? and Tx ¢ ker (T R)’, 
which is impossible. Therefore, p(RT) < p(T R) 4 1. 
Let q := q(RT) < co. To show q(RT) < q +1, suppose that q(RT) > q4- 1. 
Then there exists a y € (T R)t*! (X) such that y ¢ (T R)'^?(X). Now, let 


z € X be such that 


y = (TR)t*!z = T(RT) Rz, 
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and consider the element 

u :— (RT) Rz e (RT) (X) = (RT)? (X). 
Then y = Tu, so there exists a w € X such that 

y = T(RT)*?w = (TR)? Tw € (T RÓ*?*(X) 
and this is impossible. Therefore, p(RT) < p(T R) + 1 is proved. 
To complete the proof, suppose that q := q(T R) < oo and that q(RT) > 
q + 1. Then there exists an x € (RT)?*! (X) such that x ¢ (RT)!*?(X). Let 
v € X such that 
x = (RT)!*!y = R(T RTv, 

and set 

t := (T RÓTv € (TRY (X) = (T RO"? (x). 
Then there exists an s € X such that 


x = (R(T R??s = (RT)? Rs € (RT) (X), 


and this is impossible. Therefore, q(RT) <q + 1. [| 


Example 3.97 An elementary example shows that we may have p(T R) # p(RT) 
and q(T R) Z q(RT). Let us consider the 2 x 2 matrices 


— M and R:= oe x 
00 01 

TR = M and RT — 02 ; 
00 00 


and it is easy to check that p(T R) = q(T R) = 2, while p(RT) = q(RT) = 1. 


Then 


Theorem 3.98 Let T, R € L(X). Then the nonzero points of the Weyl spectra, 
or the nonzero points of the Browder spectra, of TR and RT are the same. 
Furthermore, 


oa(T R) = oa(RT), oid(T R) = o1d(RT), o1a(T R) = oja(RT). 
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Proof 'The assertion concerning Weyl spectra is a consequence of Theorem 2.149. 
The assertion concerning Browder spectra is a consequence of Theorem 3.95. The 
assertion concerning the Drazin spectra is a consequence of Theorem 3.95 and 
Lemma 3.96. a 


From Theorem 3.68 we know that T € L(X) is algebraic if and only if og(T) = 
Ø, while T is meromorphic if og(T) C {0}. An easy consequence of Theorem 3.98 
is the following corollary: 


Corollary 3.99 Let T, R € L(X). Then we have: 


(i) TR is meromorphic if and only if RT is meromorphic. 
(i) TR is algebraic if and only if RT is algebraic. 


Lemma 3.100 Let T, R € L(X) andà z 0. Then T (ker (I — RT)) = ker (1—T R). 


Proof Let x € ker (/ — RT),so RTx = x. Then TRTx = Tx, and thus, T (ker (J — 
RT)) € ker (I — TR). To verify the opposite inclusion, suppose that y € ker (J — 
T R). Arguing as above then 


R(ker J — T R)) € ker (I — RT). 


Therefore, Ry € ker (J — RT), and hence y = T Ry € T (ker (1 — RT)). a 


Also the non-zero points of the essential Drazin spectra of RS and SR, 
respectively, are the same: 


Theorem 3.101 /f T, R € L(X) then 
oja (T R) \ {0} = og (RT) \ {0} and og (T R) \ (0) = os (RT) N (0). 
Proof By part (iii) of Theorem 3.95 we have only to show that the essential ascent, 


or the essential descent, of AJ — RT and AJ — TR, with à Æ 0, are equal. We can 
take A = 1. Observe that if for every integer n > 0 we set 


n+l nti 
Un := Ye»( i Jar, 
k=] 
then by direct computation we obtain. 
(—TR)* 2I—TU, and (I— RT = I — U,T. 
Now, by Lemma 3.100 we have 


T (ker (I —U,T)) = ker (I — TU,) foralln €N, 
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ker (I—Un41T) ,. ker(1- TUs41) 
ker CU, T) ker(1—TU;) 
kerT N ker(/ — U541) = {0}, it then follows that $ is an isomorphism, so the 
essential ascent of pe(J — RT) and pe (1 — T R) coincide. 
The assertion concerning the essential right Drazin spectrum is obtained by 
duality. [| 


Recall that, by Theorem 1.125, if F(X) is the ideal of all finite-dimensional 
operators in L(X) and x : L(X) —> £L = L(X)/F(X) is the quotient mapping, then 
T € L(X) is B-Fredholm if and only if z (T) is a Drazin invertible element of the 
algebra £. 


Theorem 3.102 Let T, R € L(X). Then T R is B-Fredholm if and only if RT is 
B-Fredholm. In this case, ind (T R) = ind (RT). Moreover, T R is B-Weyl if and 
only if RT is B-Weyl. 


so the operator S induced by T from is onto. Because 


Proof If T R is B-Fredholm then z (T R) = z(T)z(R) is Drazin invertible in £. By 
Theorem 1.124 then zz (RT) = x (R)z(T) is Drazin invertible in £, or equivalently, 
by Theorem 1.125, T R is B-Fredholm. To show that the indexes of T R and RT are 
the same, recall that, since T R and RT are B-Fredholm, by Theorem 1.117 we have 
that ir — TR and 11 — RT are both Fredholm, for n sufficiently large. Moreover, 


1 1 
ind (T R) = ind (G I— rR) and ind(RT) = ind (G I— RT) ; 
n n 
An obvious consequence of Theorem 2.150 is that 


1 1 
ind (T R) = ind (- I= rR) = ind (- f= ar) — ind (RT). 
n n 
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It is well known that the spectral mapping theorem holds for T, see [179, 
Theorem 48.2], i.e., 


o(f(T) = f(o(T)) forall f € H(o(T)). 


It is natural to ask whether the spectral theorem holds for all, or for some, 
of the spectra previously defined. A straightforward consequence of the Atkinson 
characterization of Fredholm operators shows that the spectral mapping theorem 
holds for the essential spectrum o¢(T), i.e. 


f(Ge(T)) = oe(f(T)) forall f € ?t(o (7). 
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We have 
op(T)) = oe(T) U acco (T). 


Indeed, o; (T) € op(T), and acco(T) € op(T), since every A ¢ op(T) is an 
isolated point of the spectrum. Conversely, if à € o&(T) U acco (T), then either 
AI — T ¢ (X), ord d isoc (T), and in both cases AJ — T cannot be Browder. 
An analogous argument shows the following two equalities, just take into account 
Theorem 2.101: 


Ou (T)) = ous(T) U accoay(T) and oj (T)) = aisr(T) U acc os (T). 


From the analyticity of the function f € H(o(T)), it is easily seen that 
f (aec a (T)) = acc (f (o (T)). Therefore, 


f (ow(T)) = f(T) U acco (T)) = f(oe(T)) U f (aco (T)) 
= oe(f(T)) U acc (f (a (T)) = ov Cf (T)), 


so the spectral mapping theorem also holds for the Browder spectrum. 
The following example shows that the spectral theorem in general does not hold 
for the Weyl spectrum oy (T). 


Example 3.103 Let T := R ® (R* + 21), where R is the right unilateral shift in 
L? (N). Then R* is the left unilateral shift in £? (N). Set f (A) :— (A(A — 2). Then 


f(T) =T(T —21) = [R 6 (R* -2D][R — 21] 6 R*. 


Since ind (R) = —1, and both R* + 27, R — 21) are invertible, it then follows that 
T as well as T — 2I are Fredholm, ind(T) = —1 and ind (T — 27) = 1. We have 


ind f (T) = ind(T) + ind (T — 27) = 0, 


so f (T) is Weyl, hence 0 ¢ oy (f (T)), whereas 0 = f (0) € f (ow(T)). 


The last example shows that the notion of Weyl spectrum does not derive from 
the notion of invertibility in some algebras, since in this case the spectral mapping 
theorem holds for all polynomials, see Dieudonné [110]. 

However, we show now that the spectral mapping theorem holds for many other 
kinds of spectra which originate from Fredholm theory. To do this, we briefly outline 
an axiomatic theory of the spectrum, in particular we introduce the concept of 
regularity. This concept may be introduced in the more general context of Banach 
algebras. 

Let A be a unital Banach algebra with unit u, and let us denote by inv A the set 
of all invertible elements. 
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Definition 3.104 A non-empty subset R of A is said to be a regularity if the 
following conditions are satisfied: 


G) aeR e a" e R for all n EN. 
(ii) If a, b, c, d are mutually commuting elements of A and ac + bd = u then 


abeReacRandb c R. 


Denote by inv A the set of all invertible elements of A. It is easily seen that if R 
is a regularity then u € R and invA C R. Moreover, if a, b € A, ab = ba, and 
a € inv A, then 


abe RSDeER. (3.33) 
In facta a^! + b0 = u, so property (ii) above applies. 
It is easy to verify the following criterion. 
Theorem 3.105 Let R 4 Ø be a subset of A. Suppose that for all commuting 
elements a, b € A we have 


abe RSaecRandbeR. (3.34) 


Then R is a regularity. 
Denote by 


ogla) := {à E C: àu —a ¢ R} 


the spectrum corresponding to the regularity R. Obviously, inv A is a regularity 
by Theorem 3.105, and the corresponding spectrum is the ordinary spectrum. Note 
that or (a) may be empty. For instance, if A := L(X) and R = L(X), orif T € 
L(X) is algebraic and R is the set of all Drazin invertible operators (see below). 
Indeed, oa (T) is empty since the spectrum is a finite set of poles, by Theorem 3.68. 
In particular, oa(N) = Ø for every nilpotent operator N, since N is algebraic. In 
general, og (a) is not compact, and og (a) C o (a) for every regularity R anda € A. 
The proof of the following result is immediate. 


Theorem 3.106 The intersection R of a family (Ra)q of regularities is again a 
regularity. Moreover, 


ogla) = U og, (a), acA. 


The union R of a directed system of regularities (Ry), is again a regularity. 
Moreover, 


ogla) = N og, (a), acA. 
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Let Hnc(o(a)) denote the set of all analytic functions, defined on an open 
neighborhood of o (a), such that f is non-constant on each of the components of 
its domain. 


Theorem 3.107 Suppose that R is a regularity in a Banach algebra A with unit u. 
Then og( f (a)) = f (og(a)) for every a € A and every f € Hnc(a(a)). 


Proof It is sufficient to prove that 


u € og Cf (a)) & nu € f (on(a)). (3.35) 


Since f(A) — u has only a finite number of zeros A1,..., A, in the compact set 
o (a), we can write 


SA) — w= (AA) A= An) > 8A), 


where g is an analytic function defined on an open set containing o (a) and g(A) 4 0 
for A € o (a). Then 


f(a) — pu = (a — Mu)” +++ (a — Anu)" - g(a), 


with g(a) invertible by the spectral mapping theorem for the ordinary spectrum. 
Therefore, (3.35) is equivalent to 


fliaj-pwueRSa—-dueR _ forallk =1,...n. (3.36) 


But g(a) is invertible, so, by (3.33) and by the definition of a regularity, the 
equivalence (3.36) holds if and only if 


(a—Ayu)"! --- (a—ànu)™ ERS (a —A4)* ER forallk=1,...n. (3.37) 


To show (3.37) observe first that for all relatively prime polynomials p, q there exist 
polynomials pı, qı such that pp; +qq1ı = 1 and we have p(a)pi(a) - q(a)qi(a) = 
u. Applying property (ii) of Definition 3.104 we then obtain, by induction, that the 
equivalence (3.37) holds. a 


In the assumptions of Theorem 3.107 the condition that f is non-constant on 
each component cannot dropped. In fact, the spectral mapping theorem for constant 
functions cannot be true if og (a) = Ø for some a € A and 0 £ R. 

Now we give, in the case of A = L(X), a criterion which ensures that the spectral 
mapping theorem holds for all analytic functions f € H(o(T)), defined on an open 
neighborhood of o (a). Let us consider a regularity R(X) € L(X) and let Xj, X2 
be a pair of closed subspaces of X for which X = X4 ® X». Define 


R! := (Tj € L(X)) : Tj 6 Ix, € R} 
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and 
R? := {T> € L(X2) : Ix, 6 T) € R}. 


It is easy to see that if X; Z 0, both R! and R? are regularities in L(X1) and L(X2), 
respectively. Now, assume that a regularity R satisfies the following condition: 


Og (71) Z Ø for all Tj € L(X1) and Ry Z L(X|). (3.38) 
It is easily seen that if R satisfies the condition (3.38) then we have 
or(T) = og (T1) U og2 (75). (3.39) 


The proof of the following result may be found in [243, Chapter 6]. 


Theorem 3.108 Let R be a regularity in L(X), and suppose that for all closed 
subspaces X| and X», X = X, Q Xo, such that the regularity R! Æ L(X|) and 
ogi (Tı) Z Ø for all Ty € L(X4). Then 


or(f(T)) = for(T)) 


for every T € L(X) and every f € H(o(T)). 


In many situations a regularity decomposes as required in Theorem 3.108. For 
instance, if R :— (T € L(X) : T is onto} and X = X, Q X» then Ri = (T; € 
L(X;) : T; is onto}, i = 1, 2, and T; Q T» is onto if and only if Tj, T» are onto. Thus 
the spectral mapping theorem for all f € H(o(T)) is reduced, by Theorem 3.108, 
to the question of the non-emptiness of the spectrum. 

The axioms of regularity are usually rather easy to verify and there are many 
classes of operators in Fredholm theory satisfying them. An excellent survey 
concerning the regularity of various classes of bounded linear operators in Banach 
spaces may be found in Mbekhta and Müller [235]. 

In the sequel we just list some of these classes. Let us consider the following 
sets: 


(1) Ri := (T € L(X) : T is bounded below}. In this case og, (T) = Oap(T). 

(2) R2 := (T € L(X) : T is onto}. In this case og, (T) = os(T). 

(3) R3 := (T € L(X) : T € ®(X)}. In this case og, (T) = o¢(T) is the essential 
spectrum. 

(4) R4 := (X). The corresponding spectrum is the upper semi-Fredholm 
spectrum Oyst(T), also known in the literature as the essential approximate 
point spectrum. 

(5) Rs :— 4o. (X). The corresponding spectrum is the lower semi-Fredholm 
spectrum ojsf(T), also known in the literature as the essential surjective 
spectrum. 
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(6) Re :— B,(X). The corresponding spectrum is the upper semi-Browder 
spectrum oup (T). 
(7) R7 := B_(X). The corresponding spectrum is the lower semi-Browder 


spectrum ojp(T ). 
(8) Rg := B(X). The corresponding spectrum is the Browder spectrum oj (T). 
(9) Ro :— (T € L(X) : T is semi-regular}. In this case og, (T) is the semi-regular 
spectrum, also known as the Kato spectrum. 

(10) Ryo :— (T € L(X) : T is essentially semi-regular}. In this case og, (T) is the 
essentially semi-regular spectrum. 

(11) The complemented version of semi-regular operators is given by Saphar 
operators. A bounded operator T € L(X) is said to be Saphar if T is both 
semi-regular and relatively regular (i.e. there exists an S € L(X) such that 
TST = T), see for details [274] or [245, Chapter II]. Obviously, in a Hilbert 
space, since every closed subspace is complemented, 7 € L(H) is Saphar if 
and only if T is semi-regular. If 


Ry := (T € L(X) : T is Saphar}, 


the corresponding spectrum oR,, (7) is called the Saphar spectrum. 

(12) Riz := (T € L(X) : T is Drazin invertible}. In this case og, (T) is the Drazin 
spectrum. 

(13) Riz := (T € L(X) : T is left Drazin invertible}. In this case og, (T) is the 
left Drazin spectrum. 

(13) Rig := (T € L(X) : T is right Drazin invertible}. In this case og, (T) is the 
right Drazin spectrum. 

(14) Ris := (T € L(X) : T is essentially right Drazin invertible}. In this case og, 
is the essential right Drazin spectrum. 

(15) Rig := (T € L(X) : T is essentially left Drazin invertible}. In this case og, 
is the essential left Drazin spectrum. 

(16) R5; := (T € L(X) : T is quasi-Fredholm]. In this case the spectrum oR,, is 
the quasi-Fredholm spectrum o; (T). 

(17) Rjs := (T € L(X) : T has topological uniform descent}. 


All the sets R;, i = 1,2, ..., 18 are regularities. 
Theorem 3.109 /f T € L(X) and f € H(a(T)) then 


eg, (f(T)) = f(or,(T)) foralli — 1,2,..., 10. 


Moreover, if the function f is non-constant on each component of its domain of 
definition then 


og (f(T)) = flor (T))  foralli =11,..., 18. 


Proof All the regularities R; satisfy the conditions of Theorem 3.108, see Chap- 
ter III of [243]. a 
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The spectral mapping theorem for the Drazin spectrum entails the following 
result: 


Corollary 3.110 If T € L(X) is meromorphic and f € Hnc(o(T)) such that 
f) = 0 then f (T) is meromorphic. The converse is true whenever f vanishes 
only at 0. 


Proof If T is meromorphic then og(T) € {0}, so oa(f(T)) = f(ea(T)) € 
f((0)0 € {0}, hence f(T) is meromorphic. Conversely, assume that f(T) is 
meromorphic and that f vanishes only at 0. Then f(oa(T)) = oa(f(T)) € {0}, 
from which we obtain oa(T) C {0}. [| 


We have already seen that, for some i, for the products TR and RT we have 
Og, (TR) \ {0} = or, (T R). This may be extended to every regularity R; for 1 <i < 
16. More precisely, we have; 


Theorem 3.111 Let T, R € L(X). Then og,(T R) V (0) = on, (T R) V {0} for every 
1 <i x 18. Furthermore, for the B-Fredholm spectrum and the B-Weyl spectrum 
we have 


Optí(T R) = ogw(RT) and opw(TR) = og (RT). (3.40) 


For a proof, see Zeng and Zhong [303] and [301]. The equalities (3.40) are clear 
from Theorem 3.102. 

We have already observed that the spectral mapping theorem does not hold for 
the Weyl spectrum. In order to give some sufficient conditions for which the spectral 
mapping theorem holds for the Weyl spectra we introduce the abstract concept of a 
®-semigroup. 

Let A be a complex Banach algebra with identity u and J a closed two-sided 
ideal of A. Let ¢ be the canonical homomorphism of A onto A :— .A/.7. Let us 
denote by G the group of all invertible elements in A. 


Definition 3.112 An open semigroup S of A is said to be a ®-semigroup if the 
following properties hold: 


(i) Ifa, b e Aandab = ba € S thena € Sandbe S; NEN 
(ii) There exists a closed two-sided ideal 7 and an open semi-group R in A= 
A/I such that G C R, R \ G is open and S = $7! (R). 


Evidently, any ®-semi-group S contains all invertible elements of A and SJ C 
S. 

For every a € S let us denote by S4 the component of S containing a. If b € J 
and 


r :={a+tb:0<t< 1} 
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is a path joining the two elements a and a + b then the inclusion S + J € S implies 
that T C S. From this it follows thata+ 7 C Sa. This also implies that S = S| US2, 
where Sı and 5$» are open disjoint subsets of S, so S; + J € S; fori = 1,2. 

The index on a ®-semigroup S is defined as a locally constant homomorphism 
of J into N. Evidently, if i : S — N is an index, then 


i(a--b)—i(a) forallacS,beJZ. 


The sets P(X), P4 (X) and ®_(X) satisfy condition (1) of Definition 3.112. The 
Atkinson characterization of Fredholm operators establishes that ®(X) = $^! (G ), 
where G is the set of all invertible elements of A := L(X)/K(X), so ®(X) 
also satisfies condition (ii) and hence is a ®-semigroup of A = L(X). Since the 
canonical homomorphism ó is an open mapping, it follows that (X) and ®_(X) 
are also ®-semigroups of A := L(X)/K (X). 

For every a € A and a ®-semigroup S of A let us consider the spectrum 
generated by S: 


osla) := {à € C: ìu—a ¢ S}. 


The following result establishes an abstract spectral mapping theorem for spectra 
generated by ®-semigroups. A proof of it may be found in [1, Theorem 3.60]. 


Theorem 3.113 Let A be a Banach algebra with identity u and S any ®- 
semigroup. Suppose that i : S — N is an index such that i (b) = 0 for all b € inv A. 
If f isan analytic function on an open domain D containing o (a), then the following 
statements hold: 


(i) f(a) € S if and only if f(A) # 0 for all à € os(a); 
ü) as Cf (a)) = f(os(a)). 

An immediate consequence of Theorem 3.113 is that the spectral mapping 
theorem holds for the Fredholm spectrum o¢(T), for the upper semi-Fredholm 
spectrum our(T ), and for the lower semi-Fredholm spectrum oyr(T), since (X), 
P(X) and e. (X) are e-semigroups. 

Let a € Aand S be a ®-semigroup of A with an index i. For every n € N let us 
define 


—(X€o(T):i(Xu—a)-n). 


A proof of the following may be found in [1, Lemma 3.62]. 


Lemma 3.114 Suppose that f (a) € S and let o, be the number of zeros of f on 
Qn, counted according to their multiplicities, ignoring components of Qn where f 
is identically 0. Then 


i(f (a) = Yo non. (3.41) 
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For the Weyl spectra we have, in general, only the following inclusion: 


Theorem 3.115 Let T € L(X) be a bounded operator on the Banach space X. If 
f € (o (T), then the following inclusions hold: 


© 
i) 
(ii) 
v) 


f(sr(T)) € ost Cf CD); 
owCf(T)) € f(ow(T)); 
Ouw(f(T)) € f (uw (D); 
owl fT) € f w(T)). 


Proof 


(i) 


(ii) 


(iii) 


We have 


osf T) = eu f(T) 9 our f(T) = gf Gar(T)) N fGnr(T)) 
2 flour(T) N (ai(T)] = f (osrCT)). 


U 


For every n € N define 


$,(X) := (T € 6(X) : indT =n}, 


and 
Qn := {A E C:I —T e 6,(X)). 
Evidently 
ow(T) = (T) U | (] |- (3.42) 
n#0 


Now, let u ¢ f (ow(T)) be arbitrary given. Then u — f(A) has no zeros on 
Oy (T), and in particular has no zero on o¢(T). From part (i) of Theorem 3.113, 
applied to the -semigroup ®(X), we then conclude that u — f(T) € B(X) 
and 


ind (ul — f(T)) = Yo nan, 
nz 


where o; is the number of isolated zeros of w— f (A) on Qna, counted according 
to their multiplicities. From the equality (3.42) we deduce that a, = 0 for every 
n # 0. Therefore, ind (ul — f (T)) = 0 and hence u ¢ ow(f (T)). 

We consider first the case when f is non-constant on each of the components 
of the domain of f. Let à € oy (f (T)). Write 


AI — f(T) = HP (uil — ThT), 
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where the scalars u; are different and A(T) is invertible. Then for some j, 
1 < j < n, we have uj € ow (T). Hence à = f(uj) € f (ouw(T)), so Gii) is 
proved in this case. 

Suppose now that f € H(o(T)) is arbitrarily given, and let A € ouw f ((T)). 
If g(z) := X — f(z) then g is defined on an open set U = U1 ULt», with U1 and 
Uh open, U1 NU2 = Ø, with 


01 :— o(T) M 4G, a :=a(T) NU z 0, 


and g = 0 on U1, g| non-constant on an open set containing o». Let P 
be the spectral projection associated with o2, and set T; :— T|ker P and 
T) := T|P(X). From the spectral canonical decomposition we then have 
X — ker P @ P(X) ando (T;)) = oj, i = 1,2. 

Assume that à ¢ f(ouw(T)). Then A ¢ f(our(T)) = our(f(T)), since the 
spectral mapping theorem holds for the upper semi-Fredholm spectrum and 
Out(T) € ous (T). Hence AJ — f (T) € 6, (X), and according to Lemma 3.114 
we have 


ind g(T) = Y ^ non, 
nz 


where o, is the number of zeros of g on Qn. Since 


du (T) = og T)U {|| Oat, 


n0 


and à ¢ f(ouw(T)) it then follows that 


ind (g(T) = 5 nan < 0. 


n<0 


Hence à ¢ ouw (f (T)), so (iii) is proved. 


(iv) Proceed by duality. [| 


It is already noted that the equality o (f (T)) = f (ow(T)) in general does not 
hold. The following example shows that also in (1) of Theorem 3.115, the equality, 
in general, is not satisfied. 


Example 3.116 Letus consider an operator T € L(X), X a Banach space, for which 
(I + T)CX) is closed and that is such that 


a(I-c-T)«oo pg(Il-c-T)-—oo, oa(1—T)-—oco, p(I1—T)«oo. 


Clearly I +T € 6, (X) and] — T € ®_(X), so {1, —1) € osr(T). Define 


g(a) := (0. +A) — 2). 
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Then a(g(T)) = B(g(T)) = oo, thus 0 € osr(g(T)). On the other hand, it is clear 
that O ¢ g(os¢(T)). This shows that the equality (i) of Theorem 3.115 does not hold. 


Let p,(T) denote one of the following resolvent sets p(T) := C \ of(T), 
put(T) := C \ our(T), por(T) = C \ ove(T), and pupr(T) :— C \ oupr(T). 


Definition 3.117 Let T € L(X). We say that T has stable sign index on p(T) if 
for every A, y € p(T) the sign of ind(AJ — T) and the sign of ind(uwJ — T) are the 
same. 


Remark 3.118 Recall that, by the index theorem (see Appendix A) if T, S € (X) 
then TS € ®(X) with ind TS = ind T + ind S. Hence if T, S are Weyl operators 
then T S is Weyl. Moreover, if TS = ST then TS € (X) if and only if T and S 
are Fredholm. Analogously, if T, S € P4 (X) then ST € 6,(X). If TS = ST and 
ST € ®,(X) then both T and S belong to o. (X). 


Theorem 3.119 Let T € L(X). Then the spectral mapping theorem holds for 
Ow(T) if and only if T is of stable sign index on the Fredholm region p(T). 
Analogously, the spectral mapping theorem holds for Oyy(T) if and only if T is 
of stable sign index on the upper semi-Fredholm region pys(T). 


Proof To prove the first assertion, suppose that T is of stable sign on p(T). To show 
that the spectral mapping theorem holds for oy, (T) we have only to prove, by part 
(i) of Theorem 3.115, the inclusion 


f(ow(T)) € ow(f(T)). (3.43) 


Assume first that f is not identically zero in any component of its domain. Let 
g(z) :— à — f(z) and write g(z) = u(z)h(z), where h has no zeros in o (T) and 
p) := II? 4; — A)", ki the multiplicity of Aj. Then g(T) = Al — f(T) = 
p(T)h(T), where A(T) invertible. Suppose that à ¢ ow(f(T)). Then p(T) is 
Weyl and hence all 4;7 — T are Fredholm operators for all i = 1,...,”. Clearly, 
indh(T) = 0, so we have 


0 = ind g(T) = ind p(T) + ind A(T) = X kind Qil- T). 


i=l 


Since T is of stable sign on p¢(T), ind (4j] — T) = O for every i = 1,...,n, so 
ài € ow(T), and consequently à ¢ f(ouw(T)). Therefore the inclusion (3.43) is 
shown in this case. 

In the general case, g is defined on an open set U = Uy U Lf», where U and 
Uh are two disjoint open sets, g = O0 on U; and g is not identically zero in any 
component of U2. Thus o (T) is the union of two disjoint compact sets o; C Ui, 
i = 1,2. If P is the spectral projection associated with o2 and we set X, :— ker P, 
X2 :— P(X), Ti := T|Xi, by the spectral decomposition theorem we have X = 
X4 ® X2 and o (T;) = oj, i = 1,2. But g = 0 on o1, so g(T1) = 0, thus g(T) = 
0 9 2(12) and g(T) = g(T)P = Pg(T). Further, P is a Weyl operator if and only 
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if dim X, < oo and this is equivalent to saying that o is a finite set consisting of 
eigenvalues of T of finite multiplicity. Hence, P is Weyl if and only if o, (T) N 
U, = Ø. Since codim P(X) = dim ker P, and taking into account Remark 3.118, 
we then conclude that g(T) is a Weyl operator if and only if both P and g(72) 
are Weyl operators. These arguments then show that A € f (os (T) precisely when 
à € ow( f (T)). Therefore, the inclusion (3.43) is proved for every f € ?1(o (T)). 

Assume now that the spectral mapping theorem holds for oy (7) and that T is not 
of stable sign on p¢(T), i.e., there are A], 42 € p(T) such that 417 — T and251 — T 
are Fredholm operators with ind (417 — T) > 0 and ind (457 — T) < 0. Put 


mı := ind (411 — T), 
and 
m» := —ind QI — T). 


Let us consider the polynomial p(A) :— (A, — A)? (A5 — AX)"!. Then u(T) is 
Fredholm, with 


ind p(T) = mimo + m»(—m1) = 0, 


thus 0 ¢ ow(p(T). Because A; € ow(T) we have 0 = p(dA1) € plow(T)) = 
Ow(p(T)) since, by assumption, the spectral mapping theorem holds in the particu- 
lar case of polynomials. This is a contradiction, so the proof of the first assertion is 
complete. 

The proof of the second assertion is similar and it is omitted. a 


A closer look at the proof of Theorem 3.119 shows that T is of stable sign index 
in p(T) if and only if ow(f (T)) 2 f(ow(T)), and, similarly, T is of stable sign 
index in puf(T) if and only if ou Cf (T)) 2 f(ouw(T)). 

By Corollary 2.106, if T or T* has the SVEP then T is of stable sign index on 
p(T) and put(T). 


Corollary 3.120 Let T € L(X) be such that either T or T* has the SVEP. Then 
the spectral mapping theorem holds for the Weyl spectrum ow(T) and the semi-Weyl 
spectra oww (T), oi (T). 


The spectral mapping theorem for the Weyl spectra also holds if the function 
f € (o (T)) is injective: 
Theorem 3.121 Let T € L(X) and suppose that f € H(o(T)) is injective on 
Ow(T). Then ow( f (T)) = f (ow(T)). a 


Proof By part (ii) of Theorem 3.115 we need only to prove the inclusion 
ow(f(T)) € f(ow(T)). Suppose that wo € f(ow(T)) and let 4o € ow(T) 
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such that uo = f (Ao). Define g € H(o(T)) in the same domain of F as 


fo) -— f Qo . 
MOUSE a= if à Æ do, 
f' (Ao) if à = Ao. 


Since f is injective on oy (T), the function g does not vanish on ow(T), hence 
0 ¢ g(oy(T))). By part (ii) of Theorem 3.115 we then have that 0 ¢ ow(g(T))) so 
g(T) is a Weyl operator. Since g(T)(Ao/ — T) = mol — f(T) and Aol — T is not 
a Weyl operator, it then follows, see Remark 3.118, that wol — f(T) is not Weyl. 
Thus uo € f (ow(T)). | 


Analogous results to those established in Theorems 3.115 and 3.119 may be 
established for B-Weyl spectra. The arguments for proving these results are rather 
similar to those used in Theorems 3.115 and 3.119. In the following theorem we 
only enunciate these results. 


Theorem 3.122 Let T € L(X) and f € H(o(T)). Then we have 


Q) obw CF(T)) € f (ow (T)). 
(i) Oubw(f(T)) € f (ubw(T)). 


Moreover, T is of stable sign index on pp¢(T ) if and only if the spectral mapping 
theorem holds for ow,(T) for every f € Hnc(a(T)). Analogously, T is of stable 
sign index on Pupe(T) if and only if the spectral mapping theorem holds for oww (T) 
for every f € Hnc(o(T)). 


Again by Corollary 2.106, if T or T* has the SVEP then T is of stable sign index 
on f(T) and pupr(T ), so we have: 


Corollary 3.123 Let T € L(X) be such that either T or T* has the SVEP. Then the 
spectral mapping theorem holds for the Weyl spectrum opy(T) and the semi-Weyl 
spectrum Oypw(T) for every f € tc(o(T)). 


The following examples of operators show that the condition f € 754. (o (T)) 
cannot be dropped in Corollary 3.123. 


Example 3.124 Let R denote the unilateral right shift on €2(N) and f = 0. 
Since R has the SVEP, R has stable sign index on oj, (R). We have og, (R) = 
a(R) = DOO, D, o Cf (R)) = {0}, obw(f(R)) = Ø while f(opw(R)) = {0}. Hence, 
pwl f (R)) does not contain f (op, (R)). 

Let L be the unilateral left shift on £2(N) and f = 0. Then L = R’ and R 
has stable sign index on oj, CL). We have opw(L) = oww(L) = o (L) = DOO, 1), 
c Cf(L)) = {0} while ou Cf (L)) € oy, CF (L)) = Ø. Since f(euww(L)) = {0}, 
Oubw(f (L)) does not contain f (oup (L)). 
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An obvious consequence of Theorem 3.109 is that if T € L(X) is invertible and R 
is a regularity then 


og(T-l) = h :A€ zm (3.44) 


Indeed, if T € L(X) is invertible then 0 ¢ o (T). Consider the function f(A) = 
i defined on an open neighborhood U of c (T) which does not contain 0. Then 
f(T) = T-!, so, by Theorem 3.109, the equality (3.44) follows. 

A similar relation of reciprocity holds for the Drazin inverse. 


Theorem 3.125 Let R be a regularity in L(X) which satisfies the condition (3.38). 
Let R € L(X) be a Drazin invertible operator with Drazin inverse S. If R is not 
invertible or nilpotent, then 


oR(S) \ 0 = {1/A : à € en(R) V (05. 


Proof Let R be Drazin invertible, with Drazin inverse S. Suppose that 0 € o (R) 
(and hence 0 € o(S)) and that R is not nilpotent. Then in the decomposition X = 
Y@Z, Ri = R|Y, Ro = R|Z, with R; nilpotent and R» invertible, we have Y Æ {0} 
and Z Æ {0}. If R is a regularity in L(X), let R! and R° be as in (3.38). Since R 
is nilpotent and, by assumption, og1(R1) Z Ø, opi (Ri) = {0}, while 0 ¢ ogz(R2), 
since 0 ¢ o(R2). Therefore, from the equality (3.39) we have 


OR(R) = op1(R1) U ogz (R2) = {0} U og2 (R2), 


and hence og (R) \ {0} = ogz (R2). Analogously, og (S) V {0} = og2(S2). In view of 
the equality (3.44), we then have 


1 
or(S) \ {0} = op2(S2) = l SA medio] 


= fi ireo, 


as desired. E 


Theorem 3.126 Suppose that R € L(X) is Drazin invertible with Drazin inverse 
S. Then we have 


(i) R is Browder if and only if S is Browder. 
(i) op(S) V {0} = (5: : A € oy (R) V (0H. 
(ii) eus (S) V {0} = (5 : A € ou (R) \ {O}}. 
Qv) em (5) V {0} = (x : 4 € ei (R) \ {0}. 


pe. 
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Proof 


(i) 


i) 


(iii) 


(iv) 


If 0 d o(R) then R is invertible and the Drazin inverse is S = R-! so the 
assertion is trivial in this case. Suppose that 0 € o (R) and that R is Browder. 
Then 0 is a pole of the resolvent of R and is also a pole (of the first order) of 
the resolvent of S. Let X = Y @ Z such that R = Rı ® Ro, Ri = RIY is 
nilpotent and R2 = R|Z is invertible. Observe that 


ker R = ker R; @ ker R» = ker R; @ {0}, (3.45) 
and, analogously, since S$ = 0 ® S2 with $5 = Ro~!, we have 
ker S = ker 06 ker Sp = Y @ {0}. (3.46) 


Since R is Browder we have a(R) = dim ker R < co, and since ker Ry C 
ker R it then follows that «(R1) < oo. Consequently, w(R}) < oo for all 
n € N. Let R? = 0. Since Y = ker Rj we then conclude that the subspace 
Y is finite-dimensional and hence ker S = Y @ {0} is finite-dimensional, i.e. 
a(S) « oo. Now, S is Drazin invertible, so p(S) = q(S) « oo and hence, by 
Theorem 1.22, a (S) = (S) < co. Hence S is Browder. 

Conversely, suppose that S is Browder. Then a(S) < oo and hence by (3.46) 
the subspace Y is finite-dimensional from which it follows that ker Rj = 
ker R|Y is also finite-dimensional. From (3.45) we then have that a(R) < co 
and since p(R) = q(R) < oo we then conclude that a(R) = 8(R), again by 
Theorem 1.22. Hence R is a Browder operator. 

The class of Browder operators is a regularity and the spectrum og (T) is non- 
empty for all T € L(X). Hence from Theorem 3.125 we have: 


1 
a(S) V {0} = li : À € (S) \ i] : 


Also the class of upper semi-Browder operators is a regularity and the spectrum 
Oyp(T ) is non-empty for all T € L(X). Again from Theorem 3.125 we have 


1 
Ow (S) V {0} = l >A € ew (S) \ o) . 


Proceed by duality. [| 


Corollary 3.127 Ifa Drazin invertible operator R € L(X) is a Riesz operator then 
its Drazin inverse is also Riesz. 


Proof Since X is infinite-dimensional and R is Riesz, op(R) = {0}. Suppose that 
the Drazin inverse S is not Riesz. Then there exists a 0 zz à such that A € og (S). 
From part (ii) of Theorem 3.126 then i € op(R), a contradiction. | 


290 3 Essential Spectra Under Perturbations 


Theorem 3.128 Let X Æ 0. 
i) If T € L(X) is invertible then 


k 
1 
(Ql —T)(X) = (s = s (X) for all k € N. 
Gi) If R is Drazin invertible with Drazin inverse S then 
1 k 

ker (AI — S)* = ker G — R) forallk € N. 

(ii) If R is Drazin invertible with Drazin inverse S then 
1 k 
(Al — S)K(X) = (s! = n) (X) for all k € N. 


(iv) If R is Drazin invertible with Drazin inverse S, then x is a pole of the resolvent 
of R if and only ifi is a pole of the resolvent of S. 
(v) If R is Drazin invertible with Drazin inverse S, then 


Ho(Al — S) = Ho (5! ES n) 


Proof 
(i) Let y = (AI — T)*x. Then 


1 k 1 E pu 
apap Tx = TF] x—l|-—- y, 
À À À 
so (AI — TY'(X) € GI — T- Y (X). The reverse inclusion follows by 


symmetry. 
(ii) It suffices to show that ker (AI — T)* C ker(11— T~!)* Letx € ker (AI — TY. 


Then (AJ — TY x = 0, so 
üeg-buar-TY*xeogr--qgo 


and hence x € ker(+/ = TDK. 
Gii) Let X = Y ® Z, R= Rj ® R2 and S = 0 @ S5 with $5 = R3". Since Rj is 
nilpotent then +1 — Ri is invertible, and hence GI — R1)¥ (Y) = Y. Hence 


1 k 1 k 1 k 1 k 
(4 — r) (x) = (i = Ri) (Y) ® (51 = Rə) (Z)=YO@ (i = Ro) (Z), 
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and analogously 
QI = S Q0 = Y ® QI - $)*OD. 


From part (i) we have (AJ — S3*(Z)- GI — R2)¥(Z), so 
1 i k k 
E — R) (X)=Y @ (AI —85) (Z) = (AT — S) (X). 


(iv) From part (ii) and part (iii) we have p(A1 — R) = pi — S) and q (àI — R) = 


q(H — S). 
(v) We have, for every n € N anda Æ 0, 


AL — RD" xl S IA Rall” 


, 


1 n 
(zi- sı) x 
À 


and 
SAI Si IO — RD" xl), 


1 n 
ra 
À 


from which the equality Ho(AJ — S) = H(I — R) follows. E 


Recall that if T is algebraic then, by Theorem 3.68, the spectrum of T is a 
finite set of poles of the resolvent. Obviously, every algebraic operator T is Drazin 
invertible. 


Corollary 3.129 /f T € L(X) is algebraic then its Drazin inverse is also algebraic. 


Proof Let S be the Drazin inverse of T. Since o (T) is a finite set it then follows that 
o (S) is also a finite set. We show that every point of o (S) is a pole of the resolvent. 
If 0 € o (S) then, since S is Drazin invertible, O is a pole (of the first order) of the 
resolvent of S. Let 0 ZZ A € o (S). Then i € c (T) and hence i is a pole of the 
resolvent of T. From part (iv) of Theorem 3.128 it then follows that A is a pole of 


the resolvent of S. [| 


The class of Weyl operators is not a regularity, and as observed before, the 
spectral theorem may fail for the Weyl spectrum ow(T). Note that if T € L(X) 
is invertible then 0 ¢ o (T) and 0 ¢ oy(T~!). Although the spectral mapping 
theorem does not hold for ow(T), we show that for a Drazin invertible operator 
R the relationship of reciprocity between the nonzero parts of the os, (R), and the 
Weyl spectrum of its Drazin inverse oy, (S), remains true. We first need the following 
lemma. 
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Lemma 3.130 Suppose that T € L(X) is invertible. Then 
E 1 
ow(T )= " :A € ow(T),. 
and 
-] 1 
Ouw(T )-— X : À € ow (T)|. 


Proof Consider the analytic function f(A) :— n defined on a open neighborhood U 
containing the spectrum of T and such that 0 ¢ U. Then T^! = f(T), and since f 
is injective the statements follow from Theorem 3.121. a 


Theorem 3.131 Let R € L(X) be Drazin invertible with Drazin inverse S. Then 
we have 


(i) ow(S) \ {0} = (2: A € ow(R) V {0} 
(i) eu (S) V {0} = (2 : à € ou (R) V {0}, and 


1 
eiw(S) V {0} = ls : å € ow(R)N o) . 


Proof With respect to the decomposition R = Rı ® Rz and S = 0@ S2, with 
S2 = R2~!, we have 


Ow(R) = ow(R1) U ow(R2) = {0} U ow(R2) 
and 
Ow(S) = ow(0) U ow(R2) = {0} U ow (S2). 
Observe that R» and S» are invertible, so 0 ¢ ow(R2) and O ¢ ow(S2). Hence, 


Ow(R) \ {0} = ow(R2) and ow(S) \ {0} = ow(S2). By Lemma 3.130, the points of 
Ow(R2) and oy (S2) are reciprocal, hence 


1 1 
Ow(S) \ {0} = ow(S2) = n AE ow (| = n : å € ow(R) \ i] , 


so the first equality is proved. 

(ii) Let 0 Æ A and suppose that Ł € Ouww(R), i.e., iI — R is upper semi-Weyl. 
Then +7— R € 6, (X) and ind (11 — R) < 0. By Theorem 3.128 we have ker (+ — 
R) = ker (AI — S), so (AI — S) < oo. Moreover, 


(AI — S)(X) = (AI — 0)(Y) 6€ (AI — $(Z) = Y 6 (AI — S2)(Z). 
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Now, Rj is nilpotent so il — R, is invertible, and hence GI — Rı)(Y) = Y, while 
GI — R3)(Z) = (AI — S2)(Z), by part (1) of Theorem 3.128. Therefore, 


E - r) (x) = (s! z J (e (7 = Re) (Z) =¥ 6 (1 — $(Z) 
À À À 
= (1 — $)00, 


so (AI — S)(X) is closed, because GI — R)(X) is closed by assumption, and this 
shows that AJ — S € ®,(X). It remains only to prove that ind (AZ — S) < 0. 
Clearly, B(+/ — R) = B(AI — S) and a(7-1 — R) = a (àI — S), by Theorem 3.128, 
so ind (ÀZ — S) = ind GI — R) < 0. Therefore, AI — S is upper semi-Weyl and 
hence À ¢ ou« (S). 

Conversely, suppose that A ¢ ouv (S), i.e. AJ — S is upper semi-Weyl. From the 
equalities ker (LI — R) = ker (A1 — S) and G — R)(X) = (AI — S)(X) we then 
obtain that 17 — R € 4 (X). As above, ind (27 — R) = ind (AI — S) < 0, so 
iI — R is upper semi-Weyl, and hence i € Ouw(R). 

The equality for the lower semi-Weyl spectrum may be obtained by duality. MI 


3.9 Comments 


The invariance of the Browder spectra under commuting Riesz perturbations is a 
classical result of Rakočević [265], but the proof given of Theorem 3.8, based on 
the stability of the localized SVEP under commuting Riesz perturbations, is taken 
from Aiena and Müller [20]. The proof of Theorem 3.11 is taken from Aiena and 
Triolo [26] and extends a previous result obtained by Grabiner [160] in the case of 
semi-Fredholm operators and compact commuting perturbations. 

The stability of the essentially semi-regular spectrum under Riesz commuting 
perturbations established in Corollary 3.15 was observed by Kordula and Müller 
[204], while Theorem 3.16 is modeled after [26] and extends a previous result, 
proved by Grabiner [160], in the case of semi-Fredholm operators and compact 
commuting perturbations. The stability of Weyl operators under Riesz commuting 
perturbations given in Theorem 3.17 is a classical result due to Schechter and 
Whitley [271], but the proof given here is modeled after Duggal et al. [136]. 

Theorems 3.20 and 3.26 extend results of Djordjević [111], which proved that 
the approximate point spectra of T and T + K have the same accumulation points, 
where K is a commuting finite rank operator. 

Semi-Browder operators have been treated extensively in the books by Harte 
[170], Müller [245], and Aiena [1]. These classes of operators have also been 
investigated by several other authors, see Rakočević [265], Kordula et al. [205], 
and Laursen [213]. The characterizations of semi-Browder operators given in 
Theorems 3.38, 3.39 and 3.40 is modeled after Aiena and Carpintero [12], while the 
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material of Theorems 3.43 and 3.44 is modeled after Aiena and Biondi [10]. The 
fact that the classes of upper and lower semi-B-Browder operators coincide with 
the classes of left Drazin invertible operators and right Drazin invertible operators, 
respectively, was observed by Berkani [63, Theorem 3.6], but the proof given here 
is from [36]. 

Theorems 3.55 and 3.59 is modeled after Berkani and Zariouh [77], while 
Theorem 3.53 is taken from [36]. The stability of essentially Drazin spectra under 
a commuting perturbation K having a finite-dimensional power is taken from the 
works by Burgos et al. [85], Bel Hadj Fredj [149], and [150], see also [304], 
but the proof of Theorem 3.78, using the localized SVEP, is modeled after Aiena 
and Triolo [26]. The section concerning meromorphic operators is inspired to the 
work of Barnes [58], Djordjević and Duggal [115, 116]. Theorems 3.83 and 3.85 
have been taken from Oudghiri and Souilah [254]. The notion of regularity and 
the corresponding axiomatic spectral theory was studied by Kordula and Müller 
[203]. Further developments are given in Kordula, Mbekhta and Müller [206, 244], 
Mbektha and Müller [235]. A good treatment of the concept of regularity may 
be found in the monograph by Müller [245]. The material concerning spectra 
generated by -semigroups is modeled after Gramsch and Lay [164], while the 
results concerning the spectral theorem for Weyl spectra is taken from Schmoeger 
[276]. The relationship of reciprocity between the Browder spectra and the Weyl 
spectra of the Drazin inverse R and its Drazin inverse S was observed in Aiena and 
Triolo [28]. 


Chapter 4 ff) 
Polaroid-Type Operators od 


In this chapter we introduce the classes of polaroid-type operators, i.e., those 
operators T € L(X) for which the isolated points of the spectrum o (T) are poles 
of the resolvent, or the isolated points of the approximate point spectrum oap(T) 
are left poles of the resolvent. We also consider the class of all hereditarily polaroid 
operators, i.e., those operators T € L(X) for which all the restrictions to closed 
invariant subspaces are polaroid. The class of polaroid operators, as well as the class 
of hereditarily polaroid operators, is very large. We shall see that every generalized 
scalar operator is hereditarily polaroid, and this implies that many classes of 
operators acting on Hilbert spaces, obtained by relaxing the condition of normality, 
are hereditarily polaroid. Multipliers of commutative semi-simple Banach algebras, 
and in particular every convolution operators 7,,, defined in the group algebras 
L! (G), where G is a locally compact abelian group, are also hereditarily polaroid. 

We also introduce some other classes of operators: the class of paranormal 
operators on Banach spaces, and more generally, the larger class of quasi totally 
hereditarily normaloid operators. These operators are also hereditarily polaroid. 

The remaining part of the chapter is devoted to several other examples of polaroid 
operators. In particular, the fifth section is devoted to the spectral properties of 
isometries, invertible or non-invertible, while the sixth section regards spectral 
theory and the local spectral theory of weighted unilateral shifts, as well as bilateral 
weighted shifts. The seventh section is devoted to the important class of Toeplitz 
operators on Hardy spaces H?(T), where T denotes the unit circle in C. 

The last section is devoted to the topic of spectral inclusions. We are mainly 
interested in some spectral consequences of the intertwining condition SA = AT 
considered in Chap.2, in particular we study the preservation of the polaroid 
properties under quasi-affinities. 
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296 4 Polaroid-Type Operators 
4.1 Left and Right Polaroid Operators 


The concept of pole may be sectioned as follows: 


Definition 4.1 Let T € L(X), X a Banach space. If AJ — T is left Drazin invertible 
and X € Oap(T) then A is said to be a left pole. A left pole A is said to have finite 
rank if æ (àI — T) < co. If AI — T is right Drazin invertible and À € o&(T) then A is 
said to be a right pole. A right pole A is said to have finite rank if B(AI — T) < co. 


Clearly, à is pole of the resolvent if and only if A is both a right pole and a left 
pole. 


Theorem 4.2 For every T € L(X) the following equivalences hold: 


(i) A is a left pole of the resolvent of T if and only if X is a right pole of the 
resolvent of T*. 

(i) A is a right pole of the resolvent of T if and only if X is a left pole of the 
resolvent of T*. 

(iii) A is a pole of the resolvent of T if and only if à is a pole of the resolvent of T*. 


Proof The proof for the dual T* is immediate from Theorem 6.4, taking into 
account that o35 (T) = o; (T*) and o(T) = oap (T). [| 


In the sequel H(Q, Y), Y any Banach space, denotes the Fréchet space of all 
analytic functions from the open set Q C C to Y. We have proved in Theorem 2.55 
that if A € iso o35 (7) then Ho(AJ — T) is closed. If A is a left pole we can say much 
more: 


Theorem 4.3 Let T € L(X), X a Banach space. 
© If X is a left pole of T € L(X) then X is an isolated point of oa (T) and there 
exists a v € N such that 


Ho(AIl — T) = ker (AI — TY". 


Moreover, à is a left pole of finite rank then Ho(X1 — T) is finite-dimensional. 
(i) If X isa right pole of T € L(X) then à is an isolated point of o,(T), and there 
exists a v € N such that 


K(XAI — T) 2 (AI — T)'(X). 
Moreover, if X is a right pole of finite rank then K(AI — T) has finite 
codimension in X. 
Proof There is no loss of generality if we assume A = 0. 


(i) If 0 is a left pole then T is left Drazin invertible, or equivalently, by Theo- 
rem 3.47, T is upper semi B-Browder. The condition p(T) « oo also entails 


4.1 


(i) 
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that T has the SVEP at 0, and this is equivalent, by Theorem 2.97, to saying 
that oap (T) does not cluster at 0. 

To show the equality Ho(T) = ker T” for some v € N, observe first since 
T, is upper semi-Browder for some n € N, by Lemma 3.46, the canonical map 
1 : X/ ker T" — X/ker T" is upper semi-Browder, and hence has the SVEP 
at 0. Since every semi-Fredholm operna has topological uniform descent then, 
by Theorem 2.97, Ho(T) = = ker(T,)*, where ki is the ascent of T. 

Let x € Ho(T). We show that £ € HoT). We know, since Ho(T) = 
Xr ({0}) by definition, that there exists a g € H(C \ {0}, X) such that 


x= (ul —T)g(u) forall u e CX(0]. 


Ify : X > £ := X/ ker T" denotes the canonical quotient map, then 2 := 
yog € H(C \ {0}, X), and for all u € CX {0} we have 


$ = (ul — DE = (ul — TB). 
Therefore, 
£ € RF ({0}) = Ho(T;) = ker(Tn)*, 


and hence 


Consequently, T*x € ker T" and this implies that Ho(T) C ker T**". The 
opposite inclusion is true for every operator, hence we have Ho(T) = ker T", 
where v := k +n. 

Finally, suppose that O is a left pole of finite rank. Then ker T is finite- 
dimensional and this implies that Ho(T) = ker T” is finite-dimensional. 
If 0 is a right pole then T is right Drazin invertible and hence lower semi B- 
Browder, by Theorem 3.47. The condition q(T) < oo also entails that T* has 
the SVEP at 0, and this is equivalent, by Theorem 2.98, to saying that os(T) 
does not cluster at 0. Since every right Drazin invertible is quasi-Fredholm, we 
have, by Corollary 2.96, K (T) = T?*(X) = T4(X). 

Finally, if 0 is a right pole of finite rank then K (T) has finite codimension. W 


Remark 4.4 It should be noted that a left pole, as well as a right pole, need not be an 
isolated point of o (T). For instance, let R € £2 (N) be the classical unilateral right 
shift and 


U(xi,x2,...) = (0, x2, X3,---) forall (xn) € £7(N). 


Define T :— R ® U. Then o(T) = D(0, 1), D(0, 1) the closed unit disc of C. 
Moreover, Oap(T) = T U {0}, T the unit circle, and T is upper semi-Browder, in 
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particular left Drazin invertible. Hence 0 is a left pole (of finite rank, since a (T) = 
1) but 0 ¢ iso c (T) = Ø. Note that 0 is a right pole of the dual T*, but is not an 
isolated point of o(T*) = o (T) = D(0, 1). 


In the case of Hilbert space operators we have much more. 
Theorem 4.5 Let T € L(A), H a Hilbert space. 


(i) A € Oap(T) is a left pole if and only if there exist two T-invariant closed 
subspaces M, N such that H = M È N, XI — T|M is bounded below, and 
AI — T|N is nilpotent. In this case N = Ho(al — T). 

Gi) If X € o«(T) then à is a right pole if and only if there exist two T-invariant 
closed subspaces M, N such that H = M@N, XI —T|M is onto, and X1 — T|N 
is nilpotent. In this case, M = K (AI — T). 


Proof We may assume that à = 0. 


(i) If 0 is a left pole then T is left Drazin invertible and hence quasi-Fredholm. By 
Theorem 1.107, T is of Kato-type, so there exist two T-invariant subspaces M, 
N such that H = M @ N, T|M is semi-regular, and T|N is nilpotent. Since 
p(T) < oo, T has the SVEP at 0, and hence T|M has the SVEP at 0. By 
Theorem 2.91 it then follows that T|M is bounded below. 

Conversely, suppose that there exist two T-invariant subspaces M, N such 
that H = M @ N, T|M is bounded below, T|N is nilpotent. Then T"(H) is 
closed and T, is bounded below for some n € N, so T is left Drazin invertible 
by Theorem 1.140. By assumption 0 € o;5 (T), thus 0 is a left pole. 

To complete the proof, observe first that since the restriction T|N is quasi- 
nilpotent then N = Ho(T |N). Moreover, since T|M is bounded below, hence 
semi-regular, by Theorem 2.37 


Ho(T|M) — U ker (T |M)” = {0}. 


n-l 


Therefore, 
Ho(T) = Ho(T|M) 6 Ho(T)|N = (0) 6 N =N. 


(ii) If 0 is a right pole of T then O is a left pole of the adjoint T’, so T” is left Drazin 

invertible. By part (1) there exist two closed subspaces U, V of H such that 

H = UGV,T'|U is bounded below, T’|V is nilpotent. Consider the orthogonal 

sets M :— U+ and N := V+. Proceeding as in the proof of Lemma 2.78, 

just adapting the arguments to the Hilbert adjoint, it is easy to see that T|M is 
bounded below, while T'|N is nilpotent. 

Conversely, suppose that there exist two T-invariant subspaces M, N such 

that H = M @N, T|M is onto, and T|N is nilpotent. Then 7"(H) = M is 
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closed and T; is onto for some n € N, hence T is right Drazin invertible by 
Theorem 1.140. By assumption A € o&(T), thus A is a right pole. 
To prove the last assertion, observe that for n € N sufficiently large we have 


T"(H) = (T|M)"(M) € (TIN)" (N) = M e {0} = M. 


Therefore, 


T®(H) = () T"(H) = M, 


n=1 


and, by Theorem 2.95, we conclude that M = T® (H) = K(T). a 


Corollary 4.6 [fT € L(A), H a Hilbert space, then X is a left pole of finite rank if 
and only if there exist two closed T-invariant subspaces M, N such that X = M ® 
N, N is finite-dimensional, XI — T |M is bounded below and XI — T |N is nilpotent. 
Analogously, à is a right pole of finite rank if and only if there exist two closed 
T-invariant subspaces M, N such that X = M © N, M is finite-codimensional, 
AI — T|M is onto and XI — T|N is nilpotent 


Definition 4.7 A bounded operator T € L(X) is said to be left polaroid if every 
À € iso oap(T) is a left pole of the resolvent of T. T € L(X) is said to be right 
polaroid if every à € iso o,(T) is a right pole of the resolvent of T. T € L(X) is 
said to be polaroid if every à € iso o (T) is a pole of the resolvent of T. 


An immediate consequence of Theorem 4.2 is that the concepts of left and right 
polaroid are dual each other: 


Theorem 4.8 7T € L(X) is left polaroid (respectively, right polaroid, polaroid) if 
and only if T* is right polaroid (respectively, left polaroid, polaroid). Analogously, 
a Hilbert space operator T € L(H) is left polaroid (respectively, right polaroid, 
polaroid) if and only if its adjoint T' is right polaroid (respectively, left polaroid, 
polaroid). 


Proof The assertions concerning the dual T* follow from Theorem 4.2. 

To show the statement for Hilbert space operators, suppose that T' is a left 
polaroid and A € isoog(T"). Then à € isoo,(T*) = iso Oap(T), so À is a left 
pole of T, hence p := pal — T) < co and (AI — T)?*! (H) is closed. From the 
closed range theorem, see Appendix A, we have ker (AJ — T)? = ker (AI — T)?*!, 
thus 


(AI — T'(H) = [ker (41 — T)?]* = [ker (41 — T)?*!]- = (A1 — T)?*! (H), 
where, as usual, by N+ we denote the orthogonal of N C H. Therefore q := 


q(XI — T^) < p < œ and consequently (AJ — T)? (H) = (AI — T')P(H) is closed, 
by Lemma 1.100. Thus A is a right pole of T”. 
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Conversely, suppose that T” is right polaroid and let A € iso oap(T). Then A € 
isoo,(T*) = isoo,(T’), thus À is a right pole of T’. Consequently, q := q1 — 
T") < oo and (AI — T4 (H) = (AI — T'*!(H) is closed. Since 


ker(AI — T**! = [AI — Tt*!(n)]- = [AI — T*(H)]^ = ker(41 — T)? 


it then follows that p := p(AI — T) € q < oo. By Lemma 1.100, we have that 
(AI — T)? (H) is closed, so À is a left pole of T. 

Part (ii) and part (iii) for Hilbert space operators may be proved in a similar 
way. [| 


Definition 4.9 A bounded operator T € L(X) is said to be a-polaroid if every 
A € iso Oap(T ) is a pole of the resolvent of T. 


Note that if T is a-polaroid then iso oap (T) = iso o(T). Indeed, if A € iso oap (T) 
then A is a pole of the resolvent, hence an isolated point of o(T). Conversely, if 
À € isoo(T) then A € Oap(T), by part (ii) of Theorem 1.12, so A is an isolated point 
of aap( T). 

Trivially, 


T a-polaroid — T left polaroid. (4.1) 


The following example provides an operator that is left polaroid but not a- 
polaroid. 


Example 4.10 Let R € (?(N) be the unilateral right shift defined as 
RGi,x2,...) :9 (0,31,x2,---). for all (xn) € N), 
and 
U(xi,xo,...) :2 (0, x2, xa,---) forall (xn) € N). 


If T := RU then o (T) = D(0, 1), so isoo (T) = Ø. Moreover, oap(T) = FU {0}, 
where I is the unit circle, so iso o35 (T) = {0}. Since R is injective and p(U) = 1 it 
then follows that p(T) = p(R) + p(U) = 1. Furthermore, T € $, (X) and hence 
T?c (X), so that T?(X) is closed. Therefore O is a left pole and hence T is left 
polaroid. On the other hand q (R) = oo, so that q(T) = q(R) + q(U) = œ, so T is 
not a-polaroid. Note that T is also polaroid. 


Theorem 4.11 Let T, R € L(X). Then TR is polaroid (respectively, left polaroid, 
right polaroid, a-polaroid) if and only if RT is polaroid (respectively, left polaroid, 
right polaroid, a-polaroid) 


Proof Suppose that TR is polaroid and A € isoo(RT). Suppose first that à = 
0. Since 0 is a pole of the resolvent of TR then, by Lemma 3.96, 0 is a pole of 
the resolvent of RT. Suppose the other case, A # 0. Then A € isoo(TR), by 
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Corollary 2.150, and hence å is a pole of the resolvent of T R. By Theorem 3.95 it 
then follows that A is a pole of the resolvent of RT. The other assertions may be 
proved in a similar way. [| 


The condition of being polaroid may be characterized by means of the quasi- 
nilpotent part as follows: 


Theorem 4.12 /f T € L(X) the following statements hold: 
(i) T is polaroid if and only if there exists a p := p(AI — T) € N such that 


Ho(AI — T) = ker (AI — T)? for all X € isoc (T). (4.2) 
(ii) If T is left polaroid then there exists a p := p(Al — T) € N such that 
Ho(AI — T) = ker(AI — T)" for all d € iso dap (T). (4.3) 


Proof Suppose T satisfies (4.2) and that A is an isolated point of o (T). Since A is 
isolated in o (T) then, by Lemma 2.47, 


X = H(I — T) G KAI — T) = ker (A41 — T)! G6 KAI — T), 
from which we obtain 
(I — TU'(X) = (AI — TP(K(A4I  T)) = K(AI — T). 


So X = ker (AI — T)? @ (AI — T)"(X), which implies, by Theorem 1.35, that 
p(Al — T) = q(XAI — T) < p, hence À is a pole of the resolvent, so that T is 
polaroid. Conversely, suppose that T is polaroid and A is an isolated point of o (T). 
Then å is a pole, and if p is its order then Ho(A1 — T) = ker(AI — T)’, again by 
Lemma 2.47. 

(ii) This follows from Theorem 4.3. a 


Corollary 4.13 If T € L(X) is either left or right polaroid then T is polaroid. 


Proof Assume that T is left polaroid and let A € isoo(T). The boundary of the 
spectrum is contained in oap(T), in particular every isolated point of c (T), see 
Theorem 2.58, thus à € iso oap(T) and hence A is a left pole of the resolvent of 
T. By Theorem 4.12, there exists a v :— v(AI — T) € N such that Ho(41 — T) = 
ker (AI — T)". But A is isolated in o (T), so A is a pole of the resolvent, i.e. T is 
polaroid. 

To show the last assertion suppose that T is right polaroid. By Theorem 4.8, 
T* is left polaroid and hence, by the first part, T* is polaroid, or equivalently T is 
polaroid. [| 
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The following example shows that the converse of Corollary 4.13, in general, 
does not hold. 


Example 4.14 Let R denote the right shift on £? (N) defined by 
R(x1, 22, ):9 (0, x1, xen): G8) € LN), 
and let Q be the weighted left shift defined by 
O(x1, x2, ...) :— (2/2, x3/3,...) Gn) € CN). 


Q is a quasi-nilpotent operator, o (R) = D(0, 1), where D(0, 1) denotes the closed 
unit disc of C, and o35(R) = I’, where I is the unit circle of C. Moreover, if 
én := (0,...,0,1,0...), where 1 is the n-th term, then e;4; € ker grt! while 
€n4.1 € ker Q” for every n € N, so p(Q) = œ. 

Define T := R 6 Q on X := (N) @ £(N). Clearly, o (T) = D(0, 1), and 
Oap(T) = T U {0}. We have p(T) = p(R) + p(Q) = co, so O is not a left pole. 
Therefore, T is polaroid, since iso o (T) = Ø, but not left polaroid. It is easily seen 
that the dual T* is polaroid but not right polaroid, since q(T*) = oo. 


Theorem 4.15 Let T € L(X). Then we have: 


(i) If T* has the SVEP at every X € ou (T) then o3y(T) = o (T). Furthermore, 
the properties of being polaroid, a-polaroid and left polaroid for T are all 
equivalent. 

(i) If T has the SVEP at every à ¢ oq(T) then o5(T) = o(T). Furthermore, 
the properties of being polaroid, a-polaroid and left polaroid for T* are all 
equivalent. 


Proof 


(i) Suppose that A ¢ oap(T). Then pI — T) = O and AI — T € W(X), so 
À € Ouw(T) and hence, by assumption, T* has the SVEP at A. Since AJ — T 
is upper semi-Weyl, by Theorem 2.98 it then follows that g(AJ — T) « oo and 
hence, by Theorem 1.22, p(AI — T) = q(AI — T) = 0,ie., 4 ¢ c (T). This 
proves the equality o5 (T) = o (T). The equivalence of the polaroid conditions 
is now clear: if T is polaroid then T is a-polaroid, since iso o3p(T) = iso o (T). 
Thus, by Corollary 4.13, the equivalence is proved. 

(ii) Using dual arguments to those of the proof of part (i) we have o,(T) = o (T) 
and hence, by duality oap(T*) = o (T*). Therefore, if T* is polaroid then T* is 
a-polaroid, so the equivalence follows from Corollary 4.13. a 


Define 


II(T) := (4 € C: Aisa pole}. 
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Analogously, set 
I(T) := {A € C: Aisa left pole} 
and 
I(T) := {A € C: à is a right pole}. 
Clearly, o(T) = I(T) U oq(T), and 
Gap(T) = Il(T) Uojg(T) and o3(T) = IL (T) Uosa(T). 


The sets II(T), I(T) and I(T) may be empty. This, trivially, happens if 
iso oap (T) = Ø, or iso os (T) = Ø, for instance if T is a non-quasi-nilpotent weighted 
right shift, as we shall see in Chap. 4. 


Theorem 4.16 [fT € L(X) and f € Hne(o(T)), then X is a left pole (respectively, 
right pole, pole) of f (T) if and only if there exists a left pole (respectively, right pole, 
pole) u of T such that f (u) = x. 


Proof We show that f(IIj(T)) = IItCf (T)). We know that the spectral mapping 
theorem holds for oap (T). Moreover, IT; (T) and oja(T ) are disjoint. We have 


f(oap(T)) = f HD) Uia (7)) = fT) U f(na(T)). 


On the other hand, 


Op (f(T) = MW T) U eia Cf (D)) = MCF (L)) U f Gra(T)), 


and since f (oap(T)) = oapCf (T)) it then follows that f (IT(7)) = Mh f(T)). 

The case of right poles may be proved in a similar way: to prove that f (II, (T)) = 
II; Cf (D)), just replace I(T) by II, (T) and oap(T) by o, (T). Proceed similarly for 
the set of poles. [| 


To obtain further insight into the properties of polaroid operators, we need some 
preliminary results concerning the kernel and the quasi-nilpotent part of p(T) where 
pis a polynomial. 


Lemma 4.17 Let T € L(X) and let p be a complex polynomial. If p(o) 4 0 then 
H (X91 — T) A ker p(T)) = (0). If T has the SVEP then 


Ho(p(T)) = Ho — T) 6 HoQolI — T): 9 Ho(4I — T), 


where X1, A2,..., Àn are the distinct roots of p. 
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Proof Suppose that there is a non-zero element x € H (A91 — T) ker p(T) and set 
Pol — p(T) :— q(T)(AoI — T), 
where q denotes a polynomial. Then q(T)(Ao1 — T)x = p(Ao)x, and hence 
q(T) (Aol — TY'x = pào)”x. 
Therefore, 
Ip) Ix l^] < la CT)" "ol — T)xIl" foralln €N. 

Since x is a non-zero element of H (A91 — T) we then have p(Ao) = 0, which is a 
contradiction. 

To prove the second assertion, consider an element x € Ho(p(T)). Since 


Ho(p(T)) = Xp 7) ({0}), the glocal spectral space of p(T) relative to the set {0}, 
there exists an analytic function f for which 


x= (uI — p(T)) f(u) forall u € CV (0). 
Thus, for A € CX {å1, ..., An} we have 
x = (POJI — p(T) f (pQ)) = AI — T)q(T, X) f OPA), 
where q is a polynomial of T and A. Consequently 
or (x) € {A1,.--5 Àn}, 
and hence 
n 
x € Xr (di, -+ Anh) = Q Xr (p. 
i=l 
Since T has the SVEP, by Theorem 2.23 we then have that 
Xr ({ai}) = Kr ({ai}) = AoA — T) foralli=1,...,n, 


and hence 


n 


Ho(p(T)) € CB Hail - T). 


i=l 


The opposite inclusion is clear, since each A; is a root of the polynomial p. a 
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Remark 4.18 It is easy to check, from the definition of a quasi-nilpotent part, the 
following properties: 


(i) Ho(T) € Ho(T^), for all k € N. 
Gi) If T, U € L(X) commute and $ = TU then Ho(T) € Ho(S). 


Theorem 4.19 For an operator T € L(X) the following statements are equiva- 
lent. 


(i) T is polaroid; 

(ii) f(T) is polaroid for every f € Hnc(a(T)); 
(iii) there exists a non-trivial polynomial p such that p(T) is polaroid; 
(iv) there exists an f € ?*1, (o (T)) such that f (T) is polaroid. 


Proof (i) => (ii) Let Ap € isoo(f (T)). The spectral mapping theorem implies Ao € 
iso f (o(T)). Let us show that Ao € f(isoo(T)). 

Select uo € o (T) such that f (uo) = Ao. Denote by Q the connected component 
of the domain of f which contains 449 and suppose that uo is not isolated in c (T). 
Then there exists a sequence (un) C co (T) N Q of distinct scalars such that un > 
Ho. Since K := (uo, ui. U2, ... } is a compact subset of Q, the principle of isolated 
zeros of analytic functions tells us that the function f may assume the value Ao = 
f (uo) at only a finite number of points of K; so for n sufficiently large f (un) Æ 
Ff (Ho) = Ao, and since f(u,) > f(uo) = Ao it then follows that Ao is not an 
isolated point of f (c(T)), a contradiction. Hence Ag = f (uo), with uo € isoo(T). 
Since T is polaroid, jo is a pole of T and by Theorem 4.16, Ao is a pole for f(T), 
which proves that f(T) is polaroid. 

The implications (ii) > (iii) > (iv) are obvious. 

(iv) = (i) Suppose f(T) is polaroid for some f € He(o(T)) and let Ap € 
iso c (T) be arbitrary. Then uo :— f (Ao) € f(isoo(T)). We show now that wo € 
iso f (o (T)). Indeed, suppose that uo is not isolated in f (c (T)). Then there exists 
a sequence (un) C f(o(T)) of distinct scalars such that jj, — uo as n — +00. 
Let A, € o (T) such that un = f (An) for all n. Clearly, A, 4 Am for n zz m, and 
since 


Un = f (àn) > Lo = po), 


we then have A, — Ao, and this is impossible since, by assumption, Ao € iso o (T). 
By the spectral mapping theorem, uo € iso f (o(T)) = isoc (f (T)). Now, since 
f (T) is polaroid, part (1) of Theorem 4.12 entails that there exists a natural v such 
that 


Ao(ul — f(T)) = ker (uI — f(T)”. (4.4) 


Let g(A) := uo — f(A). Trivially, Ao is a zero of g, and g may have only a finite 
number of zeros. Let (A9, ^1, ..., An} be the set of all zeros of g, with A; Æ Àj, for 
all i Z j. Define 


PO) := TI Ai — 2)", 
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where vj is the multiplicity of 4;. Then we can write, for some k € N, 
gA) = Qo — XY pO) hQ), 
where A(A) is an analytic function which does not vanish in o (T). Consequently, 
&(T) = pol — f(T) = Qol — TY p(T)&(D), 
where A (T) is invertible, and hence 
Ho(uol — f(T)) = Ho(QoI — TY p(T)h(T)) = Ho(QoI — T) p(T)). 
According to Remark 4.18 we then have 


Hool — T) € Ho((ol — T)*) € Ho((Aol — TY p(T)) 
= Ho(uol — f(T)), 


and, evidently, 

ker g(T) = ker[(AoJ — T)* p(T)]. 
By Lemma 3.67, we also have 

ker g(T) = ker (uol — f(T)) = ker[(Ao] — TY ® ker p(T)]. 
and hence, from the equality (4.4), 
Ho(uoI — f(T)) = ker Qol — T)" 6 ker p(T)*. 
Therefore, 
Ho(aol — T) € ker (Ag! — T)" o ker p(T)*. 

From Lemma 4.17, we obtain 

Hool — T) n ker p(T)* = {0}, 
and hence Ho(AgI — T) C ker (A91 — T) ”. The opposite of the latter inclusion also 


holds, so we have Ho(Agl — T) = ker (AoJ — Ty". Theorem 4.12 then entails that 
T is polaroid. [| 


Remark 4.20 A natural question is if an analogue of Theorem 4.19 holds for left 
polaroid operators. By using the same arguments as the proof of Theorem 4.19 
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(just use the spectral mapping theorem for oap (T) and os(T)) we easily obtain that 
the implication 


T left polaroid > f(T) left polaroid 


holds for every f € Hnc(o(T)), and a similar implication also holds for right 
polaroid operators. 


Denote by Hi(o(T)) the set of all f € Hnc(o(T)) such that f is injective. 


Theorem 4.21 For an operator T € L(X) the following statements are equiva- 
lent. 


(i) T is left polaroid; 
(ü) f(T)is left polaroid for every f € (o (T)); 
(iii) there exists an f € Hi.(o(T)) such that f (T) is left polaroid. 


Proof We have only to show that (iii) — (i). Let Ao be an isolated point of oap (T) 
and let uo :— | f (A9). As in the proof of Theorem 4.19 it then follows that uo € 
iso oap Cf (T)), so o is a left pole of f (T). Now, by Theorem 4.16 there exists a left 
pole 7 of T such that f(n) = uo and since f is injective then n = Ao. Therefore, T 
is left polaroid. a 


The polaroid properties are transmitted from a Drazin invertible operator to its 
Drazin inverse: 


Theorem 4.22 Suppose that T € L(X) is Drazin invertible with Drazin inverse 
S. If T is polaroid then S is polaroid. Analogously, if T is a-polaroid then S is 
a-polaroid. 


Proof Suppose that T is polaroid and suppose that A € iso ø (S). If A = 0, then 0 is 
a pole, since S is Drazin invertible. Hence we can suppose that 0 Z A. We know that 
we can write, by Theorem 1.132, T = Ti ® T» with T; nilpotent and T invertible. 
Write S = 0@ S5 where S» is the inverse of 75. From Theorem 1.135 we then have 
i € iso o (T), so, T being polaroid, by Theorem 4.12 we have 


1 1 P 
Ho E — r) = ker (5! — r) for some p € N. 
Since 1J — T is invertible, we have 


1 1 1 1 
Hol -—l-—T)=Apo(| -!-T, Ho| -—l—T)h)= Ho| -1— T. 
(3 ) (G je (5 >) {0} ® (5 ;. 


and analogously 


HoT — S) = HWI — 0) ® HAI — $5) = {0} p Aol — S5). 
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From Theorem 2.29, applied to the function f (A) := 1, we know that 


1 


1 
Ho(AI — $2) = Ys (4) = Yr, (51) — Ho (i = r) : 


Hence, Ho(AI — S) = HG — RT). By Lemma 3.128 we also have 
1 p 
ker (AI — S)? = ker (s — r) ; 


so Ho(AI — S) = ker (4I — S)" for all A € iso ø (S). Hence S is polaroid. 

Observe that if T is a-polaroid then isoo (T) = iso oap(T). Suppose now that 
T is a-polaroid. Then isoo (T) = isOoap(T). Let A € isocap(S). If A = O then 
0 € o (S) and since S is Drazin invertible it then follows that 0 is a pole (of first 
order) of the resolvent of S. If A Æ 0 then i € isooap(T) = iso o (T), so A € o (S). 
Since S is polaroid by the first part of the proof, it then follows that A is a pole of 
the resolvent of S. a 


Next we shall consider the preservation of the polaroid condition under suitable 
commuting perturbations. We start by considering nilpotent commuting perturba- 
tions. 


Lemma 4.23 [fT € L(X) and N is a nilpotent operator commuting with T then 
Ho(T + N) = Ho(T). Consequently, T is polaroid if and only if T +N is polaroid. 


Proof It is enough to prove Ho(T) € Ho(T + N), since the opposite inclusion may 
be obtained by symmetry. Let x € Ho(T) and suppose N” = 0. Then we have 
(T +N)’ = TS, where 


v—1 


S:= > cy HT NM. 
j=0 


with suitable binomial coefficients cy, j. We have 
1 1 1 
I(T +N” x IT"xIlr |S" x]. 


From this estimate we then obtain lim, +0 ||(T + N)” |7 = 0 and hence x € 
Ho(T + N). 

By Theorem 3.78, à is a pole of the resolvent of T if and only if A is a pole of 
the resolvent of T + N. Moreover, isoo (T) = isoo(T + N). | 


The result above cannot be extended to non-nilpotent quasi-nilpotent operators. 
To see this, consider the case T = 0, and a non-nilpotent quasi-nilpotent operator Q. 
The perturbation of a polaroid operator by a compact operator may or may not affect 
the polaroid property of the operator. For instance, if R is the right shift operator on 
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C(N),let T := R Q R* and 


"M" * 
K= TO I — RR l 
0 0 
Then both T and T + K are polaroid, since isoo (T) = Ø and T + K is unitary. 
Trivially, the identity 7 is polaroid, but its perturbation J + Q by a compact quasi- 


nilpotent is not polaroid. The polaroid conditions are also preserved if K is a 
commuting operator for which K" is a finite rank operator for some n € N: 


Theorem 4.24 Let T € L(X) and let K € L(X) be a commuting operator for 
which K" is finite-dimensional for some n € N. Then: 


G) If T is polaroid then T + K is polaroid. 
(ii) If T is left polaroid (respectively, right polaroid) then T + K is left polaroid 
(respectively, right polaroid). 
Gii) If T is a-polaroid then T + K is a-polaroid. 


Proof 


(i) Suppose T is polaroid. If A € isoo(T + K) then there are two possibilities: 
à € o (T) ord € o(T). If 4 d o(T) then AJ — T is invertible and hence 
AI — (T + K) is Browder, by Theorem 3.11. Therefore, A is a pole of T + K. 
If X € o (T) then à € isoc (T), by Corollary 3.21. Since T is polaroid then A 
is a pole of T, or equivalently AJ — T is Drazin invertible. By Theorem 3.78 it 
then follows that AJ + (T + K) is Drazin invertible. Since à € isoo (T + K), 
à is a pole of the resolvent of T. 

(ii) Suppose T is left polaroid. If A € isooap(T + K) then there are two 
possibilities: A É Gap(T) or A € oap(T). If A € Cap(T) then AJ — T is bounded 
below and hence AJ — (T + K) is upper semi-Browder, by Theorem 3.11, in 
particular it is left Drazin invertible. Therefore, A is a left pole of T+ K. If A € 
Oap(T) then A € iso oap (T), by Corollary 3.28. Since T is left polaroid then A 
is a left pole of T', and hence left Drazin invertible. By Theorem 3.78 it then 
follows that AJ + (T + K) is left Drazin invertible. Since 4 € isooap(T + K) 
then A is a left pole of T + K. The proof in the case of right polaroid operators 
is similar. 

(iii) Suppose T is a-polaroid. If à € iso Gap(T + K) then there are two possibilities: 
à € a(T) ord € o(T). If 4 d o(T) then AJ — T is invertible and hence 
AI — (T + K) is Browder, by Theorem 3.11, in particular it is Drazin invertible. 
If A € c (T) then à € isoo (7T), by Corollary 3.21. Since T is a- polaroid then 
à is a pole of T, and hence AJ — T is Drazin invertible. By Theorem 3.78 it 
then follows that AJ — (T + K) is Drazin invertible. Since à € o (T + K) we 
then conclude that A is a pole of the resolvent of T + K. a 


Obviously Theorem 4.24 applies to nilpotent commuting perturbations. The next 
example shows that this result cannot be extended to quasi-nilpotent operators Q 
commuting with T. 
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Example 4.25 Let Q € L(€2(N)) be defined by 


O(x1,x2,...)= (>. = " .) for all (x) € N), 
Then Q is quasi-nilpotent and if e; :— (0,...,1,0,...), where 1 is the n-th term 


and all others are 0, then en+1 € ker grt! while en+1 ¢ ker Q”, so that p(Q) = 
oo. If we take T = O0, the null operator, then T is both left and a-polaroid, while 
T + Q = Q is not left polaroid, as well as not a-polaroid or polaroid. 


However, the following theorem shows that T + Q is polaroid in a very special 
case. Recall first that if (T) < co then a(T") < oo for all n € N. 


Theorem 4.26 Suppose that Q € L(X) is a quasi-nilpotent operator which 
commutes with T € L(X) and suppose that all eigenvalues of T have finite 
multiplicity. 


(i) IfT is a polaroid operator then T + Q is polaroid. 
(ii) If T is a left polaroid operator then T + Q is left polaroid. 
(ii) If T is an a-polaroid operator then T + Q is a-polaroid. 


Proof 


i) Let A € isoc (T + Q). It is well-known that the spectrum is invariant under 
commuting quasi-nilpotent perturbations, thus A € isoo(T) and hence is a 
pole of the resolvent of T (consequently, an eigenvalue of 7). Therefore, p :— 
D — T) = q(AI — T) < œ and since by assumption a(AI — T) < oo we 
then have a(AJ — T) = (àI — T), by Theorem 1.22, so AJ — T is Browder. 
By Theorem 3.8 we then obtain that AJ — (T + Q) is Browder, hence A is a 
pole of T + Q, thus T + Q is polaroid. 

(ii) Let A € isoogp(T + Q). We know that oap (T) is invariant under commuting 
quasi-nilpotent perturbations, so A € isoosp(T) and hence, since T is left- 
polaroid, A is a left pole of the resolvent of T. Therefore, p :— p(A1 — T) < co 
and (AI — T)? (X) is closed. Now, 41 — T is injective or A is an eigenvalue 
of T. In both cases we have a(Al — T) < oo and hence a(A1 — T)P*! < 
oo. Thus, (AI — T)?*! e (X) and this implies that AZ — T € ®1(X). 
Consequently, AJ — T € B4, (X) and hence, by Theorem 3.8, AJ — (T + Q) 
is upper-Browder. This implies that p’ := p(AI — (T + Q)) < oo and since 
QA —(T 2- QY)?*! is still upper semi-Browder, AJ — (T + Q))? *! (X) is closed 
and hence (AJ — (T + Q)) is left Drazin invertible. Since A € isooap(T + Q) 
it then follows that A is a left pole of T + Q and hence T + Q is left polaroid. 

(iii) The proof is analogous to that of part (1). In fact, if A € iso oap(T + Q) then 
A € isocsp(T) and hence, since T is a-polaroid, A is a pole of the resolvent 
of T. By assumption, a(AJ — T) < co. Proceeding as in part (i) we then have 
that à is a pole of T + Q, thus T + Q is a-polaroid. [| 


The argument of the proof of part (1) of Theorem 4.26 also works if we assume 
that every isolated point of c (T) is a finite rank pole (in this case T is said to be 
finitely polaroid). This is the case, for instance, for Riesz operators having infinite 
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spectrum. Evidently, 7+ Q is also finitely polaroid, since for every A € isoo (T 4- Q) 
we have a (A1 — (T + Q)) < oo. 


Theorem 4.27 Let T € L(X) and Q be a quasi-nilpotent operator which 
commutes with T. If isooy(T) = Ø then T is polaroid if and only if T + Q is 
polaroid. Analogously, if iso ow (T) = Ø then T is a-polaroid if and only if T + Q 
is a-polaroid 


Proof We know that T and T + Q have the same spectrum. By Theorem 3.59 T and 
T + Q have the same set of poles. The proof of the second assertion is similar. W 


4.2 Hereditarily Polaroid Operators 


Every operator K for which K" is finite-dimensional is algebraic, so it makes sense 
to find conditions for which the polaroid condition is preserved under algebraic 
commuting perturbations. By a part of an operator T we mean the restriction of T 
to a closed T-invariant subspace. 


Definition 4.28 An operator T € L(X) is said to be hereditarily polaroid if every 
part of T is polaroid. 


A simple example shows that a polaroid operator need not be necessarily 
hereditarily polaroid. Let T := R ® Q on H © H, where H :— ¢7(N), R is the 
right shift and Q is quasi-nilpotent. Then o (T) is the unit disc, so iso ø (T) is empty 
and hence T is polaroid. On the other hand, if M :— {0} @ (N), then T |M is not 
polaroid, since Q is not polaroid. 

It is easily seen that the property of being hereditarily polaroid is similarity 
invariant, but is not preserved by a quasi-affinity. We now want to show that every 
hereditarily polaroid operator has the SVEP. First we need to introduce two concepts 
of orthogonality on Banach spaces. 


Definition 4.29 A closed subspace M of a Banach space X is said to be orthogonal 
to a closed subspace N of X in the sense of Birkhoff and James, in symbols M L N 
if ||x|| < lx + yl| forall x e M and y e N. 


A study of this concept of orthogonality may be found in [143]. Note that 
this concept of orthogonality is asymmetric and reduces to the usual definition of 
orthogonality in the case of Hilbert spaces. This concept of orthogonality may be 
weakened as follows: 


Definition 4.30 A closed subspace M of a Banach space X is said to be approxi- 
mately orthogonal to a closed subspace N of X, in symbols M La N, if there exists 
a scalar æ > 1 such that ||x|| < a||x + y|| for all x € M and y € N. 
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What M La N means is that M meets N at an angle 0, 0 < 0 < 7 where by 
definition 


sin 6 = inf(lx — yl, llyl 2 1) forallx € M, y e N. 


If 0 — 5, then M is orthogonal in the Birkhoff-James sense. If M meets N at an 


angle 0 > 0 then N meets M at an angle ¢ > 0, where in general 0 Æ 6. 
Theorem 4.31 Every hereditarily polaroid operator T € L(X) has the SVEP. 


Proof Let T be hereditarily polaroid. For distinct eigenvalues A and u of T, let 
M denote the subspace generated by ker (AJ — T) and ker (uI — T). Set S :— 
T|M. Then S is polaroid and a(S) = (A, u}. Denote by P, the spectral projection 
corresponding to the spectral set {u}. Then 


P (M) = ker (ul — S) = ker (uI — T), 

while 
ker P, = (I — Py)(M) = ker (AI — S) = ker(Al — T). 

Set a :— || P]. Then o > 1, and 

Ill] = llpuxll = Pu Gy) s olx — yl 
for all x € P (M) = ker (uI — T) and y € (I — P,)(M) = ker (AI — T). 

Now, suppose that T does not have the SVEP at a point dg € C. Then there exists 

an open disc D centered at 59 and a non-trivial analytic function f : Do — X such 


that 


f(8) € ker (81 — T) forall ô € Do. 


Let A € Do and u € Do be two distinct complex numbers such that f (A) and f (u) 
are non-zero. Since ker (uJ — T) La ker (AI — T), 


0 < FMI S elf Go) — FOL. 


But then f is not continuous at jz, a contradiction. Hence T has the SVEP. [| 


We have seen that T* is polaroid if and only if T is polaroid. An immediate 
consequence of Theorem 4.31 is that this equivalence in general is not true for 
hereditarily polaroid operators. Indeed, the right shift R is trivially hereditarily 
polaroid while its dual, the left shift L, cannot be hereditarily polaroid, since it does 
not have the SVEP. Note that, by Theorem 3.44, for a hereditarily polaroid operator 
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T we have 


eiw (T) = ow(T) = (T) = ow (T), 


since T has the SVEP. 


Theorem 4.32 Suppose that T € L(X) and K € L(X) is an algebraic operator 
which commutes with T. 


(i) Suppose that T is hereditarily polaroid. Then T + K is polaroid and T* + K* 
is a-polaroid. If T* has the SVEP then T + K is a-polaroid. 

(ii) Suppose that T* is hereditarily polaroid. Then T* + K* is polaroid and T + K 
is a-polaroid. If T has the SVEP then T* + K* is a-polaroid. 


Proof 


(i) An easy consequence of the spectral mapping theorem is that an algebraic 
operator has a finite spectrum. Let o(K) = (41,25,..., An} and denote by 
Pj the spectral projection associated with K and the spectral sets (A). Set 
Y; :— Pj(X) and Z; :— ker P;. From the classical spectral decomposition 
we know that X = Y; © Zj, Y; and Z; are invariant closed subspaces under 
T and K. Moreover, if we let K; :— K|Y; and T; :— T|Y;, then Kj; and T; 
commutes, o (K;) = (^j) and 


c(T - K) e| Joc; + Kj. 


j=l 


We claim that N; :— A;J — Kj is nilpotent for every j = 1, 2, ..., n. To prove 
this, denote by h a non-trivial polynomial for which h(K) = 0. Then 


h(K;)— h(K|Yj) 20 forallj =1,2,...,n, 
and since 
h({Aj}) = h(o(Kj)) = o (h(K;)) = {0} 
it then follows that (A ;) = 0. Set 
h(u) := (Aj — B)" q(a) with qj) z 0. 
Then 
0 = h(Kj) = Qj — Kj)"q(Kj), 


where all q(K ;) are invertible. Therefore, (A; — Kj)" = 0 and hence Nj; := 
A; — Kj is nilpotent for every j = 1, 2,...,n, as desired. 
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i) 


Hn 
Th 


We show now that T + K is polaroid. Let A € isoo(T + K). Then dA € 
iso o (T; 4- K ;) forsome j = 1,2, ..., n, henceA—Aj € isoo (T; - Kj —AjI). 
The restriction T; is polaroid, by assumption, and as proved before A; J — Kj is 
nilpotent. By Lemma 4.23 then T; + Kj — AjJ is polaroid. Therefore, A — À j 
is a pole of the resolvent of T; + Kj — 4;J and hence, by Corollary 2.47, there 
exists a vj € N such that 


Ho((. — 45)I — (Tj; + Kj - AjD)) = Hol — (Tj + Kj)) 
= ker(Al — (Tj + Kj). 


Taking into account that Ho(Al — (T; + Kj) = {O} if A ¢ o (T; + Kj), it then 
follows that 


HQI — (T + K)) = @ Holl — (T; + Kj) 
j=l 


n 
= aq ker(AI — (T; + Kj)". 
j=l 


Clearly, if we put v := max(vi, v2,--- , Vn} we then obtain 
Ho(AI — (T + K)) = ker (AI — (T + K))". 


As à is an arbitrary isolated point of o (T + K), it then follows, by Theo- 
rem 4.12, that A is a pole of the resolvent of T + K. Hence T + K is polaroid. 
To show that T* + K* is a-polaroid observe that by duality T* + K* is 
polaroid. Since T has the SVEP, by Theorem 4.31, T + K also has the SVEP, 
by Theorem 2.145. By Theorem 4.15 it then follows that T* + K* is a-polaroid. 
Suppose now that T* has the SVEP. Obviously, K* is algebraic and 
commutes with T*. Therefore, 7*+ K* has the SVEP, again by Theorem 2.145, 
and hence T + K is a-polaroid, by Theorem 4.15. 
By part (i) we know that T* + K* polaroid or, equivalently, T + K is polaroid. 
Since T* has the SVEP, again by Theorem 4.31, T* + K* also has the SVEP, 
so, by Theorem 4.15, T + K is a-polaroid. If we suppose that T has the SVEP, 
then T + K has the SVEP, hence T* + K* is a-polaroid, by Theorem 4.15. M 


The result of Theorem 4.32 may be extended to f(T) for every function f € 
c(o (T + K)). 


eorem 4.33 Suppose K € L(X) is an algebraic operator commuting with T € 


L(X) and let f € ?1,, (o (T + K)). Then we have 


(i) 
i) 


If T is hereditarily polaroid then f (T + K) is polaroid, while f (T* + K*) is 
a-polaroid. 
If T* is hereditarily polaroid then f (T + K) is a-polaroid, while f (T* + K*) 
is polaroid. 
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Proof 


(i) Let T be hereditarily polaroid. Then T + K is polaroid, by Theorem 4.32, and 
hence f(T + K) is polaroid, by Theorem 4.19. We also know that the SVEP 
holds for T , and this entails that T + K also has the SVEP, by Theorem 2.145. 
From Theorem 2.86 it then follows that f (T + K) has the SVEP. Since f(T + 
K)* = f(T* + K*) is also polaroid, by Theorem 4.15, we then conclude that 
f(T* + K*) is a-polaroid. 

(ii) The proof is analogous. [| 


Remark 4.34 In the case of Hilbert space operators, the assertions of Theorem 4.32 
are still valid if T* is replaced by the Hilbert adjoint 7". 


A natural question is whether the polaroid property, or the hereditarily polaroid 
property, for an operator is preserved under compact perturbations. The answer to 
these questions is negative, see Zhu and Li [227], or Duggal [127]. 


4.3 Examples of Polaroid Operators 


The class of hereditarily polaroid operators is substantial; it contains several 
important classes of operators. The first class that we consider is the following one 
introduced by Oudghiri [251]. 


Definition 4.35 A bounded operator T € L(X) is said to belong to the class H (p) 
if there exists a natural p :— p(A) such that: 


Ho(AI — T) = ker (AI — T) foralla € C. (4.5) 


It should be noted that the integer p :— p(A) may assume different values. We 
shortly say that T belongs to the class H (1) if p(A) = 1 for all A € C. The class 
H (1) has been studied by Aiena and Villafane in [32]. 

Evidently, since Ho(AI — T) is closed for each A € C, every H(p)-operator 
has the SVEP, by Theorem 2.39. Moreover, every H (p)-operator is polaroid, by 
Theorem 4.12. 

The property H (p) is inherited by restrictions to closed invariant subspaces: 


Theorem 4.36 Let T € L(X) be a bounded operator on a Banach space X. If T 
has the property H (p) and Y is a closed T -invariant subspace of X then T|Y has 
the property H (p). 


Proof If Ho(Al — T) = ker(Al — T)" then 
Ho((Al — T)|Y) € ker(AI — T) NY =ker((al — T)|Y)?, 


from which we obtain Ho((47 — T)|Y) = ker((A1 — T)|Y)?. | 
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The following result is an easy consequence of Theorems 4.36 and 4.33. 


Corollary 4.37 Every H (p)-operator T is hereditarily polaroid. Moreover, if K is 
algebraic and commutes with T, then f (T + K) is a-polaroid, while f (T* + K*) 
is polaroid, for every f € Hnc(o(T + K)). 


The next result shows that property H (p) is preserved by quasi-affine transforms. 


Theorem 4.38 If S € L(Y) has property H(p) and T < S, then T has property 
H(p). 


Proof We consider the case when p :— (AJ — T) = 1 for all A € C. Suppose S has 
property H (1), i.e. SA = AT, with A injective. If à € C and x € Ho(Al — T) then 


AL — S" Axt” = AQ — Tx” < AU — TY xnl", 
from which it follows that Ax € Ho(AI — S) = ker (AI — S). Hence, 
A(AI — T)x = (AI — S)Ax =0 


and, since A is injective, we then conclude that (47 — T)x = 0,i.e., x € ker (A41— T). 
Therefore Ho(AI — T) = ker (AJ — T) for all à € C. 
The more general case of H (p)-operatorsis proved by a similar argument. M 


The class of H (p)-operators is very large. To see this, we first introduce a special 
class of operators which plays an important role in local spectral theory. Let C?? (C) 
denote the Fréchet algebra of all infinitely differentiable complex-valued functions 
on C. 


Definition 4.39 An operator T € L(X), X a Banach space, is said to be generalized 
scalar if there exists a continuous algebra homomorphism V : C??(C) > L(X) 
such that 


V(1-21 and W(Z)- T, 


where Z denotes the identity function on C. 


The interested reader can find a well-organized treatment of generalized scalar 
operators in Laursen and Neumann [216, Section 1.5]. It should be noted that every 
quasi-nilpotent generalized scalar operator is nilpotent [216, Proposition 1.5.10]. 
Moreover, if T is generalized scalar then T has the Dunford property (C), i.e. 
X7(Q) is closed for all closed subset Q C C, see [216, Theorem 1.5.4 and 
Proposition 1.4.3]. In particular, Ho(AJ — T) = XTr((A)) is closed for each À € C, 
so every generalized scalar operator has the SVEP, by Theorem 2.39. 

An operator similar to a restriction of a generalized scalar operator to one of its 
closed invariant subspaces is called subscalar. 
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Theorem 4.40 Every generalized scalar, as well as every subscalar operator 
T € L(X) is H(p). Consequently, every generalized scalar and every subscalar 
operator is hereditarily polaroid. 


Proof By Lemma 4.36 and Theorem 4.38 we may assume that T is generalized 
scalar. Consider a continuous algebra homomorphism V : C??(C) — L(X) such 
that V(1) = J and V(Z) = T. Let X € C. Since every generalized scalar operator 
has property (C), Ho(41 — T) = XT((4)) is closed. On the other hand, if f € 
C?? (C) then 


VCf)(HoQG.I — T)) € WOI — T), 
because T = Y(Z) commutes with V( f). Define 
V :C*(C) > L(Hg(A4I — T)) 
by 
V(f) = V(f))Ho(AI — T) forevery f € C?*(C). 
Clearly, T|Ho(AI — T) is generalized scalar and quasi-nilpotent, so it is nilpotent. 


Thus there exists a p > 1 for which Ho(A1 — T) = ker(A1 — T)’. | 


Definition 4.41 An operator T € L(X) is said to be paranormal if 
IT x|| < IIT?x|| for all unit vectors x € X. (4.6) 


The restriction T|M of a paranormal operator T € L(X) to a closed subspace 
M is evidently paranormal. The property of being paranormal is not translation- 
invariant, see Cho and Lee [91]. An operator T € L(X) is called totally paranormal 
if AJ — T is paranormal for all A € C. Note that every isometry is paranormal. 


Theorem 4.42 Every totally paranormal operator has property H (1). 


Proof In fact, if x € Ho(AI — T) then ||(A1 — T)"x||!/" — 0 and since T is totally 
paranormal then (4.1 — T)" x ||? > ||(AI—T)x ||. Therefore, Ho(41 — T) € ker(A1— 
T), and since the reverse inclusion holds for every operator, we have Ho(AJ — T) = 
ker(AI — T). | 


Theorem 4.40 implies that some important classes of operators are H (p). In the 
sequel we list some of these classes acting on Hilbert spaces. Let H be a Hilbert 
space, with inner product (-, -) and, as usual, denote by T’ the adjoint of T. 


(a) Hyponormal operators. A bounded operator T € L(H) is said to be hyponor- 
mal if 


TT > TT. 
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It is easily seen that T is hyponormal if and only if 
ll T^x] x ||Txl| foral x € H. 


Indeed, T'T > TT’ means that (T'Tx,x) > (TT'x,x) for all x € H, or 
equivalently 


IT'xl? = (T'x, T'x) = (TT'x, x) < (T'Tx, x) = (Tx, Tx) = |Tx|. 


Clearly, |T'x||? < IT x||? if and only if |T'x|| < [Tx |l. 

By an important result due to Putinar [258], every hyponormal operator is similar 
to a subscalar operator, see also [216, section 2.4], so, by Theorem 4.40, hyponormal 
operators are H (p). A routine computation shows that that a weighted right shift, 
see later for the definition, on the Hilbert space £?(N) is hyponormal if and only 
if the corresponding weight sequence is increasing. Since every generalized scalar 
operator is decomposable, see [216, Theorem 1.5.4], and hence has property (£), 
for every increasing weight sequence the corresponding weighted right shift has 
property (8). Examples of hyponormal operators are the quasi-normal operators, 
see Conway [99] or Furuta [151], where T € L(H) is said to be quasi-normal if 


T(T'T) = (T'T)T. 


A very easy example of a quasi-normal operator is given by the right shift R on 
£5(N). Indeed, the adjoint of R is the left shift L and obviously R(R’R) = (RR’)R. 
Note that R is not normal, since RR’ = RL z R'R = LR = I. An operator 
T € L(A) is said to be subnormal if there exists a normal extension N, i.e. there 
exists a Hilbert space K such that H C K and a normal operator N € L(K) such 
that N|H = T. We have 


T quasi-normal > T subnormal => T hyponormal. 


For details, see Furuta [151, p. 105]. We give in the sequel some relevant properties 
of hyponormal operators. 


Lemma 4.43 Let T € L(H) be hyponormal. Then we have: 


(i) AI — T is hyponormal for every à € C. 
(i) If M is a closed invariant subspace of H then T|M is hyponormal. 


Proof 
(i) We have 


(AI — TY (AI — T) - (41 — T)AI — TY 
—(AI—T)AI—T)—(G1—T)GXI1 — T) 2 T'T — TT' <0, 


thus, AJ — T is hyponormal. 
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(ii) Observe first that if Pj is the projection of T onto M, then (T|M) = 
(Py T^)|M. For every x € M we then have 
ICM) x] = (Pa Tx) < ME PauU Tx 
= ||T'x|] < ITxl| = IITIM»x||, 


so T|M is hyponormal. a 


Lemma 4.44 Let T € L(A) be a self-adjoint operator such that XI < T for some 
à > 0. Then T is invertible. In particular, if I < T then 0 < T! x I. 


Proof 'To show the first assertion, observe that by the Schwarz inequality we have 
ITx|ilix]| = (Tx, x) > ell’, 


so ||Tx|| = c|[x||, and hence T is bounded below by Lemma 1.9. Let y be orthogonal 
to T (H), that is 


0 — (y, Tx) = (Ty, x) forall x € H. 


Then Ty = 0 and since T is injective we then have y = 0. Therefore, T(H)- = 


T(H y" = {0}, and hence T is surjective, thus T is invertible. 

To show the second assertion, note that if J < T then T is invertible and T~! is 
also positive. Since the product of two commuting positive operators is also positive, 
it then follows that 


TPourcTper-pe 


thus T7! < I. [| 


It is easily seen that if T is self-adjoint then ST S’ is also self-adjoint for every 
S € L(A). Moreover, if T is positive then STS’ > 0 for all S € L(A). 


Theorem 4.45 /f T € L(H) is an invertible hyponormal operator then its inverse 
T -! is also hyponormal. 


Proof Suppose that T is hyponormal. Then T'T — TT’ > 0 and hence, as noted 
above, the product T^! (T'T — TT^)(T-) is still positive. From this we obtain 
T-(T'T)(T-!y — I > 0, and hence 

TOO TU > 1, 
thus, by Lemma 4.44, the product T ^! (T T)(T -!)' is invertible with 


üsprirryuryrt«ex 
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From the last inequality we then obtain that 
S:-I-T'(T (T) br 


is positive, so T^! ST-! > 0, from which we easily obtain that 


(T Ds | oT I(T Iy > 0. 


Therefore, T ^! is hyponormal. a 


Theorem 4.46 Every hyponormal operator T € L(H) is totally paranormal. 
Consequently, every hyponormal operator is H (1). 


Proof To show that T is totally paranormal it suffices to prove, by Lemma 4.43, 
that every hyponormal operator is paranormal. Since T is hyponormal we have, for 
every x € H, 
ITI? = (Tx, Tx) = (T/T x, x) < IT Cx 
< IT Cx) = IZ x. 

Taking ||x || = 1 we then have ||T x]? < ||T?x||, so T is paranormal. 

By Theorem 4.42 T is H(1). | 

For T € L(H) let T = W|T| be the polar decomposition of T. Then 


R:= (TP wr? 


is said to be the Aluthge transform of T, see [47]. If R = V|R| is the polar 
decomposition of R (see Appendix A) let us define 


T := |R|?v|R|V2, 


(b) Log-hyponormal operators. An operator T € L(H) is said to be log- 
hyponormal if it is invertible and satisfies 


log (T*T) > log (TT*). 


If T is log-hyponormal then T is hyponormal and T — K TK-l, where K := 
|R|!/2|T|!/2, see Tanahashi [290], and Cho et al. [92]. Hence T is similar to a 
hyponormal operator and therefore, by Theorem 4.38, has property H (1). 

(c) p-hyponormal operators. An operator T € L(H) is said to be p-hyponormal, 
with 0 < p < l, if 


(T'T)P > (TTP. 


4.3 
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If p = 1, T is said to be semi-hyponormal. The class of p-hyponormal 
operators has been studied by Aluthge [47], while semi-hyponormal operators 
were introduced by Xia [298]. Any p-hyponormal operator is g-hyponormal 
ifq « p, but there are examples to show that the converse is not true, see 
[47]. Every invertible p-hyponormal is subscalar [200], and is quasi-similar to 
a log-hyponormal operator. Consequently, by Theorem 4.38, every invertible 
p-hyponormal is operator has property H (1), see Aiena and Miller [17], and 
Duggal and Djordjevié [129]. This is also true for p-hyponormal operators 
which are not invertible, see Duggal and Jeon [134]. Every p-hyponormal 
operator is paranormal, see [49] or [90]. 

M -hyponormal operators. Recall that T € L(H) is said to be M-hyponormal 
if there exists an M > 0 such that 


TT* « MT*T. 


Every M-hyponormal operator is subscalar [216, Proposition 2.4.9] and hence 
H(p). 

w-hyponormal operators. If T € L(H) and T = U|T| is the polar decomposi- 
tion, define 


Ê := |T|2U|T|2. 
T € L(H) is said to be w-hyponormal if 
If| = IT] z ff^. 


Examples of w-hyponormal operators are p-hyponormal operators and log- 
hyponormal operators. Each w-hyponormal operator is subscalar, together with 
its Aluthge transformation, see Cho et al. [228], and hence H(p). In [168, 
Theorem 2.5] it is shown that for every isolated point A of the spectrum of a 
w-hyponormal operator T we have Ho(A1 — T) = ker(AJ — T) and hence A is 
a simple pole of the resolvent. 

Multipliers of semi-simple Banach algebras. Let A denote a complex Banach 
algebra (not necessarily commutative) with or without a unit. 


finition 4.47 The mapping T : A — A is said to be a multiplier of A if 


x(Ty) 2 (Tx)y forallx, y € A. (4.7) 


The set of all multipliers of A is denoted by M(A). 


An immediate example of a multiplier of a Banach algebra A is given by the 


multiplication operator La : x € A — ax € A by an element a which commutes 
with every x € A. In the case in which A is a commutative Banach algebra with 
unit u the concept of multiplier reduces, trivially, to the multiplication operator by 
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an element of A. To see this, given a multiplier T € M(A), let us consider the 
multiplication operator Lr, by the element Tu. For each x € A we have 


Lrux = (Tu)x = u(Tx) = Tx, 


thus T = Lru. In this case we can identify A with M(A). A very important 
example of a multiplier is given in the case where A is the semi-simple commutative 
Banach algebra L! (G), the group algebra of a locally compact abelian group G with 
convolution as multiplication. Indeed, in this case to any complex Borel measure u 
on G there corresponds a multiplier T, defined by 


T (f) := ux f forall f € L'(G), 


where 
(ux f)(t) = [ fe- odno. 


The classical Helson-Wendel Theorem shows that each multiplier is a convolution 
operator and the multiplier algebra of A :— L!(G) may be identified with the 
measure algebra M (G), see Larsen [210, Chapter 0]. 

We recall that an algebra A is said to be semi-prime if (0) is the only two-sided 
ideal J for which J? = {0}. A left ideal J of a Banach algebra A is said to be 
regular (or also modular) if there exists an element v € A such that .A(1 — v) C J, 
where 


A(1— v) :2 (x ^xv:x E A}. 


Similar definitions apply to right regular ideals and regular ideals. It is clear that if 
A has a unit u then every ideal, left, right, or two-sided, is regular. A two-sided ideal 
J of A is called primitive if there exists a maximal regular left ideal L of A such 
that 


J={xeA:xAC lL}. 


It is well known that J is a primitive ideal of A if and only if J is the kernel of an 
irreducible representation of A, see Bonsall and Duncan [80, Proposition 24.12]. 

The (Jacobson) radical of an algebra is the intersection of the primitive ideals 
of A, or, equivalently, the intersection of the maximal regular left (right) ideals of 
A, see Bonsall and Duncan [80, Proposition 24.14]. An algebra A is said to be 
semi-simple if its radical rad A is equal to {0}. If A = rad A then A is said to be 
a radical algebra. Each semi-simple Banach algebra is semi-prime. Note that in a 
commutative Banach algebra A the radical is the set of all quasi-nilpotent elements 
of A, see [80, Corollary 17.7], and consequently A is semi-simple precisely when 
it contains non-zero quasi-nilpotent elements, while a commutative Banach algebra 
A is semi-prime if and only if it contains non-zero nilpotent elements. 
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The weighted convolution algebra Lı (R+, œw), where the weight w is chosen so 
that w!/' — 0 as t — 0, is an example of a semi-prime Banach algebra which 
is not semi-simple [80], so these two classes of Banach algebras are distinct. For 
an extensive treatment of multiplier theory we refer to the books by Laursen and 
Neumann [216] and Aiena [1]. 


Theorem 4.48 Let A be a semi-simple Banach algebra. Every T € M(A) has 
property H (1), i.e., 
Ho(4I1I — T) ker (AI — T) forall € C. (4.8) 


Consequently, every T € M(A) is hereditarily polaroid. 


Proof Since AI — T is a multiplier, it suffices to show (4.8) for à = 0. We know 
that ker T C Ho(T), so it remains to prove the inverse inclusion. 
Suppose that x € Ho(T). By an easy inductive argument we have 


(Ty)" =(T"y)y""! for every y € A andn EN. 
From this it follows that 


aT" = \(Lax)"|| = |T” (ax)(ax)" | 


< fall T” xax)" 
for every a € A, so the spectral radius of the element aT x is 
r(aTx) = lim |(aTx)"|"^ 20 
n—-> oo 


for every a € A. This implies that Tx € rad A, see [80, Proposition 1, p. 126]. Since 
A is semi-simple Tx = 0, hence x € ker T, and consequently Ho(T) C ker T, 
which concludes the proof. [| 


Corollary 4.49 Let A be a semi-simple Banach algebra and T € M(A). Then T is 
quasi-nilpotent if and only if T — 0. 


Proof Suppose T € M(A) is quasi-nilpotent. Combining Theorems 4.48 and 2.35 
we have A = Ho(T) = ker T and hence T = 0. | 


Remark 4.50 Note that the assumption of semi-simplicity in Theorem 4.48 is 
crucial, since, in general, a multiplier of a non-semi-simple Banach algebra A, also 
semi-prime, does not satisfy property H (1). To see this, let co :— (@n)nen be a 
sequence with the property that 


O < ogg < Onn for allm,n € N, 
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and let £! (œw) denote the space of all complex sequences x :— (Xn)nen for which 


oo 
lxlo = Y @nlxn| < oo. 


n=0 


The Banach space £! (œw) equipped with convolution as multiplication 


n 
(X * y)n = 3 4-33 forallne N, 
j=0 


is a commutative Banach algebra with unit. Denote by A,, the maximal ideal of 
L! (c) defined by 


Aw = {(in)nen € £! (w) : xo = 0). 


The Banach algebra A,, is an integral domain (in the sense that the product of two 
non-zero elements of A,, is always non-zero) and hence semi-prime. Suppose now 
that the weight sequence w satisfies the condition 


1 
Po := lim o =0. 
n—> o0 
Then A, is a radical algebra (see Laursen and Neumann [216, Example 4.1.9]), i.e., 
A,, coincides with its radical, and hence is not semi-simple. 

For every 0 Z a € Ay, let Ta (x) :— a xx, x € Aw, denote the multiplication 
operator by the element a. It is easily seen that 7; is quasi-nilpotent, thus H;,(75) = 
Aj. On the other hand, A, is an integral domain so that ker 7; = {0}. Hence, the 
operator Tą does not satisfy property H (1). 


4.4 Paranormal Operators 


The paranormal operators on Banach spaces provide important examples of oper- 
ators which are not H (p). An operator T € L(X), X a Banach space, is said to 
be normaloid if its spectral radius r (T) is equal to the norm ||T ||, or equivalently, 
|7" || = TJ" for every n = 1,2,.... 


Theorem 4.51 /fT € L(X) is paranormal then we have: 


(i) Any scalar multiple, and the inverse (if it exists), of a paranormal operator, is 
paranormal. 
(ii) Every power T" is paranormal. 
Gii) T is normaloid. 
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Proof (i) Obvious. To show (ii) observe that from the definition (4.6) we have 


[r^ x] c rt 
Tex] 7 prx] 
from which we obtain 
IT^x| Px T2x TI 
Il || xl] 7 I| 777 xl 
| T"*!x| pr" *2x | |T?x| "I 
[era prec ^ qpmem dq eel 


Consequently, ||7"x|? < |(T^Y^x|llx]l. 
(iii) For every paranormal operator we have 


2 2 2 2 
ITa x IT x s TNI. 


thus ||T?|| = ||T |?. Since T" is paranormal, | T?" = ||T ||?" for every n € N. Hence 
n 1 
r(T) = lim |T^ |? = |T|. m 
n—oo 


Remark 4.52 In [151, p. 113] it is shown that there exists a hyponormal operator T 
such that T? is not hyponormal. Since every hyponormal operator is paranormal, 
T is paranormal and hence, by Theorem 4.51, T? is paranormal. Therefore T? 
provides an example of an operator which is paranormal, but not hyponormal. 


Corollary 4.53 [fT € L(X) is quasi-nilpotent and paranormal, then T = 0. 
Proof T is normaloid, so r(T) = ||T || = 0. H 


Definition 4.54 Recall that an invertible operator T € L(X) is said to be doubly 
power-bounded if sup{||T” || : n € Z} < oo. 


The following theorem is due to Gelfand, see [216, Theorem 1.5.14] for an 
elegant proof. 


Theorem 4.55 If T is doubly power-bounded then T = I. 


Evidently, every isometry is paranormal. Note that if T € L(X) is paranormal 
and o (T) C A, A the unit circle in C, then T is an invertible isometry. Indeed, T 
and its inverse T ^! are paranormal, and hence normaloid. Hence ||T || = ||T-!|| = 1 
and 


xl = IT^ Tx] < Tx < Ixl 


for all x € X, thus || 7 x|| = ||x ||. 
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We know that every totally paranormal operator is H (1), by Theorem 4.42, and 
hence hereditarily polaroid. In the next theorem we show that this is true for every 
paranormal operator. 


Theorem 4.56 [fT € L(X) is paranormal then every à € isoo (T) is a pole of the 
resolvent of order 1. Moreover, T is hereditarily polaroid. 


Proof Let X € isoo (T) and denote by P; the spectral projection associated with 
{A}. If A = 0 then the paranormal operator 7'| Po(X) has spectrum {0}, i.e, is quasi- 
nilpotent. By Corollary 4.53, T|Po(X) = 0. By Theorem 2.45 we have Po(X) = 
Ho(T), so Ho(T) C ker T. Since the opposite inclusion holds we then conclude that 
Ho(T) = ker T. Since X = Ho(T) © K(T), we then have T(X) = T(K(T)) = 
K (T), hence X = ker T © T(X), which is equivalent to saying, by Theorem 1.35, 
that O is a pole of the first order. Suppose that A # 0. Then T; := i (T|P4) is 
paranormal with spectrum equal to (1). Therefore, T; and its inverse T; ^! are both 
isometries, and hence ||7;"|| = 1 for all n € Z. By Lemma 4.55 we then deduce 
that T) = I. So again, (AJ — T;)(P, (X)) = {0} and proceeding as in the case à = 0 
we obtain that A is a pole of the first order. This shows that T' is polaroid. Since the 
restriction of T to a closed invariant subspace is paranormal, we then conclude that 
T is hereditarily polaroid. [| 


We say that T € L(X) is analytically paranormal if there exists a function f € 
Hnc(o(T)) such that f (T) is paranormal. 


Corollary 4.57 Analytically paranormal operators on Banach spaces are heredi- 
tarily polaroid. 


Proof Let T € L(X) be analytically paranormal and M a closed T-invariant 
subspace of X. By assumption there exists an analytic function h such that h(T) 
is paranormal. The restriction of any paranormal operator to an invariant closed 


subspace is also paranormal, so h(T|M) = h(T)|M is paranormal and hence 
polaroid, by Theorem 4.56. From Theorem 4.19 we then conclude that T'|M is 
polaroid. [| 


Let C be any class of operators. We say that T is an analytically C-operator if 
there exists some analytic function f € Hy-(o(T)) such that f (T) € C. 


Lemma 4.58 The property of being analytically C is translation invariant. 
Proof We have to show that 


T analytically C and Ap € C = Aol — T analytically C. 


Suppose that f (T) € C for some f € Hnc(o(T)). Let Ao € C be arbitrary and set 
g(u) := f (Xo — u). Then g is analytic and 


g(XoI — T) = fol — QoI — T)) = f(T), 


thus Ag/ — T is analytically C. [| 
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Definition 4.59 An operator T € L(X) is said to be hereditarily normaloid, T € 
HN, if the restriction T|M of T to any closed T-invariant subspace M is normaloid. 
Finally, T € L(X) is said to be totally hereditarily normaloid, T € THN, if 
T € HN and every invertible restriction T|M has a normaloid inverse. 


Evidently, every paranormal operator, and in particular every hyponormal opera- 
tor, is totally hereditarily normaloid. 


Theorem 4.60 Suppose that T € L(X) is quasi-nilpotent. If T is an analytically 
THN operator, then T is nilpotent. 


Proof Let T € L(X) and suppose that f(T) is a 7 H N-operator for some f € 
Hnc(o(T)). From the spectral mapping theorem we have 


o(f(T)) = fo) = 1f()). 


We claim that f(T) = f(0)I. To see this, let us consider the two possibilities: 
f(0) = 0 or FO) #0. 

If f(0) = O then f(T) is quasi-nilpotent and f(T) is normaloid, and hence 
f(T) = 0. The equality f(T) = f (0)1 then trivially holds. 

Suppose the other case f(0) # 0, and set fi(T) := y f). Clearly, 
o(fi(T)) = (1) and || fi(7)|| = 1. Further, fı(T) is invertible and is THN. 
This easily implies that its inverse f;(7)~! has norm 1. The operator f(T’) is then 
doubly power-bounded and hence, by Theorem 4.55, fi (T) = I, and consequently 
f (T) = f(0)1, as claimed. 

Now, let g(A) := f(0) — f(A). Clearly, g(0) = 0, and g may have only a finite 
number of zeros in o (T). Let (0, 41,..., A4) be the set of all zeros of g, where 
Àj Æ Aj, for alli # j, and A; has multiplicity n; € N. We have 


g(a) = uA" [ [ail - T n0). 


i-l 
where A() has no zeros in o (T). From the equality g(T) = f(O) — f(T) = Oit 
then follows that 
n 
0=g8(T)= uT” | o4 — TY h(T) with A; z 0, 
i=1 


where all the operators 4; — T and h(T) are invertible. This, obviously, implies 
that 7" = 0, i.e., T is nilpotent. [| 


If T € L(X) the numerical range of T is defined as 


W(T) :2 {f (T): f e LX, IfI = fü) =U, 
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while the numerical radius of T is defined by 
w(T) := sup{|A| : X € W(T)]. 


In the case of Hilbert space operators the numerical range may be described as the 
set 


W(T) = (x, x) : xl = 1}, 


and the well-known Toeplitz-Hausdorff theorem establishes that W (T) is a convex 
set in the complex plane (for a proof, see Furuta [151, p. 91]). It is known that 


r(T) < wT) < ITI. 


The next non-trivial result was proved in Sinclair [285]. We omit the difficult proof. 


Theorem 4.61 Let T € L(X) and suppose that 0 is in the boundary of the 
numerical range of T. Then the kernel of T is orthogonal to the range of T. 


In the case of paranormal operators we have: 


Theorem 4.62 Suppose that T € L(X) is totally hereditarily normaloid andi, u € 
C, with à 4 0 and à £ u. Then ker (AI — T) L ker (ul — T), i.e. ker (AI — T) is 
orthogonal to ker (uI — T) in the Birkhoff and James sense. 


Proof Suppose first that |A| > ||, let x € ker (4/7 — T) and y € ker (uI — T). Then 
Tx = Ax and Ty = wy. Denote by M the subspace generated by x and y and set 
Ty := T|M. Clearly, o (T|M) = (A, u} and since T|M is normaloid, 


ITIM|| — r(T|M) = |à, | 


so that v(T|M) = |A|. Consequently, à belongs to the boundary of the numerical 
range of T|M and hence, by Theorem 4.61, ker(47 — T|M) L (AI — T|M)(M). 
Evidently, à and u are poles of the resolvent of T |M having order 1. Denoting by P; 
and P, the spectral projections for T|M associated with {A} and {u}, respectively, 
we then have 


(AI — T|M)(M) = (I — P1)(M) = Pí,CM) = ker (BI — T|M). 


Now, x € ker (AJ — T|M) and y € ker(u1 — T|M), hence ||x + y|| > ||x|l. 
Consider now the case where |A| < |u|. Then |u| > 0, so T|M is invertible and 


c(T|M) !— {> | 
Au 


4.4 Paranormal Operators 329 


with Il > zl. Since T |M is normaloid then (T |M)-! is also normaloid. As in the 
first case we then see that the kernels ker(5/ — (TIMY) and ker (GI — (T|M)-!) 


are orthogonal. Obviously, x € ker (1I — (T|M)-!) and y € ker (II — (T|M)- 5, 
so the proof is complete. [| 


Theorem 4.63 Every totally hereditarily normaloid operator T on a separable 
Banach space has the SVEP. 


Proof To prove the first assertion, we show that the point spectrum op(T) is 
countable, hence its interior part is empty. If o5 (T) were not countable we would 
have an uncountable set of unit vectors such that ||x; —x;|| => 1. Since X is separable 
this is not possible. [| 


Every normal operator on a Hilbert space is paranormal. Indeed, if T € L(H) is 
normal then ||T x|| = ||T'x|| for every x € H. Consequently, 
ITX]? = (Tx, Tx) = (T'Tx, x) < AT Tx] = Tx MH 
Theorem 4.64 /f T € L(A) is paranormal and has finite spectrum then H is the 
direct sum of eigenspaces of T. 


Proof Leto (T) = (41,..., An} and denote by P; the spectral projection associated 
with {àz}. Then 


k=n 
H=} noo. 
k=1 


By Theorem 4.56 we have P(X) = ker (Ag J — T). | 


Corollary 4.65 If T € L(H) is paranormal and has finite spectrum then T is 
normal. In particular, any algebraic paranormal operator is normal. 


Proof We have 


k= 
H= aq yh (Axl — T), 
k=1 


and ker (Ax J — T) L ker (A; — T) fork < j, and this entails that T is normal. The 
last assertion is clear, since algebraic operators have finite spectrum. [| 


The class of paranormal operators includes some other classes of operators 
defined on Hilbert spaces: 


(g) p-quasihyponormal operators. It has been observed before that every p- 
hyponormal operator is paranormal. A Hilbert space operator T € L(H) is 
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said to be p-quasihyponormal for some 0 < p < lif 
pu^ yg 


Every p-quasi-hyponormal is paranormal, see Lee and Lee [225]. 

Class A operators. An operator T € L(H) is said to be a class A operator if 
|T?| > |T . Every log-hyponormal operator is a class A operator, see Furuta 
et al. [152], but the converse is not true, see Furuta [151, p. 176]. Every class 
A operator is paranormal (an example of a paranormal operator which is not a 
class A operator can be found in [151, p. 177]). 


(h 


wm 


4.5 Isometries 


Let us consider, for an arbitrary operator T € L(X) on a Banach space X, the 
so-called lower bound of T defined by 


k(T) := inf{||Tx|] : x € X, ||x|| = 1}. 
It is obvious that if T is invertible then k(T) = ||T~! ||. Clearly 
k(T"')k(T") < k(T"*") foralln,m € N (4.9) 


and consequently k(T) = 0 whenever k(T”) = 0 for some n € N. The converse is 
also true: if k(T) = 0 then 0 € og, (T) and therefore k(T”) = 0 for all n € N. 


Theorem 4.66 [fT € L(X) then 


lim k(T")!/" = supk(T")!/^, (4.10) 
n—»-oo neN 


Proof Fix m € N and write for all n € N, n = mq+r,0 <r € m, whereq := q(n) 
andr :— r(n) are functions of n. Note that 


From (4.9) we obtain that K(7") > k(T™)7k(T)' and hence 
lim inf(k(T"))/^ > k(T")'/"  forall m €N. 
n—oo 

Therefore 


lim inf(k(7"))!/" > supk(T")"" > lim sup(k(T^))/^, 
n—oo N n>% 


ne 


from which the equality (4.10) follows. a 
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Put 
i(T) :2 lim k(T")!/". 
n—oo 
If r(T) denotes the spectral radius of T it is obvious that i(T) < r(T). For every 
bounded operator T € L(X), X a Banach space, let us consider the (possible 
degenerate) closed annulus 


AG) : (€ C:i(T) < A < r(T)). 


The next result shows that the approximate point spectrum is located in A(T). 


Theorem 4.67 For every bounded operator T € L(X), X a Banach space, we have 
Oap(T) € A(T). 


Proof If A € Oa (T) then |A| x r(T). Assume |A| < i(T) and let c > 0 be such 
that |A| < c < i (T). Take n € N such that c" < k(T”). For every x € X we have 
c" |[x|| < ||T"x|| and hence 

ATE — T^)x| = IT" xl A” lx] = G^ — a") ied, 
thus A” 7 — T" is bounded below, so A" £ o3, (T). Writing 


AI — T” = Ol —TNT +AT"? ls: 


we then conclude that A ¢ oap(T). Therefore, oap(T) € A(T). | 


As usual by D(0, £) and D(0, £) we shall denote the open disc and the closed disc 
centered at 0 with radius £, respectively. 


Theorem 4.68 For a bounded operator T € L(X), X a Banach space, the 
following properties hold: 


(i) If T is invertible then ID(0, i(T)) € p(T), and consequently o (T) € A(T). If 
T is non-invertible then D(0, i(T)) € o (T); 

(ii) Suppose that i(T) = r(T). If T is invertible then o (T) C 9ID(0, r (T)), while if 
T is non-invertible then 


c(T) —D(0,r(T) and oap(T) = do (T). 


Proof 


(i) Let T be invertible and suppose that there is some A € o (T) for which |A| < 
i(T). We have 0 € p(T), so there is some u in the boundary of c (T) such 
that |u| < |A| < i (T). But this is impossible since, by Theorem 1.12, we have 
U € Ogp(T). Hence, from Theorem 4.67 we deduce that |u| > i (T), and this 
shows the first assertion of (1). 


332 4 Polaroid-Type Operators 


Suppose now that T is non-invertible and that there is an element A € p(T) 
for which |A| < i(T). By assumption 0 € o (T) and p(T) is open, so there 
exists a0 < c < 1 such that cA belongs to the boundary of c (T). From 
Theorem 1.12 it then follows that cA € oap (T). On the other hand, |cA| < i (T), 
so, by Theorem 4.67, cA € Oap(T), and this is a contradiction. This shows the 
second assertion of part (1). 

(ii) The inclusion c (T) € dD(O, r(T)), if T is invertible, and the equality o (T) = 
D(0, r(T)), if T is non-invertible, are simple consequences of part (i). 


Suppose now that if T is not invertible and that there exists some A € c (T) such 
that |] = 1 and A ¢ oap(T). By Corollary 2.92 T* then fails the SVEP at A and 
this contradicts the fact that A belongs to the boundary of the spectrum. Therefore 
ðo (T) € oap(T) and from Theorem 4.67 it then follows that ðo (T) = oap(T). WM 


Remark 4.69 Part (ii) of Theorem 4.68 shows that if i(T) = r(T) and T is not 
invertible then T is a-polaroid, since iso oap(T) = Ø. 


Theorem 4.70 Let T € L(X), X a Banach space, and suppose that X € C isa 
point for which |A| < i(T). Then T has the SVEP at X, while T* has the SVEP at X 
if and only if T is invertible. 


Proof From Theorem 4.67 we know that if |A| < i(T) then A € oap (T). Hence the 
assertions easily follow from Corollary 2.92. a 


The following corollary describes the SVEP in the special case i(T) = r (T). 


Corollary 4.71 Let T € L(X), X a Banach space, and suppose that i(T) = r(T). 
Then the following dichotomy holds: 


(i) If T is invertible then both T and T* have the SVEP; 
(ii) If T is non-invertible then T has the SVEP, while T* has the SVEP at a point à 
precisely when |A| > r(T). 


We now describe the SVEP for T or T* for isometries: 


Theorem 4.72 Every isometry T € L(X) has the SVEP, while the adjoint T* of 
a non-invertible isometry has the SVEP at a point à € C if and only if |A| > 1. 
Every non-invertible isometry is a-polaroid. Every invertible isometry is hereditarily 
polaroid and also T* has the SVEP. 


Proof 'The first assertion is clear from Corollary 4.71 and every non-invertible 
isometry is a-polaroid by Remark 4.69. An isometry T is invertible if and only if it is 
generalized scalar, or equivalently is decomposable, see [216, Theorem 1.6.7]. Con- 
sequently, T* has the SVEP. Every invertible isometry is H (p), by Theorem 4.40 
and hence, by Theorem 4.37 is hereditarily polaroid. a 


Actually, Douglas in [120] has shown that every isometry has property (8), see 
for a proof also [216, Theorem 1.6.7]. 
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The next result on non-invertible isometries will be useful to settle this question 
in the case of certain operators. 


Theorem 4.73 Let T € L(X) be a non-invertible isometry and suppose that f : 
U — C is a non-constant analytic function on some connected open neighborhood 
of the closed unit disc. Then the following assertions hold: 


) o(f(T)) = f (D) and oap Cf (T)) = f(0D), where D denotes the open unit 
disc of C. 
GD f(T) has the SVEP. 
(iii) f(T)* has the SVEP at a point à if and only if à € f (D). 
(iv) f(OD)N f(D) = {A € C: f(T)* does not have the SVEP at i}. 


Proof Since o(f(T)) = D and, by Theorem 4.67, o35 (T) = 3D, the equalities (i) 
follow from the spectral mapping theorems of o (T) and oap(T). Assertion (ii) is a 
consequence of Corollary 4.71 and the spectral mapping theorem. 

(iii) Since f(T)* = f(T*), from Theorem 2.88 it follows that f(T)" has the 
SVEP at the point A € C if and only if T* has the SVEP at each point u € U 
for which f(u) = A. Corollary 4.71 then ensures that the latter condition holds 
precisely when A ¢ f(D). 

The assertion (iv) easily follows from part (1) and part (iii). | 


Part (iv) of Theorem 4.73 leads to many examples in which the SVEP for the 
adjoint fails to hold at the points which belong to the approximate point spectrum 
of T. In fact, if f is a non-constant analytic function on some connected open 
neighborhood U of the closed unit disc and A :— f (9D) N f (ID) is non-empty then 
for every A € A the adjoint of f (T) does not have the SVEP at A. This situation is, 
for instance, fulfilled for every function of the form 


fa) :=A-y)A-a)gA) forA ed, 


where g is an arbitrary analytic function on U, |y| = 1 and || < 1. 

We conclude this section by mentioning two applications of Theorem 4.73 to 
operators defined on Hardy spaces. In the sequel by HP (D), 1 < p < co, we 
denote the Hardy space of all analytic functions f : D — C for which 


JT 
sup | | |f(re!?|dd:0<r < T < oo. 
--— 


By H®(D) we denote the Banach algebra of all bounded analytic functions on 
the open disc D. 


Example 4.74 If f € H® (ID), the operator Tf on H (ID) defined by the assignment 


Trg:— fg forevery g € H” D) 


is called the multiplication analytic Toeplitz operator with symbol f. 


334 4 Polaroid-Type Operators 


Theorem 4.75 Let f be a non-constant analytic function on some connected open 
neighborhood of the closed unit disc. The multiplication Toeplitz operator Ty on 
H?(D) is polaroid and has the SVEP. The adjoint Tf is a-polaroid and has the 
SVEP at à if and only if à ¢ f (D). l 


Proof If T denotes the operator of multiplication by the independent variable, 
defined by 


(Tg)(A) :2Ag() forall g € H?(D), à € D, 


then Ty = f (T). The operator T is unitary equivalent to the unilateral right shift on 
LN), and hence is a non-invertible isometry. By part (1) of Theorem 4.73 we have 


oT) = fT) = f(D) and o(Ty) = f (9D). 


From part (ii) of Theorem 4.73 we see that Ty has the SVEP, while from part (iv) 
of Theorem 4.73, we conclude that the adjoint Tr“ has the SVEP at à € C if and 
only if A ¢ f(D). Since o (T) = D(0, 1) we then have that there are no isolated 
spectral points, so T is polaroid. The SVEP for T also entails that T* is a-polaroid, 
by Theorem 4.15. a 


Note that similar results hold for Toeplitz operators with arbitrary bounded 
analytic symbols. In fact, if f € H (D) the approximate point spectrum oap (77) 
coincides with the essential range of the boundary function, which is obtained by 
taking non-tangential limits of f almost everywhere on the unit circle, and the 
operator Ty does not have the SVEP at any A ¢ f(D). These results may be 
established using standard tools from the theory of Hardy spaces, see Porcelli [257]. 


Example 4.76 Let C(€2) denote the Banach algebra of all continuous complex- 
valued functions on a compact Hausdorff space Q and y : Q — Q a homomor- 
phism. Then we can define a composition operator T, : C(Q) — C(X2) by the 
assignment 


T,(f):— foy forall f e C(Q). 


The operator T, is a surjective isometry, and therefore is generalized scalar (see 
[216]). Thus T, is H(p), by Theorem 4.40, and hence hereditarily polaroid, by 
Corollary 4.37. 

In the same vein, every analytic function g : D — D on the open unit disc 
induces a composition operator on H? (D) defined by 


To(f):— fop forall f € H? (D). 


4.6 Weighted Shift Operators 335 


The operator Ty is an isometry which is invertible if and only if g is an automor- 

phism of D, i.e., a mapping of the form 
a+b 
bì+a 


Q0) = forall à € D, 


where a and b are complex numbers for which |a|*—|b|? = 1. These automorphisms 
gy are classified as follows: 


* Qis elliptic if |Ima| > |b|; 
* Qis parabolic if |Ima| = |b|; 
* Qis hyperbolic if |Ima| < |b]. 


If ọ is either elliptic or parabolic then a result of Smith [287] shows that the 
corresponding composition operator 7; on H? (D) and its adjoint has the SVEP 
(actually we have much more, Tọ is generalized scalar and therefore decomposable, 
see $1.5 of Laursen and Neumann [216]). Therefore, if g is either elliptic or 
parabolic, the operator T, is H(p), by Theorem 4.40, and hence hereditarily 
polaroid. 

On the other hand, from an inspection of the proof of Theorem 6 of Nordgreen 
[249] and Theorems 1.4 and 2.3 of Smith [287] it easily follows that if @ is 
hyperbolic then 


1 
o(Ty) = hec: —- x«l <r} for somer > 1. 
r 


Moreover, Ty does not have the SVEP at À if and only if 1 < |A| < r. We mention 
that the adjoint 7,* is subnormal, see [216], hence hyponormal, by Conway [101, 
Proposition 2.4.2], in particular T;* is H (p) and hence hereditarily polaroid. 
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We consider first the operators T € L(X) for which the condition T??(X) = {0} 
holds. This condition may be viewed, in a certain sense, as an abstract shift 
condition, since it is satisfied by every weighted right shift operator T on £? (N). 
Clearly the condition 7??(X) = {0} entails that T is non-surjective and hence 
non-invertible. This condition also implies that K(T) = {0}, since K(T) isa 
subset of T% (X), but the quasi-nilpotent Volterra operator defined in Example 2.77 
shows that in general the converse is not true. In fact, for this operator we have, by 
Corollary 2.71, K(T) = {0}, while T?*(X) Æ {0}, see Example 2.77. 

The proof of the following result may be found in [216, Theorem 3.1.12]. This 
may be viewed as a local analogue of the inclusion ðo (T) C o;e(T) proved in 
Theorem 2.58. 
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Theorem 4.77 [fT € L(X), then dor (x) € ose(T) for all x € X. 
In the sequel we shall denote by D(0, i (T)) the closed disc centered at O with 
radius i (T). 
Theorem 4.78 Suppose that for T € L(X) we have T® (X) = (0). Then: 
G) ker AI — T) = {0} forall 0 Æ à € C; 
Gi) T has the SVEP; 
(ii) The local spectra or(x) and o(T) are connected, and the closed disc 


D(0, i(T)) is contained in oT (x) for all x # 0; 
(iv) Ho(AI — T) = {0} for all 0 zz à € C. 


Proof 


(i) For every à Æ 0 we have ker (AJ — T) C T™(X). 
(ii) This may be seen in several ways, for instance from Theorem 2.60, since 
ker (AI — T) K(A1 — T) = {0} for every à € C. 
(iii) It is easy to see that O € or(x) for every non-zero x € X. Indeed, from 
Theorem 2.20 we have 


(0) = K(T) = {x € X : 0 € pr(x)), 
and hence 0 € oT (x) for every x # 0. Now, suppose that or (x) is non- 
connected for some element x Æ 0. Then there exist two non-empty closed 
subsets Q2, Q2 of C such that: 


OT(xX) = Q1U Q2, and Q1 N Q = Ø. 


From the local decomposition property established in Theorem 2.19, there exist 
two elements x1, x? € X such that 


x=xi +x — withor(x) € Qj (i = 1,2). 
Now, from Theorem 2.19 we have x; Æ 0 and x2 Æ 0, and hence 
0 € of (x1) N or (x2) € Q1 N Q2 = Ø, 
a contradiction. Hence o7 (x) is connected. 


To prove that o (T) is connected observe that since T has the SVEP we have 
by Theorem 2.21 and Corollary 2.68 


o(T) =ou(T) = |] ora). 


xeXx 


Since the local spectra or (x) are connected for every non-zero x € X, and 
o (0) = Ø, then c (T) is connected. 
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It remains to prove the inclusion D(0, i(T)) € or (x) for all x zz 0. We 
know by Theorem 4.77 that dor (x) € ose(T) € Oap(T) for all x € X. Since 
i(T) < |A| for all A € oap (T), it follows easily that D(0, i(7)) € or(x), as 
desired. 

(iv) Since T has the SVEP, H9(41 — T) = {x e X : or (x) € (AJ for every à € C, 
see Theorem 2.30. Now, if x # 0 and x € Ho(AI — T) the SVEP ensures 
that or (x) 4 9, so or(x) = {A}. On the other hand, from part (iii) we have 
0 € {A}, a contradiction. | 


Theorem 4.79 Let T € L(X), where X is an infinite-dimensional Banach space, 
and suppose that T?? (X) = {0}. Then we have: 


(i) e (T) = ow(T) = œ (T); 
(ii) qI — T) = oo for every à € o (T) NV (0); 
(ii) T is nilpotent & q(T) < co. 


Proof 


(i) By Theorem 4.78 T has the SVEP and hence, by Theorem 3.44, o (T) = 
op(T). We show that o5 (T) = o (T). The inclusion og (T) C o (T) is obvious, 
so it remains to establish that o (T) C og (T). Observe that if the spectral point 
à € C is not isolated in o (T) then A € og(T). 

Suppose first that T is quasi-nilpotent. Then oy (T) = o(T) = {0} since 
o» (T) is non-empty whenever X is infinite-dimensional. Suppose that T is 
not quasi-nilpotent and let 0 4 à € o(T). Since o(T) is connected, by 
Theorem 4.78, and 0 € o (T), it follows that À is not an isolated point in o (T). 
Hence o (T) € oy(T). 

(ii) Let à € c (T) V (0) and suppose that g(AJ — T) < oo. By Theorem 4.78 we 
have p(AI — T) = 0 for every 0 Z A, and hence by Theorem 1.20q(X1 — T) = 
p (1 — T) = 0, which implies A € p(T), a contradiction. 

(iii) Clearly, because T is nilpotent we have q(T) < oo. Conversely, if q :— 
q(T) < œ then T7(X) = T9? (X) = {0}. L| 


It is evident that the proof of Theorem 4.78 also works if we assume K (T) = {0}, 
a condition which is less restrictive with respect to the condition 7??(X) = {0}. 
However, the next result shows that these two conditions are equivalent if i (T) > 0. 


Corollary 4.80 Suppose that for a bounded operator T € L(X), X a Banach 
space, we have i(T) > 0. Then the following statements are equivalent: 


(i) T? (X) = (0); 
i) D(0, i(T)) € or (x) for all x # 0; 
(ii) K(T) = {0}. 


Proof The implication (i) 2 (ii) has been proved in Theorem 4.78, while (ii) 2 (iii) 
is obvious. It remains only to prove the implication (iii) > (i). From Theorem 4.67 
the condition i (T) > 0 implies that 0 ¢ oap (T), T is bounded below and therefore 
semi-regular. By Theorem 1.44 it then follows that T??(X) = K(T) = {0}. [| 
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Corollary 4.81 Suppose that for a bounded operator T € L(X), X a Banach 
space, we have T? (X) = {0} and i(T) = r(T). Then we have 


OT (x) 2 o (T) = D(0, r(T)), (4.11) 


for every x 4 0. Furthermore, if i(T) = r(T) > 0 then the equalities (4.11) hold 
for every x # 0 if and only if T??(X) = {0}. 

Proof If T?* (X) = {0} then T is non-invertible, so by Theorem 4.68 the condition 
i(T) = r(T) entails that o(T) = D(0, r(T)), and therefore or(x) € o(T) = 
D(0, r (T)). The opposite inclusion is true by part (iii) of Theorem 4.78, so (4.11) is 
satisfied. The equivalence in the last assertion is clear from Corollary 4.80. a 


It should be noted that if T € L(X) satisfies the conditions of the preceding 
corollary then T' has property (C). In fact, for every closed subset F of C we have: 


X ifF 2D(0,r(T)), 
(0) otherwise, 


xeao - | 


and hence all Xr (F) are closed. 

Let £P" (N), where 1 < p < oo, denote the space of all p-summable sequences 
of complex numbers. Denote by w :— {@n}nen any bounded sequence of strictly 
positive real numbers. The corresponding unilateral weighted right shift operator 
on the Banach space £P? (N) is the operator defined by: 


oo 
Tx := x OnXnen+1 forall x :— (Xn)nen € £P (N). 
n-l 
It is easily seen that T does not admit eigenvalues, thus T has the SVEP. 


Furthermore, the lower bound and the norms of the iterates 7" may be easily 
computed as follows: 


k(T") = inf {@p---@kin-1} foralln €N, 
keN 
and 


|7" || = sup{æk <- @k+n-1} forall n € N. 
keN 


Moreover, a routine calculation shows that the numbers i (T) and r (T) of a unilateral 
weighted right shift may be computed as follows: 


i(T) = lim inf(oy---cx4a 10) /" 
n—00kKecN 
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and 
T)= li -— l1/n 
r(T) = hm sup(@z ---@g4en—1) ^". 
n—oo keN 


To determine further properties of the spectrum of an unilateral weighted right 
shift we recall two simple facts which will be used in the sequel. 


Remark 4.82 


(i) Leta € C, with |a| = 1 and define, on £? (N), the linear operator Uax := 
(@”" Xn)nen for all x = (xn)nen € £? (N). Evidently, AT Ux = U4T and 


U, Ug = UgU, = I. 


From this it follows that the operators «T and T are similar, and consequently 
have the same spectrum. This also shows that c (T) is circularly symmetric 
about the origin. 

(ii) Let K be a non-empty compact subset of C. If K is connected and invariant 
under circular symmetry about the origin, then there are two real numbers a 
and b, with 0 < a < b, such that K = {A € C:a <|A| x b}. 


Theorem 4.83 For an arbitrary unilateral weighted right shift T on £, (N) we have 
co (T) = D(0, r(T)) and 


ea (T) = {à € C : i(T) < AM <r (T)}. 


Proof We know by Theorem 4.78 that o (T) is connected and contains the closed 
disc D(0, i (T)). Since, by part (1) of Remark 4.82, o (T) is circularly symmetric 
about the origin, from part (ii) of the same Remark we deduce that o (T) is the 
whole closed disc D(0, r (T)). For the description of o35 (7), see Proposition 1.6.15 
of [216]. a 


It is easily seen that the adjoint of a unilateral weighted right shift T is the 
unilateral weighted left shift on €4(N) defined by: 


oo 
T*x := X OnXn41en for all x := (xn)nen € £4 (N), 


n-l 


1 
where, as usual, — + — = 1, and @7(N) is canonically identified with the dual 


D q 
(£P? (N))* of £? (N). Finally, from Corollary 4.71 we deduce that T* does not have 
the SVEP whenever i (T) > 0. 


340 4  Polaroid-Type Operators 


To investigate more precisely the question of the SVEP for T* we introduce the 
following quantity: 


c(T) := um inf(@) -- ii) ae 


It is clear that i(T) < c(T) < r(T). 


Theorem 4.84 Let T be a unilateral weighted right shift on 4P (N) for some 1 < 
p < co. Then T* has the SVEP at a point X € C precisely when |A| > c(T). In 
particular, T* has the SVEP if and only if c(T) = 0. 


Proof By the classical formula for the radius of convergence of a vector-valued 
power series we see that the series 


converges in £7(N) for every |A| < c(T). Moreover, this series defines an analytic 
function f on the open disc D(0, c(T)). Clearly 


(AI—T*)f(3)20 forall 4 € D(0, c(T)), 


and hence the set of all points where T* does not have the SVEP is a subset of 
(0, c(T)). 

On the other hand, it is not difficult to check that T* has no eigenvalues outside 
the closed disc D(0, c(T)). This implies that T* has the SVEP at every point A for 
which |A| > c(T), so the proof is complete. [| 


The result of Theorem 4.84 has a certain interest, since for every triple of real 
numbers i, c, and r for which 0 < i < c < r itis possible to find a weighted right 
shift T on £P(N) for which i(T) = i, c(T) = c and r(T) = r. The details of the 
construction of the sequences {w@n}nen for which the corresponding weighted right 
shift T has these properties are outlined in Shields [284]. 

It is clear that for every weighted right shift operator T on £? (N) we have e; € 
ker T* N T*™(X), so N% (T*) n T* (X) is non-trivial. On the other hand, if we 
consider a weighted right shift T such that c(T) = 0 then, by Theorem 4.84, T* has 
the SVEP at 0 while A^? (T*) N T*??(X) Æ (0). This observation illustrates that 
the implication established in Corollary 2.66 cannot be reversed in general. 

The next result shows that the converse of the implications provided in Theo- 
rems 2.73 and 2.75 also fails to be true in general. 


Theorem 4.85 Let 1 < p < co be arbitrarily given and let T be the weighted right 
shift operator on £P (N) with weight sequence w :— (@n)neN. Then: 


(i) Ho(T) + T(X) is norm dense in £P (N) if and only if 


lim sup(@ «++ a@,)!/" = 0; (4.12) 
n—oo 
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(ii) T* has the SVEP at 0 if and only if 
lim inf(@ ---@,)!/" = 0. 
n> 00 
Proof By Theorem 4.84 we need only to prove the equivalence (i). Since 
Teill = @,---@, foralln EN, 


the equality (4.12) holds precisely when e; € Ho(T). From this it follows that (4.12) 
implies that the sum Ho(T) + T (X) is norm dense in £? (N) because e, € T (X) for 
all n 7 2. 

Conversely, suppose that Ho(T) + T(X) is norm dense in £P (N), and for every 
k € N choose uy € Ho(T) and vg € T(X) such that ug + vy — e1 ask — oo. Let 
P denote the projection on £P (N) defined by 


Px :=xyje; for every x := (Xn)nen € £P N). 


It is clear that P vanishes on T(X) and leaves Ho(T) invariant. Moreover, the 
subspace Ho(T) A T (X) is closed, since its dimension is at most 1. Finally, 


P(uyj + vy) > Pei =e; ask — oo, 


so that e; € Ho(T), which concludes the proof. a 


Every weighted right shift operator T on £P (N) is injective, thus A/?*(T) = 
(0). Moreover, T° (€?(N)) = {0}, and consequently K(T) = {0}. From this it 
follows that for these operators the implications provided in Corollary 2.74 and 
the implications provided in Corollary 2.76 are considerably weaker than those 
provided in Theorems 2.73 and 2.75. 

We now give some information on the SVEP for the bilateral case of shift 
operators. Let (?(Z) denote the space of all two-sided 2-summable sequences of 
complex numbers. For a two-sided bounded sequence œw = (@n)nez of strictly 
positive real numbers, the corresponding bilateral weighted right shift on £P (Z), 
1 < p < œ, is defined by 


Tx := (@n—-1Xn-1)nez for all x = (Xn)nez € £P(Z). 
The dual of T is the bilateral weighted left shift on £1 (Z), defined by 
TU (@nXn+1)nez forall x = (Xn)nez € £e (Z), 


1 1l. 
where 5 = 1 
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In contrast to the unilateral case, 7 may well have eigenvalues. In fact, we shall 
see that T need not have the SVEP. Define o :— 1, ay :— wo---@y—1 and a, := 
@-n -< @—1, and let 


*(T):—liminfol" and d*(T) := lim supa”. 
noo 7 noo 


o 
i 


Theorem 4.86 Let T be bilateral weighted right shift on £P (Z), | < p < oo. Then 
T does not have the SVEP at i precisely when d* (T) < |A| < c^ (T). In particular, 
T has the SVEP if and only if c (T) < d* (T). 


Proof Suppose that A is an eigenvalue of T and consider a corresponding non-zero 
eigenvector x € £? (Z). A simple computation shows that à 4 0 and 


Xn = xoom/A", X-n = xogA'/a., foralln EN. 


Because x € £"(Z), it then follows that d* (T) < |A| < c (T). On the other hand, 
if d* (T) < c^ (T), then as in the proof of Theorem 4.84, the classical formula for 
the radius of convergence guarantees that the definition 


oo oo 
f09:— X enn /X” + ea a 
n=0 n=1 


for all 4 € C with d^ (T) < |A| < c7(T), is an analytic solution of the equation 
(AI — T) f (à) = 0 on the annulus {A € C : d^ (T) < JA] < c^ (T)). | 


Corollary 4.87 Let T be a bilateral weighted right shift on €?(Z), 1 < p < oo. 
Then the following assertions hold: 


(i) T* does not have the SVEP at X if and only if d(T) < |A| < c(T). 
(ii) T* has the SVEP if and only if c- (T) < dt (T). 
(iii) At least one of the operators T or T* has the SVEP. 


Proof We have already observed that the dual of T is the bilateral weighted left shift 
on £? (Z), defined as T*x :— (@nXn+1)nez for all x = (Xn)nez € €7(Z). Choose 
Ô :— (0—,—1)nez and set 
Sx := (x-n)nez for all x = (x&)nez € £*(Z). 
It is easily seen that 
(ST*S)x = (@n-1Xn-1)nez forall x = (xs)nez € £4 (Z). 
This shows that T* is similar to the bilateral weighted right shift on £4 (Z) with 


weight sequence @. In the sense of the right shift representation of T*, we then 
obtain the identities c^ (T*) = c* (T) and d^ (T*) = d? (T), because Qj = o, for 


4.6 Weighted Shift Operators 343 


all n € Z. Hence the assertion (i) is clear from Theorem 4.86, and (ii) is immediate 
from (i). Finally, to prove (iii), assume that both T and T* fail to have the SVEP. 
Then the preceding results entail that d* (T) < c (T) andd- (T) < c^ (T). But this 
leads to an obvious contradiction, sincec (T) < d (T) andct(T) xd^(T). M 


Note that in part (c) of the preceding result, it is possible that both T and T* 
have the SVEP. For instance, the classical bilateral shift has spectrum o (T) = 
o(T*) = I, T the unit circle, and hence both T and T* have the SVEP. There 
are many examples of decomposable bilateral weighted shifts beyond the quasi- 
nilpotent one, however, the precise characterization of those weight sequences for 
which the corresponding bilateral shift is decomposable remains an open problem. 

Let us consider a bounded operator T on a Banach space X which satisfies the 
abstract shift condition T?? (X) = {0}. This condition entails that O € c (T) since T 
is not surjective. 


Theorem 4.88 Suppose that T € L(X), X an infinite-dimensional Banach space, 
is non-invertible and i(T) = r(T). Then 


Ow(T) = ay(T) = osi(T) = o (T) = DO, r(T)), (4.13) 


while, in particular, these equalities hold if T° (X) = {0} and i(T) = r(T). 


Proof If T is a non-invertible and i(T) = r(T) then, by Theorem 4.68, c (T) 
is the whole closed disc D(0, r(T)) and og, (T) is the circle 9D(0, r(T)). Since, 
by Theorem 4.71, T has the SVEP then o,,(7) = o(T), by Theorem 2.68, and 
Ow(T) = op(T), by Theorem 3.44. 

Suppose first that i(T) = r(T) = 0. Then T is quasi-nilpotent. The equali- 
ties (4.13) are then trivially satisfied (note that since X is infinite-dimensional, oy (T) 
is non-empty and hence is {0}). Suppose then that i(T) = r(T) > 0. Also in this 
case o (T) = oœ (T), since every non-isolated point of the spectrum lies on op (T). 
Therefore the equalities (4.13) are proved. a 


Theorem 4.88 also applies to every non-invertible isometry T on a Banach space 
X since i(T) — r(T) — 1. 


Definition 4.89 An operator T € L(X) is said to be a semi-shift if T is an isometry 
and T^? (X) = {0}. 


Every semi-shift is non-invertible isometry, since the condition 7??(X) = {0} 
entails that T is not surjective. It should be noted that for Hilbert space operators 
the semi-shifts coincide with the isometries for which none of the restrictions to a 
non-trivial reducing subspace is unitary, see Chapter I of Conway [101]. 

An operator T € L(X) for which the equality o7 (x) = o (T) holds for every x Z 
0 is said to have fat local spectra, see Neumann [247]. Clearly, by Corollary 4.81 an 
isometry T is a semi-shift if and only if T has fat local spectra. 

Examples of semi-shifts are the unilateral right shift operators of arbitrary 
multiplicity on £P (N), as well as every right translation operator on LP([0, oo)). 
In Laursen and Neumann [216, Proposition 1.6.9] it is shown that if X is the 
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Banach space of all analytic functions on a connected open subset U/ of C, f is 
a non-constant analytic function on U, and if Ty € L(X) denotes the point-wise 
multiplication operator by f, then the condition c (Tf) C F(U) implies that Ty has 
local fat spectra. In particular, these conditions are verified by every multiplication 
operator T on the disc algebra A(D) of all complex-valued functions continuous on 
the closed unit disc of C and analytic on the open unit disc D, where f € A(D), and 
the same result holds for the Hardy algebra H% (D). If f € H?*(ID) and 1 < p < co 
the operator on H (D) defined by the multiplication by f also has a local fat spectra. 


4.7 Toeplitz Operators on Hardy Spaces 


An important class of polaroid operators is provided by the Toeplitz operators on 
the classical Hardy spaces H?(T), where T denotes the unit circle of C. To define 
the Hardy space H?(T), for n € Z, let x, be the function on T defined by 


Xn(e') := e" — forall n EN. 


Let u be the normalized Lebesgue measure on T, and L?(T) the classical Hilbert 
space defined with respect to u. The set {Xn}nez is an orthogonal basis of L?(T). If 
f € L'(T), then the Fourier transform of f is the map f : Z — C, defined by 


20 
fan) = (f, Xn) = fe dt. 
0 
fin) is called the n-th Fourier coefficient of f, and by the classical Parseval's 
identity we have 


f= > fm. 


Note that if f € L?(T) then f € (Z) and the mapping V : L2(T) > &2(Z), 
defined by W( f) := f, is an isomorphism. 

The Hardy space H?(T) is defined as the closed subspace of all f € L? (T) for 
which 


2x 


1 
— fxndt=0 forn=1,2,.... 
2x 0 


The Hilbert space H 2(T) is the closed linear span of the set {xn }n=0.1,.... Moreover, 
H?(T) is a closed subspace of L*?*(T). We summarize in the sequel some basic 
results concerning the Hardy spaces H?(T). For further details the reader is invited 
to consult Douglas' book [121]. 
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If $ € L??*(T) and f € L^(T) then 9f € L^, so we may define an operator 
Mọ : L'(T) ^ L?(T) by 


Mef =f forall f € L^(T), 


where $f is the pointwise product. Let P denote the projection of L*(T) onto 
H?(T). 


Definition 4.90 If 6 € L?*(T), the Toeplitz operator with symbol à Tg on H*(T) 
is defined by 


Tof :— P@f) for f e H*(T). 


Since the set  :— (z" : n = 0,1,2,...] is an orthonormal basis for H?(T), if 
for every @ € L**(T) we set 


M 1 2x 
$(n) :— — $zdt, 
2x 0 


then, with respect to the basis I’, Ty may be represented by a matrix aj;, where 


T s ~ 
aij = (Tọz’, 2!) = 3-7 zi — jdt = ¢(i — j). 
0 


Thus the matrix for Tẹ is constant on diagonals: 


co C-] €-9 C3 *** 
C] €) C—1 C-2--- 


(aij) = | 2 Cl CO €—1:7* |, where cj = (J). 
c3 C2 C ey 55 


Such a matrix is called a Toeplitz matrix. The Toeplitz operators with analytic 
symbols are particulary amenable to study. The adjoint of the Hilbert space operator 
Mg on L? (T) is M;, — Mg and obviously, MoM, = M Mọ, so Mọ is a normal 
operator. Let H (T) denote the Banach space of all $ € L (T) such that 


27 


1 
— xndt =0 foralln = 1,2,.... 
27 0 


H® (T) is a closed subalgebra of L (T) and H*(T) = L®(T) n H? (T). If ọ € 
H^? (T), the operator Tọ is the restriction of Mg to the closed invariant subspace 
H*(T), so Tg is subnormal. Note that every Toeplitz operator is normaloid, i.e. 
|| To || = r(To). see [82]. 
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Theorem 4.91 For o € H'?(T) the Toeplitz operator Ty is hyponormal. In 
particular, T4 is H (1) and hence is hereditarily polaroid and has the SVEP. 


Proof Ts, 6 € H*?(T) is subnormal and hence hyponormal, see Conway [101, 
Proposition 2.4.2]. By Theorem 4.46, every hyponormal operator is totally paranor- 
mal and hence H (1). | 


For each $ € L??(T), let 
€(9) := {k € H? (T) : |k|| < 1, 9 — kọ e H™(T)}. 


An elegant theorem due to Cowen [103] characterizes the hyponormality of Ty, 
where $ € L?*(T), by means of some properties of the symbol $. More precisely, 
the result of Cowen (in its Nakazi-Takahashi formulation) shows that Ty is 
hyponormal if and only if e(@) Z Ø. If e (p) Z Ø then T is H(1), by Theorem 4.46. 
The reader may find further results on subnormality of Toeplitz operators in Lee 
[223]. 

Note that if p € L (T) then AJ — Ty = T4. is a Toeplitz operator and for the 
adjoint T, we have T; = Ts. The Fredholm theory of Ty enjoys some important 
properties which we list in the sequel. 


Theorem 4.92 Suppose that à € H?? (T). We have: 


(i) If Tg is Fredholm then $ is invertible in L% (T). 
(i) If Tọ is quasi-nilpotent, or compact then @ = 0. 


In particular, T4 is invertible if and only if $ is invertible in L?? (T). 


Let C(T) denote the Banach algebra of all complex-valued continuous functions 
on T. By [121, Proposition 7.22] we also have 


Theorem 4.93 Ifo € C(T) and y € L??(T) then To Ty — Ty Tg and Ty Tg — Ta Ty 
are both compact. 


An operator T € L(H), H a Hilbert space, is said to be essentially normal 
if TT’ — T'T is compact. Note that the operator T :— S + K, with S normal 
and K compact, is evidently essentially normal, but the converse is not true, for 
instance, if T is the unilateral shift on LN) with basis (e), n = 0,1,... then 
T'T — TT’ = I — TT' is the rank one projection onto the 1-dimensional subspace 
Ceo, thus T is essentially normal. However, T is a Fredholm operator having no- 
zero index. The index is stable under compact perturbation, so the same persists for 
a normal operator on a Hilbert space H plus a compact operator. In [83] Brown 
et al. proved that T is a normal operator plus a compact operator precisely when 
T is essentially normal and o.(T) = ow(T). Evidently, if @ € C(T) then Tọ is 
essentially normal. 

We now enunciate the classical Frechét and Riesz theorem, whose proof may be 
found in many standard books, see for instance Hofmann [180]. 
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Theorem 4.94 (Frechét and Riesz Theorem) /f f is a nonzero function in H?(T) 
then the set {z € T : f(z) = 0} has Lebesgue measure zero. In particular, if 
f.g € H?(T) and if fg = 0 almost everywhere then f = 0 or g = 0, almost 
everywhere. 


The following result plays a crucial role in characterizing the Toeplitz operators 
which are Fredholm: 


Theorem 4.95 (Coburn) Suppose that $ € L® (T) is not almost everywhere 0. 
Then either a(Tg) = 0 or B(Tg) = a (T5) =0. 

Proof Suppose that both a(Ty) # 0 and a(T;) # 0. Then there exist nonzero 
functions f, g € H?(T) such that Ty f = 0 and Ty pede 0. Then P($f) = 


P(@g) = 0, so that, by the standard properties of H?(T), there exist functions 
h,k € H?(T) for which 


2n 2x a: _ 
f nar = f kdt=0 and $f =h, fg =h. 
0 0 


From the Frechét and Riesz theorem, it then follows that $, f, g, h, k are all nonzero 
except on a set of measure zero. Dividing the two sides of the equation @f = A by 
the corresponding sides of the equation $g = k, we see that 


pointwise, 


f 
8 


Ap > 


so that fk — gh almost everywhere. By another standard property of H?(T), this 
is possible unless gh = 0 almost everywhere. Using again the theorem of Frechét 
and Riesz, we then conclude that either f = 0 almost everywhere or g = 0 almost 
everywhere, a contradiction. [| 


As a consequence of Theorem 4.95 we obtain: 


Corollary 4.96 Suppose that p € L??(T) is not almost everywhere 0. Then Ty is 
Weyl if and only if Ty is invertible. Consequently, o (Tg) = ow(15). 


Proof Suppose that Ty is a Weyl operator. Then a(7Ty) = (Tp) and from 
Theorem 4.95 we see that a(Ty) = (Tọ) = 0, thus Tọ is invertible. | 


It should be noted that for every compact operator K € K(L*(T)) we have 
75] < IIT + K||. Indeed, the Fredholm spectrum o£(75) coincides with the 
spectrum of the class Ty + K(X) in the Calkin algebra L(L?(T) /K (L2 (T))), and 
hence o(Ty) € o(Ty + K). Since Ty is normaloid then ||Tg]] < ||T + K ||. 
The operators which satisfy the latter inequality are sometimes called extremally 
noncompact. 
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We next consider the Toeplitz operators Ty with continuous symbols, i.e. 6. € 
C (T). First we recall that the winding number wn(@, à) of a closed curve $ in the 
plane around a given point A is an integer representing the total number of times 
that curve travels counterclockwise around the point. The winding number depends 
on the orientation of the curve, and is negative if the curve travels around the point 
clockwise. 

We recall the classical definition of homotopy. Suppose that yo and y; are closed 
curves in a topological space X, both with parameter interval [0, 1]. We say that yo 
and yı are X-homotopic if there is a continuous mapping © : [0, 1] x [0,1] —^. X 
such that 


O(s, 0) = yo(s), ©(s, 1) = yı(s), 9(0,.0)-2w(Lr) 


for all s,t € [0, 1]. Intuitively, this means that the curve yo can be continuously 
deformed in yı, within X. 

The following nice result is due to a number of authors (Krein [207], Widom 
[297], Devinatz [108]). 


Theorem 4.97 If € C(T) then Ty is a Fredholm operator if and only if $ does 
not vanish. In this case 


ind Ty = —wn(¢, 0), 


where wn($, 0) is the winding number of the curve traced by $ with respect to the 
origin. In particular, Ty is Weyl, or equivalently, invertible, if and only if wn(¢, 0) 
= 0. 


Proof The first assertion is clear. We show that if two functions $ and y determine 
homotopic curves in C{0} then ind (75) = ind (Ty). To see this, let ® be a constant 
map from [0, 1] x T to C \ {0} such that 


DO, e”) = pe"), (1,6) = we"). 


If we set ®, :— (A, e1), then the mapping A — Tọ, is norm continuous, and 
each Tp, is Fredholm. Since the map index is continuous, ind (Ty) = ind (Ty), as 
claimed. Now, take n :— wn(@, 0). Then $ is homotopic in C \ {0} to y (z) :— z”, 
and since ind T; = —n, we then conclude that ind Tọ = —wn(@, 0). The last 
assertion is evident. a 


Recall that given a compact set o C C, a hole of o is a bounded component of 
the complement C X c. Since C V ø always has an unbounded component, C \ ø is 
connected precisely when o has no holes. Now, set o = $ (T), the range of 6. Then 
C \ 9 (T) has a unique unbounded component Q and the winding number is 0 in Q, 
while it is constant on each other component of C \ ¢ (T). 

The spectrum and the Weyl spectrum of a Toeplitz operator having a continuous 
symbol may be described in the following way. 


4.7 Toeplitz Operators on Hardy Spaces 349 
Corollary 4.98 /fó € C(T) then 
o (Tp) = aw(Tg) = ov(T5) = T) U {A € C : wn, A) # 0} 
and 
de(Ty) = ġ (T). 


In particular, o (Ty) = ow(T) is connected. 


Proof o (Ta) is connected since it is formed from the union of I" and certain 
components of the resolvent of Ty. Clearly, o (Tọ) = ow(7g) by Corollary 4.96, 
while o5 (15) = ow(15) is clear, since ow(T5) € op(Ty) C o(Ty). For the equality 
Oe(T5) = $(T), see Douglas [121, Chapter 7]. a 


The result of Corollary 4.98 may be improved. The spectra o (Ty) and the essen- 
tial spectrum oe (Tg) are also connected if ¢ € L™(T), see [121, Corollary 7.47 and 
Theorem 7.45]. 


Theorem 4.99 /f € C(T) then the following statements hold: 


G) @ is non-constant. 
(ii) isoow(Tg) = Ø. 
(iii) isoouw (T9) = Ø. 


Moreover, Ty is polaroid. 


Proof If o € C(T) we have 
pw(Tp) = a (T9) = {A € C : wn($, à) = 0}, 
and 
pa (To) = (A € C : wn($, A) < 0}, 
while 
pa (Tp) = C\ ow(Ty) = {à € C : wn($, A) > 0]. 
From Lemma 3.57, we know that 
ow(Tp) = ost(To) U pgp (To) U pee (To) 
and 


Gullo) Song) U p$ (Tọ), 
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so oy (Ty) consists of T = $ (T) and those holes with respect to which the winding 
number of $ is nonzero, and analogously, Ouw(Tọ) consists of F and those holes 
with respect to which the winding number of $ is negative. 

We see now that 


iso Ouw(Tg) = Ø @ isoow(Tg) = Ø > $ is non-constant. 


Indeed, if iso ouw(7g) 4 Ø, or iso ow(Tọ) # Ø, then, by Theorem 3.58, we have 
iso os¢(Ty) A Ø. Because T = o¢(7y) is connected, it then follows that F is 
a singleton and $ is constant. On the other hand, if $ is constant, for instance 
$ = A, then it is obvious that o (Tọ) = ow(T4) = Ouw(Ty) = {A}. Thus, 
isOOw(Ty) = isoouw(Tg) = {A}. These remarks also show that every Toeplitz 
operator with continuous symbol is polaroid. a 


In the next result we show that if the orientation of the curve (T) does not 
change then either 75, or Tg» has the SVEP. 


Theorem 4.100 Leto € C(T). Then we have: 


(i) Ifthe orientation of the curve $ (T) traced out by $ is counterclockwise then Tg 
has the SVEP. 

(ii) Ifthe orientation of the curve $ (T) traced out by $ is clockwise then T, has the 
SVEP. 


Proof 


(i) Suppose first that the orientation of (T) is counterclockwise. Let Q be the 
bounded component of C \¢ (T) and Q2 the unbounded component of C 9 (T). 
Then wn($, XA) > 0 for every A € €2;, while wn($, A) = 0 for every A € Qo. 
Therefore, for every à € Qı we have ind (AJ — Tọ) = —wn($, X) < 0 and 
consequently 


o (Ty) = ow(T,) = 21 U $(T). 


Note that ouw(Tg) = $(T) is the boundary of the spectrum. Now, if A € Q the 
condition ind (AJ — Ty) < 0 entails that «(A47 — Ty) < B(AI — Ty) and hence 
B(AI — T3) > 0. From Theorem 4.95 we have that «(AJ — Ta) = 0, and AI — Ty 
having a closed range, since AJ — Tọ is upper semi-Weyl, we then deduce that 
A € Oap(Tg). Therefore, o35(75) € (T), from which we obtain that 


(T) = euw (T9) € eay(T9) € (T), 


thus cap(T5) = $(T) is the boundary of the spectrum o(7y). This entails that 
Tg has the SVEP. 

(ii) Suppose that the orientation of $ (T) is clockwise. Then wn($, A) < O0 for 
every A € Q1, so, if A € Qı then ind (AJ — Ty) > 0. Consequently, oiw (Ty) = 
(T), and a(Al — Ty) > B(AI — Tg) for all A € Q1, so «(41 — Ty) > 0. 
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From Theorem 4.95 we have that B(AJ — Tg) = 0, so à € os(Ty) and hence 
o3(Ty) € (T). Again, 


$(T) = ow(T3) € as(T5) € OT), 


from which we obtain that o; (T5) = $(T) is contained in the boundary of the 
spectrum. This entails that Tj has the SVEP. a 


Example 4.101 The next example provides a Toeplitz operator Ty having continu- 
ous symbol for which the SVEP for both Ty and Tọ fails. Let $ be defined by 


—e L1if0c0 «s, 
e 79 —1 iff «0 «2. 


$ (e^) = | 


The orientation of the graph of $ is shown in the following figure. 


y 


C5 Ci 


Let Qı and Q2 be the interior of the circle Cı and C2, respectively. Since 
wn($,AX) = lin Qı and wn($, A) = —1 in Q2, we have ind (AJ — Ty) < 0 
for A € Q 1, while ind (A7 — Ty) > 0 for A € Q2. Since AJ — Ty is Fredholm for 
every à € Qı U Q2, the operator Tọ cannot have the SVEP, otherwise we would 
have ind (AJ — Ty) < 0 for all A € Qo, by Corollary 2.106, and, analogously, if T, 
has the SVEP we would have ind (AJ — Ty) > 0 for all à € $2;. A contradiction. 


Example 4.101 provides an example of a Toeplitz operator 7; which is not 
hereditarily polaroid, because Ty does not have the SVEP. 

In some sense an opposite result to that established in Theorem 4.100 holds: if @ 
has a unique orientation and 7% has the SVEP then the orientation of $ is forced to 
be counterclockwise, and analogously if T, has the SVEP then the orientation of $ 
is forced to be clockwise. 

In general, for symbols $ € L??(T), the operators Tg are not hyponormal, 
even if the symbol is continuous. The operator Tọ in Example 4.101 cannot be 
hyponormal since hyponormality entails SVEP. Toeplitz operators with continuous 
symbol which are hyponormal have also been studied by Farenick and Lee [145], 
in particular if @ is a trigonometric polynomial. A celebrated result of Brown and 
Halmos [82] shows that Ty is normal if and only if ¢ = a + By where o and 
B are complex and ó is a real-valued function in L??(T). There are many results 
concerning hyponormality of Toeplitz operators in the literature and properties of 
hyponormal Toeplitz operators have played an important role in work on Halmos 
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Problem 5 [165]: *Is every subnormal Toeplitz operator either normal or analytic?” 
but a characterization has been lacking. Here, the operator Ty is said to be analytic 
if ¢ € H?(T). This question appears natural since every normal operator is 
obviously subnormal and, as has observed before, every analytic Toeplitz operator 
is subnormal. 


Theorem 4.102 /f € C(T) is such that o (Ty) has planar Lebesgue measure zero 
then both Tg and T, have the SVEP. 


Proof The planar measure of o (Ty) is zero, because c (Ty) = oe(Ty) = $(T) isa 
compact set consisting of 9 (T) and some of its holes, so do (75) = $(T), which is 
just a continuous curve. Therefore, both Ty and T, have the SVEP. [| 


4.8 Polaroid Operators Under Affinities 


Let T € L(X) and à € isoc (T). Recall, according to Definition 2.139, that A € 
L(X,Y) intertwines T € L(X) and S € L(Y) if SA — AT. If A is a quasi- 
affinity then T < S. If A is bijective then T and S are similar, and we know that 
similar operators have the same spectrum, as well as some distinguished parts of the 
spectrum, for instance oap(7) = oap(S) and o5(T) = os(S). The situation becomes 
more complicated if the condition of similarity is replaced by the weaker condition 
of quasi-similarity. For instance, if A is assumed to be a quasi-affinity, a result of 
Fialkow [146] asserts that the essential spectra o« (7) and o¢(S) always have non- 
empty intersection. In [178] Herrero proved that if T and S are quasi-similar each 
connected component of o¢(T) touches oe (S), and vice versa. Herrero's proof is 
rather long and complicated, to present it here would lead us too far afield. 

Denote by Pr (A) the spectral projection associated to T and the spectral set {A}. 


Lemma 4.103 Suppose that T € L(X) and S € (Y) are intertwined by A € 
L(X, Y). If X € isoo(T) Nisoa(S) then Pr(X) and Ps(A) are also intertwined 
by A, Le. Ps(A)A = APr (À). 


Proof If T and S are intertwined by A € L(X, Y) we have 
(ul — SA = A(uI — T) forall we C. 
Suppose that u belongs to the resolvent of T and to the resolvent of S. Then A = 


(ul — S)-lA(uI — T) and hence A(uI — T)! = (uI — S)~!A, from which it 
easily follows that 


PAS (= f m- s'an) ie i (ul — S)" Ady 
2zi Jp 2xi Jr 


1 
= =) Alul — T)! dy = APr (à). ü 
27i T 
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If T « Sa classical result due to Rosenblum shows that o (S) and c (T) must 
overlap, see [268]. Quasi-similarity is, in general, not sufficient to preserve the 
spectrum. In fact, Hoover in [182] provides an example of a pair of quasi-similar 
operators T and S defined on a Hilbert space such that T is quasi-nilpotent and 
compact, hence c (T) = {0}, while o (S) is the closed unit disc. The preservation 
of the spectrum happens only in some special cases, for instance, by a result of 
Clary [95], if T and S are quasi-similar hyponormal operators, or whenever T and S 
have totally disconnected spectra, see [161, Corollary 2.5]. Therefore, it is not quite 
surprising that, if T < S, the preservation of “certain” spectral properties from S to 
T requires that some spectral inclusions are satisfied. 


Remark 4.104 Classical examples show the polaroid property is not preserved if 
two bounded operators are intertwined by an injective map. For instance, by Fialkow 
[146], or Hoover [182], there exist bounded linear operators U, V, B on a Hilbert 
space such that BU — UV, B and its Hilbert adjoint B' are injective, V is quasi- 
nilpotent and the spectrum of U the unit disc D(0, 1). Let T :— V’, S := U’ and 
A :— B'. Then SA = AT, so that T and S are intertwined by the injective operator 
A, S is polaroid, since o (S) = c (U) = D(0, 1) has no isolated points, while T is 
also quasi-nilpotent and hence is not polaroid. 


The next example shows that a polaroid operator may be the quasi-affine 
transform of an operator which is not polaroid. 


Example 4.105 Let S € L(G?(N)) be the weighted unilateral right shift defined as 


X] x2 


ee a d = (o. T 


Je Gn) € PO, 
and let T € L(£?(N)) be the unilateral right shift defined by 
T (x1, xa...) = (0,xi,x2,...) (Xn) € PN). 


If A € L(£7(N)) is the operator defined by 


X] X2 
AG 22.52 (5 


eme) (xn) € ÊN), 


then A is a quasi-affinity. Clearly, SA = AT, T is polaroid, since o (T) is the closed 
unit disc of C, while S is quasi-nilpotent and hence not polaroid. 


The polaroid condition is preserved if we assume some special conditions on the 
isolated points of the spectrum: 


Theorem 4.106 Let T € L(X), S € L(Y) be intertwined by an injective map 
A € L(X, Y), and suppose that 


(i) If S is polaroid and iso o (T) C isoo (S) then T is polaroid. 
(ii) If S is meromorphic and o (T) \ (0) € o (S) V (0) then T is meromorphic. 
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Proof 


(i) If c (T) has no isolated point then T is polaroid and hence there is nothing to 
prove. Suppose that iso o (T) 4 Ø and let A € isoo (T). Then A € iso ø (S), sor 
is a pole of the resolvent of S. Let Pr(A) and Ps(A) be the spectral projections 
associated to T and S with respect to {A}, respectively. As we have seen in 
Lemma 4.103, Pr (4) and Ps(A) are intertwined by A, i.e. Ps(A)A = APr(A). 
Since À is a pole of the resolvent of S then p := p(AI — S) = q (àI — S) < co 
and ker(AJ — S)? coincides with the range of Ps(A), by Theorem 2.45 and 
Corollary 2.47. Therefore, (AJ — S)? Ps(A) = 0, and consequently 


0 = (AI — S)? Ps(à)A = (AI — S)PAPr(A) = ACI — T)? Pr). 


Since A is injective, (AJ — T)? Pr (A) = 0. Now, the range of Pr (A) coincides 
with the quasi-nilpotent part Ho(AI — T), by Theorem 2.45, hence 


Ho(al — T) = Pr()(X) € ker(AI — T)’. 


The opposite inclusion also holds, since ker(AJ — T)" C Ho(AI — T) for all 
natural n € N. Therefore, Ho(A4I1 — T) = ker(AI — T)? for all A € isoo(T). 
By Theorem 4.12 we then conclude that T is polaroid. 

(ii) The condition o (T)\ {0} € o (S) (0) entails that iso o (T) VN (0) € iso ø (S) M0]. 
If 0 Æ à is an isolated point of o (T) then A € iso o (S) and proceeding as in 
the proof of part (1) we see that Ho(AJ — T) = ker(AI — T)". This shows that 
A is a pole of the resolvent of T, see the proof of Theorem 4.12. a 


The inclusion isoo(7T) C isoo(S) has a crucial role in Theorem 4.106. If T, 
S and A are as in Remark 4.104 we have isoo (S) = Ø, isoo(T) = {0} and 
the polaroid condition is not preserved by the quasi-affinity A. The example of 
Remark 4.104 also shows that the condition iso o (T) € iso c (S) cannot be replaced 
by the weaker condition iso o (T) C a(S). 


Corollary 4.107 Suppose thatT € L(X) and S € L(Y) are intertwined by a quasi- 
affinity A € L(X, Y) and isoo (T) = isoo (S). Then T is polaroid if and only if S 
is polaroid. 


Proof By Theorem 4.106 we need only to prove that if T is polaroid then S is 
polaroid. Now, T* is polaroid and SA = AT implies T*A* = A*S*, where 
A* € L(Y*, X*) is injective, since A has a dense range. Moreover, isoo (T*) = 
isoc (T) = isoo (S) = isoo(S*). Since T* is polaroid by Theorem 4.106 it then 
follows that S* is polaroid, or equivalently S is polaroid. a 


The operator C% considered in Example 2.142 shows that in general a polaroid 
operator does not satisfy the SVEP. In fact, o (C pe has no isolated points. A more 
trivial example is given by the left shift T on ¢7(N). This operator is polaroid, since 
o (T) is the unit disc of C, and it is well known that T fails SVEP at 0. 


4.8 Polaroid Operators Under Affinities 355 


The next result shows that hereditarily polaroid operators are transformed, always 
under the assumption isoo(T) C isoo(S), by quasi-affinities into a-polaroid 
operators. 


Theorem 4.108 Suppose that T € L(X), S € L(Y) are intertwined by an injective 
map A € L(X, Y). If S is hereditarily polaroid and iso o (T) C iso ø (S) then T* is 
a-polaroid. 
Proof By Theorem 4.106 T is polaroid, and hence 7™ is also polaroid. As observed 
above, S has the SVEP, so T has the SVEP by Lemma 2.153. The SVEP for T by 
Theorem 2.68 entails that o (T*) = o(T) = o;(T) = oap(T*), and this trivially 
implies that T* is a-polaroid. E 
Note that quasi-similar operators may have unequal approximate point spectra, 
for an example see Clary [95]. 


Theorem 4.109 Let T € L(X), S € L(Y) be intertwined by an injective map 
A € L(X, Y) and suppose that iso oap(T) € isoosp(S). If S is left polaroid then T 
is polaroid. 


Proof We first show that 
A(Ho(.1 — T)) € Aol — S). 
Let x € Ho(AI — T). Then 
lim ||A1 — S) Ax" = lim JAQI — T)'x|^ 
n— oo n—oo 
< lim (al — T)'xj"^ 20 
n—oo 
thus Ax € Ho(AI — S) and hence A(Ho(AI — T)) € Ho(AI — S), as claimed. 
Here we can also suppose that isoo(T) # Ø. Let A € isoc(T). Since 
the approximate point spectrum of every operator contains the boundary of the 
spectrum, in particular every isolated point of the spectrum, A € isoo,(T) C 
iso o3 (S). Since S is left polaroid by part (ii) of Theorem 4.12 there exists a positive 
integer p such that Ho(AJ — S) = ker (AJ — S)?. Consequently, 
A(Ho(.I — T)) € Ho(AI — S) = ker (AI — S)", 
so, if x € Ho(AI — T) then 
AQI — T)?x = (AI — S)? (Ax) = 0. 
Since A is injective, (AJ — T)?x = 0 and hence Ho(AI — T) € ker(Al — T)?. 


The opposite inclusion is still true, so that Ho(AJ — T) = ker (AJ — T)? for every 
à € iso c (T), and hence by Theorem 4.12 T is polaroid. [| 
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In Theorem 4.109 the assumption that isooap(T) € iso Gap(S) is essential. For 
the operators S and T of Remark 4.104 we have o35 (S) = I’, I the unit circle of C, 
so iso oap (S) = Ø, while {0} = oap(T) = iso cap(T). Evidently, S is both left and 
a-polaroid, while T is not polaroid. 


Theorem 4.110 Suppose that S € L(Y) and T € L(X) are intertwined by a map 
A € L(Y, X) which has dense range. Ifiso o;(T) C iso os(S) and S is right polaroid 
then T is polaroid. 


Proof From TA = AS we have A*T* = S*A* with A* e L(X*,Y*) 
injective. Since S is right-polaroid, S* is left-polaroid and by duality we have 
05(T) = Oap(T*) and o5(S) = o5 (S*). Therefore iso oap(T*) € iso oap(S*). By 
Theorem 4.106 it then follows that T* is polaroid, or equivalently T is polaroid. MI 


Under the stronger conditions of quasi-similarity and property (8), the assump- 
tion on the isolated points of the spectra of T and S in Theorem 4.106 may be 
omitted: 


Theorem 4.111 Let T € L(X), S € L(Y) be quasi-similar. 


(i) Ifboth T and S have property (B) then T is polaroid if and only if S is polaroid. 
In this case, T* is a-polaroid. 

(i) If both T and S are Hilbert spaces operators for which property (C) holds then 
T is polaroid if and only if S is polaroid. In this case, T* is a-polaroid. a 


Proof 


(i) By a result of Putinar [259] property (£) preserves the spectrum, i.e. o (S) = 
o (T) and hence isoc (T) = isoc (S). By Corollary 4.107 we then obtain that 
T is polaroid exactly when S is polaroid. Evidently, in this case T* is polaroid. 
Now, property (8) implies that S has the SVEP and hence, by Lemma 2.153, 
T also has the SVEP. The SVEP for T, again by Theorem 2.68, entails that 
o (T*) = oap(T*), and hence T* is a-polaroid. 

(ii) Also in this case, by a result of Stampfli [289], we have o (S) = c (T), and 
property (C) entails SVEP, so the assertion follows by using the same argument 
of part (1). | 


Hyponormal operators on Hilbert spaces have property (6), see [216]. Theo- 
rem 4.111 then applies to these operators, since they are H (1) and hence polaroid. 
Another class of polaroid operators to which Theorem 4.111 applies is the class of 
all p. — QH operators studied in [135]. In fact, these operators are H (1) and have 
property (£), see Duggal and Jeon [135, Theorem 2.12 and Theorem 2.2]. 

Recall that if T € L(X) and S € L(Y), we say that the pair (S, T) is 
asymptotically intertwined by the operator A € L(X, Y) if |C(T, S)(A)||!/" > 0 
as n — oo, where C(T, S) is the commutator introduced in Chap. 2. 


Definition 4.112 The pairs (S, T) and (T, S) are said to be asymptotically quasi- 
similar if both are asymptotically intertwined by some quasi-affinity. 
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The proof of the next theorem may be found in Laursen and Neumann [216, 
Corollary 3.4.5]. 


Theorem 4.113 [fa pair (S, T) is asymptotically intertwined by A € L(X, Y) then 
AXT(F) € Ys(F) forall closed sets F C C. (4.14) 


Example 4.114 The polaroid condition is not transmitted whenever S and T are 
asymptotically intertwined by a quasi-affinity, even in the case when the inclusion 
iso o (T) C iso ø (S) is satisfied. For instance, if T € L(£2(N)) is defined by 

Tic xac zs s F X :) for all (xn) € €2(N). 
If S := 0 then S is polaroid, while the quasi-nilpotent operator T is not polaroid. T 
and S are, as observed above, quasi-nilpotent equivalent. 


Let us now consider the very particular case when C(S, T)"(J) = 0 for some 
n € N. If T and S commute then C(S, T)" (T) = (S — T)” = 0. In this case T and 
S differ from a commuting nilpotent operator N and, without any condition, if S is 
polaroid then T is also polaroid, by Lemma 4.23. 

Set 


Eoo(S) :— {A € isoo (S) : a (AI — S) < oo]. 


Theorem 4.115 Let T € L(X) and S € L(Y) be asymptotically intertwined by 
an injective map A € L(X,Y) and isoc (T) € Eoo(S). If S is polaroid then T is 
polaroid. 


Proof 


(i) If A € iso (T) then À € iso c (T). Since S is polaroid it then follows that Ho (AI — 
S) = ker (AI — S)? for some positive integer p. Since A € Eg (S) we have 
a(Al — S) < oo, so a((Al — S)") < oo, and hence Ho(AI — S) is finite- 
dimensional. From the inclusion (4.14) we have 


ACHI — T)) = A(AXr ({A}) € Ys) = Hol — S), 


and since A is injective it then follows that Ho(AJ — T) is finite-dimensional. 
From the inclusion ker (AJ — T)" C Ho(AI — T) for all n € N it then easily 
follows that p(AI — T) < oo. But X is an isolated point of c (T), so the 
decomposition X = Ho(AI — T) ® K (AI — T) holds, consequently K (AJ — T) 
is finite co-dimensional, and since K (AJ — T) € (AI — T)(X) we then conclude 
that B(AI — T) < oo. Therefore, AJ — T is Fredholm. But A is an isolated point 
of o (T*) = o (T), so T* has the SVEP at A and, since AJ — T is Fredholm, this 
implies that q (àI — T) < oo. Therefore, A is a poleoftheresolventof T. E 
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Corollary 4.116 Suppose that S and T are quasi-nilpotent equivalent. If S is 
polaroid and every eigenvalue of S has finite multiplicity then T is polaroid. 


Proof 'The quasi-nilpotent equivalence preserves the spectrum, see the book by 
Colojoará and Foias [98, Chapter 1, Theorem 2.2], hence iso o (T) = iso o (S). Now, 
if A € isoo (S) then either AJ — S is injective or A is an eigenvalue of S. In both 
cases A € Eso (S). | 


The Example 4.114 shows that the result of Corollary 4.116 fails if the 
eigenvalues of S do not have finite multiplicity. Define 


ES (S) := {A € isooap (S) : a(AT — S) < oo]. 


Clearly, Eœ (S) € EZ,CS). 


Theorem 4.117 Let T € L(X) and S € L(Y) be asymptotically intertwined by an 
injective map A € L(X, Y) and isoo(T) € EÑ (S). If S is left polaroid then T is 
polaroid. 


Proof 


G) If A € isoo(T) then A € isoosp(S). S is left polaroid so, by part (ii) of 
Theorem 4.12, there exists a positive integer p such that Ho(AJ — S) = 
ker (AJ — S)?. Since «(A1 — S) < oo it then follows that Ho (4I — S) is finite- 
dimensional. a 


49 Comments 


The class of polaroid operators was introduced in [138] by Duggal, Harte, and Jeon, 
while hereditarily polaroid operators were introduced by Duggal in [125], see also 
[127] and [7]. 

All the remaining material in the section concerning the perturbation T + K of 
a hereditarily polaroid operators by an algebraic commuting operator is modeled 
after Aiena et al. [38], Aiena and Sanabria [24], Aiena et al. [42], and Aiena and 
Aponte [8]. The results of Theorems 4.19 and 4.21 were proved in Aiena [5]. The 
SVEP for hereditarily polaroid operators was first proved by Duggal and Djordjevié 
[132, 133]. The class of H (p) operators was introduced by Oudghiri [253], which 
showed the important fact that every subscalar operator is H(p) for some p € N. 
The material concerning multipliers on semi-simple commutative Banach algebras 
is taken from Aiena and Villafáne [31]. Paranormal operators on Hilbert spaces were 
studied by Chourasia and Ramanujan [94], who first observed the SVEP for these 
operators. 


4.9 Comments 359 


All the material contained in the section on weighted shift operators is modeled 
after Aiena et al.[34]. The class of semi-shifts was introduced in Holub [181] and 
discussed in Laursen and Vrbová [217], and Laursen et al. [219]. The result that an 
isometry T is a semi-shift if and only if T has fat local spectra was first observed by 
Neumann, see [247]. 

The section concerning Toeplitz operators is modeled after Farenick and Lee 
[145], Jia and Feng [188], and Aiena and Triolo [29]. 

The section concerning polaroid operators under affinities is modeled after Aiena 
et al. [39]. 


Chapter 5 ff) 
Browder-Type Theorems Chente; 


This chapter may be viewed as the part of the book in which the interaction between 
local spectral theory and Fredholm theory comes into focus. The greater part of 
the chapter addresses some classes of operators on Banach spaces that have a very 
special spectral structure. We have seen that the Weyl spectrum ow(T) is a subset 
of the Browder spectrum op (T) and this inclusion may be proper. In this chapter we 
investigate the class of operators on complex infinite-dimensional Banach spaces for 
which the Weyl spectrum and the Browder spectrum coincide. These operators are 
said to satisfy Browder's theorem. The operators which satisfy Browder's theorem 
have a very special spectral structure, indeed they may be characterized as those 
operators T € L(X) for which the spectral points A that do not belong to the Weyl 
spectrum are all isolated points of the spectrum. 

In some sense Browder's theorem is a local spectral property. Indeed, if T 
satisfies Browder's theorem then T has the SVEP at every à ¢ ow(T), since A 
belongs to the resolvent or is an isolated point of c (T). On the other hand, the 
converse is still true, by Theorem 2.97. Browder's theorem was introduced by Harte 
and Lee in [173], in an erroneous description of Weyl’s theorem that will be studied 
in Chap. 6, and then developed a life of its own. We shall also consider classes of 
operators for which some other parts of the spectrum coincide, and these operators 
are said to satisfy a Browder-type theorem. Examples of Browder-type theorems 
are a-Browder's theorem, property (b) and property (ab). All these Browder-type 
theorems may also be characterized by means of the SVEP for T or T* at the points 
of some suitable parts of the spectrum. Other variants of Browder-type theorems 
may be obtained by considering the B-Fredholm theory, treated in the previous 
chapters, instead of the classical Fredholm theory. These last variants are, rather 
improperly, called generalized Browder-type theorems, however it will be shown 
that Browder's theorem (respectively, a-Browder's theorem) in its generalized form 
or in its classical form, are equivalent. 
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Some other characterizations of Browder-type theorems, generalized or not, are 
obtained by showing that the quasi-nilpotent part Ho(AJ — T) (respectively, the 
analytic core K (AJ — T)) has finite dimension (respectively, has finite codimension), 
as à ranges over a certain subset of the spectrum. We also give some perturbation 
results concerning Browder-type theorems, by using the perturbation results of 
Chap. 3. In the last part of the chapter we show that Browder-type theorems are 
transferred from a Drazin invertible operator R to its Drazin inverse. 


5.1 Browder's Theorem 


In Theorem 3.44 we proved that if T or T* has the SVEP then the Browder spectra 
(T), oup (T) and oj (T) coincide with the corresponding Weyl spectra oy(T), 
Ouw(T) and oj, (T), respectively. 


Definition 5.1 T € L(X) is said to satisfy Browder's theorem if 
ow(T) = ow(T), 
or equivalently, by Theorem 3.43, if 
acco (T) € ow(T). (5.1) 


Hence the SVEP for either T or T* entails that both T and T* satisfy Browder's 
theorem. However, the following example shows that SVEP for T or T* is not a 
necessary condition for Browder's theorem. 


Example 5.2 Let T := L Q R Q Q, where L and R are the unilateral left shift 
and the unilateral right shift on (?(N), respectively, while Q is any quasi-nilpotent 
operator on £?(N). Now, R is the adjoint L’ of L, and analogously L is the adjoint 
R' of R. Moreover, L does not have the SVEP, see Remark 2.64, and consequently, 
by Theorem 2.15, both T and T’ do not have the SVEP. On the other hand, it is 
easily seen that o; (T) = ow(T) = D(0, 1), thus Browder's theorem holds for T as 
well as for T’. 


For a bounded operator T € L(X) let us denote by 
poo(T) := o (T) \ op(T) = {à € o (T) : 49 - T € BOO) 


the set of all Riesz points in o (T). It is evident, from Theorem 3.7, that poo(T) = 
poo(T*). Let us consider the following set: 


A(T) := o(T) \ ow(T). 


We begin with an elementary lemma. 
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Lemma 5.3 /f T € L(X) then poo(T) € A(T). Moreover, 
A(T) = {AE C:AI—T € W(X), 0< a(Al — T)). (5.2) 


Proof The inclusion poo(T) € A(T) is obvious, since every Browder operator is 
Weyl. The equality (5.2) is clear: if A € A(T) then «(àI — T) = (àI — T) > 0, 
since A € o (T). | 


The following result shows that Browder’s theorem is equivalent to the localized 
SVEP at the points of the complement of oy (T). 


Theorem 5.4 /f T € L(X) then the following statements are equivalent: 


(i) poo(T) = A(T); 

(ii) T satisfies Browder’s theorem; 

(iii) T* satisfies Browder's theorem; 

(iv) T has the SVEP at every à ¢ o«(T); 
(v) T* has the SVEP at every X € ow(T). 


Consequently, if either T or T* has SVEP then Browder's theorem holds for both 
T and T*. 


Proof (i) => (ii) Suppose that poo(T) = A(T). Let à € ow(T). We show that A ¢ 
op(T). Evidently, if A ¢ o (T) then A € og(T). Consider the other case A € o (T). 
Then A € A(T) = poo(T), thus A ¢ og (T). Hence op (T) € ow(T). The reverse 
inclusion is satisfied by every operator, so os (T) = ow(T). 

(ii) & (iii) Obvious, since og (T) = oy (T*) and o (T) = ow(T*). 

(ii) > (iv) Suppose that o5 (T) = ow(T). If A d ow(T) then AI — T € B(X) so 
pO — T) < œ and hence T has the SVEP at A. 

(iv) > (v) Suppose that T has the SVEP at every point A € C \ os (T). For every 
à € ow(T) then AJ — T € W(X), and the SVEP at A implies that p(AT — T) < 
oo. Since a(Al — T) = B(AI — T) < oo it then follows, by Theorem 1.22, that 
q(XI — T) < co, and consequently T* has the SVEP at A. 

(v) = (i) Suppose that à € A(T). We have AJ — T € W(X) and hence 
ind(AJ—T) = 0. By Theorem 2.98 the SVEP of T* at A implies that q(A1 — T) < oo 
and hence, again by Theorem 1.22, p(AI — T) is also finite. Therefore A € 
o(T) \ on(T) = poo(T). This shows that A(T) € poo(T). By Lemma 5.3 we 
then conclude that the equality poo(T) = A(T) holds. | 


Corollary 5.5 Let T € L(X). Then we have: 


Gi) If T satisfies Browder’s theorem and R € L(X) is a Riesz operator which 
commutes with T, then T + R satisfies Browder’s theorem. 

Gi) If T has the SVEP and K € L(X) is an algebraic operator which commutes 
with T, then T 4- K satisfies Browder's theorem. 
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(iii) If T has the SVEP then both f (T) and f (T*) satisfy Browder's theorem for 
every f € "4 (o(T)). 

(iv) If T € L(X) has the SVEP and T and S € L(Y) are intertwined by an injective 
map A € L(X, Y) then S satisfies Browder's theorem. 


Proof (1) follows from Theorems 2.129 and 5.4. (ii) follows from Theorem 2.145. 
(iii) By Theorem 2.86 f (T) has the SVEP. (iv) S has the SVEP by Lemma 2.141. 


Theorem 5.6 Let T € L(X) and suppose that intow(T) = Ø. Then the following 
statements are equivalent: 


(i) T satisfies Browder's theorem; 
(ii) T has SVEP; 
(iii) T* satisfies Browder's theorem; 
(iv) T* has SVEP. 


Proof (i) & (ii) Browder's theorem for T is equivalent to the SVEP of T at the 
points A ¢ ow(T), by Theorem 5.4. Let 49 € ow(T). Then Ao ¢ intoy (T), since the 
last set is empty. Hence Ao € 0oy (T), the boundary of o (T). Let (41 — T)) f(A) = 
O for all A in an open disc D}, centered at A. Obviously, the disc D} contains a 
point u of ov (T), and the SVEP of T at u entails that f = O in a suitable open 
disc D, centered at u, contained in D}. From the identity theorem for analytic 
functions it then follows that f = 0 in D;,, so T also has the SVEP at the points 
à € ow(T). This shows the implication (i) > (ii). The reverse implication follows 
from Theorem 5.4. The statements (1) and (iii) are equivalent, by Theorem 5.4. Since 
intow(T) = intow(T*) = Ø, the previous argument shows that (iii) > (iv). | 


We have seen in Chap. 3 that if T or T* has the SVEP then the spectral mapping 
theorem holds for the Weyl spectrum ow(T). In general, Browder's theorem and 
the spectral mapping theorem are independent. In [173, Example 6] an example is 
given of an operator T for which the spectral mapping theorem holds for oy (T) 
but Browder's theorem fails for T. Another example [173, Example 7] shows that 
there exist operators for which Browder's theorem holds while the spectral mapping 
theorem for the Weyl spectrum fails. However we have: 


Theorem 5.7 Let T € L(X) and f € H(o(T)). If Browder's theorem holds for 
f(T) then f (ow(T)) = owCf (T)). 


Proof We have, since the spectral theorem holds for the Browder spectrum, 
ow f T)) = (f(T) = f(ov(T)) 2 f(ow(T)). 


From part (ii) of Theorem 3.115 we then obtain oy (f(T)) = f (ow(T)). | 
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Part (iii) of Theorem 5.5 may be improved in the case when f is non-constant on 
each of the components of its domain: 


Theorem 5.8 Suppose that T € L(X) satisfies Browder's theorem and f € 
Helo (T)). Then Browder's theorem holds for f (T ). 


Proof Suppose that f € ?1. (c (T)) and f (Ao) € o(f(T)) \ ow(f (T)). Then there 
is a v € N and two polynomials h and g in H (o (T)) with no zero in c (T), such 
that 


fA) — f (o) = Qo — 2)" hQ)gQ), 
with A(A9) 4 0 and h(Ao) € e(o (T)). It then follows that 
f(T) — f GoI) = Aol — T)'h(T)g(T) € W(X), 


with O ¢ o(h(T)g(T)) and, consequently, ào d ow(T). By Theorem 5.4 T has 
the SVEP at Ao and, by Theorem 2.88, f (T) has the SVEP at f (ào). This implies 
Browder's theorem for f(T). | 


Remark 5.9 It is easily seen that in the case of f € H(oc(T)) the result of 
Theorem 5.8 remains valid if we assume that T has the SVEP at every A € 
o(T) \ ow(T), or f is injective. 


Let us write iso K for the set of all isolated points of K € C. A very clear spectral 
picture of operators for which Browder’s theorem holds is given by the following 
theorem: 


Theorem 5.10 For an operator T € L(X) the following statements are equiva- 
lent: 


(i) T satisfies Browder’s theorem; 
(ii) Every à € A(T) is an isolated point of o (T); 
(iii) A(T) € ðo (T), do (T) the topological boundary of o (T); 
(iv) int A(T) = 9; 
(v) o(T) = ow(T) U isoo (T). 


Proof (i) => (ii) If T satisfies Browder's theorem then A(T) = poo(T), and in 
particular every A € A(T) is an isolated point of o (T). 

(ii) > (iii) Obvious. 

(iii) > (iv) Clear, since int 9c (T) = Ø. 

(iv) = (v) Suppose that int A(T) = 0. Let 4o € A(T) = o(T) \ ow(T). We 
show first that Ag € ðo (T). Suppose that ào ¢ d0(T). Then there exists an open 
disc centered at Ap contained in the spectrum. Since A497 — T € W(X) by the 
classical punctured neighborhood theorem there exists another open disc ID centered 
at Ao such that AJ — T € W(X) for all A € D. Therefore Ao € int A(T), which is 
impossible. This argument shows that o (T) = ow(T) U ðo (T). 
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Now, if A € ðo (T) anda ¢ oy(T) then AJ — T € W(X) and, since both T and 
T* have the SVEP at every point of ðo (T) = ðo (T*), by Theorems 2.97 and 2.98 
we then have p(AI — T) = q(AI — T) < co. Therefore A is an isolated point of 
o (T), and consequently o (T) = ow(T) U isoo (T). 

(v) > (i) Suppose that o (T) = oy(T) U isoo (T). Suppose that A d o (T) N 
ow(T). Then à € isoo(T) (otherwise, A ¢ oyw(T) Uisoo(T) = oa(T), a 
contradiction). Since T and T* have the SVEP at every isolated point of o (T) and 
AI — T € W(X) it then follows, by Theorems 2.97 and 2.98, that pA — T) = 
q(XAI — T) < co, so à é oy (T). Therefore oy (T) = ow(T). [| 


Let M, N denote two closed linear subspaces of a Banach space X. In Chap. 1 
we have observed that the gap SCM , N) is a metric on the set of all linear closed 
subspaces of X, and the convergence M, — M is defined by 8(M,, M) —> Oas 
n — oo. Browder's theorem may be characterized by means of the discontinuity of 
certain mappings: 


Theorem 5.11 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies Browder's theorem; 
(ii) the mapping X — ker(AI — T) is not continuous at every à € A(T) in the gap 
metric; 
(iii) the mapping X — y (AI — T) is not continuous at every à € A(T); 
(iv) the mapping X — (AI — T)(X) is not continuous at every à € A(T) in the 
gap metric. 


Proof (i) => Gi) By Theorem 5.10 if T satisfies Browder's theorem then A(T) C 
iso o (T). For every 4o € A(T) we have a(Ag/ — T) > 0 and since Apo is an isolated 
point of c (T) there exists an open disc D(Ao, £) such that «(A7 — T) = 0 for all 
à € D(A, £) V {Ao}. Therefore the mapping à — ker(AJ — T) is not continuous at 
Ào in the gap metric. 

(ii) = (i) Let Ag € A(T) be arbitrary. By the punctured neighborhood theorem 
there exists an open disc D(Ag, £) such that AJ — T € ®(X) for all A € ID(Ao, €), 
a(AI — T) is constant as A ranges on D(Ao, £) \ {Ao}, 


ind(A/ — T) = ind(Ag] — T) forall A € IDD(Ao, €), 


and 


Ox a(AI —T) € a(Aol — T) forall À € IDD(Ao, €). 


The discontinuity of the mapping A — ker(AJ — T) at every à € A(T) implies that 
0 x a(AI — T) «a(XAol — T)  forall A € IDD(Ao, £) V {Ao}. 


We claim that «(47 — T) = 0 for all A € D(Ao, £) \ {Ao}. To see this, suppose that 
there is a 41 € D(Ao, £) V {Ao} such that «(A1J — T) > 0. Clearly, A1 € A(T), so 
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arguing as for Ao we obtain a A» € D(Ao, £) V (Ao, A1) such that 
0 < a(451 — T) « a(l — T), 


and this is impossible since «(A7 — T) is constant for all A € D(Ao, £) \ {Ao}. 
Therefore 0 = a (AI — T) for à € D(AXo, £) \ {Ao}, and since AJ — T € W(X) for all 
à € D(Ao, €) we conclude that «(A47 — T) = 8(AI — T) = 0 for all A € D(Ao, £) N 
{Ao}. Hence Ag € iso o (T), thus T satisfies Browder's theorem by Theorem 5.10. 
To show the equivalences of the assertions (ii), (iii) and (iv) observe first that for 
every Ao € A(T) we have Aol — T € ®(X), and hence the range (AJ — T)(X) is 
closed for all A near to Ao. The equivalences (ii) = (iii) & (iv) then follow from 
Theorem 1.51. a 


Recall that a bounded operator T € L(X) is said be relatively regular if there 
exists an S € L(X) such that T ST = T. It is well known that every Fredholm 
operator is relatively regular, see Appendix A. A "complemented" version of Kato 
operators is given by the Saphar operators, where T € L(X) is said to be Saphar if 
T is semi-regular and relatively regular. The Saphar spectrum, already introduced 
in Chap. 3, is denoted by osa(T). Clearly, ose (T) € Osa(T). 


Theorem 5.12 For a bounded operator T each of the following statements is 
equivalent to Browder's theorem: 


©) A(T) € ose(T); 
(ii) A(T) € isoose (T); 
(ii) A(T) € os4(T); 
(iv) A(T) € isoog (T). 


Proof By Theorem 1.51 the equivalent conditions of Theorem 5.11 are equivalent 
to saying that AJ — T is not semi-regular for all 4 € A(T). 

(i) & (ii) The implication (ii) > (1) is obvious. To show that (1) = (ii) suppose 
that Ag(T) € ose (T). If 4o € Ag(T) then Ao] — T € D(X) so Ao! — T is 
essentially semi-regular, in particular of Kato-type. By Theorem 1.65 then there 
exists an open disc D(Ao, €) such that AJ — T is semi-regular for all A € ID(Ao, €) N 
{Ag}. But Ag € ose (T), so ào € isoose(T). 

(i) & (iii) The implication (1) > (iii) is immediate, since ose (T) C oga(T). 

To show the implication (iii) => (1) suppose that A(T) € o;4(T). Leta € A(T). 
Then a(AJ — T) < œ and since AJ — T € W(X) it follows that BAT — 
T) « oo. Clearly, ker(AJ — T) is complemented, since it is finite-dimensional, 
and (AI — T)(X) is complemented, since it is closed and finite-codimensional. 
Therefore T is relatively regular, and from A € o,4(T) it then follows that AJ — T 
is not semi-regular. Thus A(T) € ose (T). 

(iv) > (ii) Obvious. 

(ii) => (iv) Let Ag € A(T). Since Aol — T € W(X), then there exists an open 
disc ID (Ao, £) centered at Ao such that AJ — T € W(X) forall à € (Ao, €), so àI — T 
is Fredholm, and hence is relatively regular for all A € ID(Ao, £). On the other hand, 
ào is isolated in ose (T), so Ao € iso oga(T ). [| 
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We now establish some characterizations of operators satisfying Browder's 
theorem in terms of the quasi-nilpotent parts Ho(AJ — T). 


Theorem 5.13 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) Browder's theorem holds for T; 
(ii) For every à € A(T) there exists a p :— p(AI — T) such that Ho(AI — T) = 
ker (AJ — T)"; 
(iii) Ho(AI — T) is finite-dimensional for every X € A(T); 
Gv) Ho(AI — T) is closed for all à € A(T); 
(v) KAI — T) has finite-codimension for all à € A(T). 


Proof (i) = (ii) Suppose that T satisfies Browder's theorem. By Theorem 5.4 then 
A(T) = poo(T) = o(T)Noy(T). If A € A(T) then AJ — T € B(X), so à is isolated 
in c (T) and hence T has the SVEP at A. From Theorem 2.105 we then conclude 
that Ho(AI — T) is finite-dimensional. 

(i) > (iii) If A € A(T) = o (T) \ oy (T), then AJ — T is upper semi-Fredholm 
and hence (AJ — T)? is upper semi-Fredholm, so «(47 — T)? < co. Consequently, 
Ho(XI — T) = ker (AI — T)? is finite-dimensional. 

(iii) > (iv) Clear. 

(iv) = (i) Suppose that Ho(AJ — T) is closed for all X € A(T). Then T has the 
SVEP at A, by Theorem 2.39, and hence, by Theorem 2.97, we have p(AI—T) < oo. 
Since AJ — T is Weyl, we then have AJ — T € B(X), by Theorem 1.22, hence A € 
Poo(T). This shows the inclusion A(T) € poo(7) and since the reverse inclusion 
holds for every operator, we then have A(T) = poo(T), so T satisfies Browder's 
theorem by Theorem 5.4. 

(i) => (v) By Theorem 5.10 every A € A(T) is an isolated point of o (T) and 
by the first part of the proof Ho(A1 — T) is finite-dimensional. By Theorem 2.45, 
X = Ho(AI — T) 6 K(AI — T), so K(AI — T) has finite codimension. 

(v) = (i) Suppose that K (AJ — T) has finite codimension for every A € A(T). 
Because K(AJ — T) € (AI — T)"(X) for each n € N, it then follows that 
q(XAI — T) < œ, so T* has the SVEP at every A € A(T), and hence Browder's 
theorem holds for T, by Theorem 5.4. a 


A natural generalization of Browder’s theorem is suggested by considering B- 
Fredholm theory instead of Fredholm theory. In other words, by considering those 
operators T € L(X) for which the equality 

Opw(T) = oa(T) (5.3) 


holds. Recall that by Corollary 3.49 we have og(T) = opp(T). By Theorem 3.50 
the equality (5.3) holds if and only if 


acca(T) C opw(T). (5.4) 
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The operators T € L(X) which satisfy the equality (5.3) have been investigated for 
some time by several authors, and these operators are said to satisfy the generalized 
Browder's theorem. Since Opw(T) C ow(T) holds for every T € L(X), from 
the inclusion (5.4) we obtain acco(T) C oy(T), which means that T satisfies 
Browder's theorem. Hence the generalized Browder's theorem apparently seems to 
be a stronger property than Browder's theorem. Next we show that this is not true. 
First we need to characterize the equality (5.3) by the localized SVEP at the points 
À € Opw(T). 


Theorem 5.14 Let T € L(X). Then the following statements are equivalent: 


(i) Obw(T) = oa(T), i.e. the generalized Browder's theorem holds for T; 
(i) T has the SVEP at every à € opw(T); 
(iii) T* has the SVEP at every X ¢ opw(T). 


Proof (1) & (ii) If oa(T) = opw(T), then, by Theorem 2.97, T has the SVEP at the 
points A ¢ oy (T). 

Conversely, assume that T has the SVEP at every point A € opy(T). If A ¢ 
Opw(T) then, by Corollary 2.107, à ¢ og(T). This shows that oq(T) € opw(T). 
On the other hand, by Theorem 1.141 we have obw(T) C oa(T), for all operators 
T € L(X), thus oy, (T) = oa(T), and hence T satisfies the generalized Browder's 
theorem. 

(i) & (iii) If oa(T) = opw(T) then q(AI — T) < oo for every A € og (T), so T* 
has the SVEP at every A ¢ opw (T), by Theorem 2.98. Conversely, if A £ og (T), 
the SVEP for T* at A entails, by Corollary 2.107, that à ¢ oa(T), hence oq(T) € 
Obw(T ). The opposite inclusion is always true, thus og(T) = oa(T). 


It is perhaps surprising, and somewhat unexpected, that the two concepts of 
Browder's theorem and the generalized Browder's theorem are equivalent: 


Theorem 5.15 /f T € L(X) the following statements are equivalent: 


(i) ow(T) = op(T); 
(i) Opw(T) = oa(T). 


Consequently, for an operator T € L(X), Browder’s theorem and the general- 
ized Browder's theorem are equivalent. 


Proof Suppose that oy (T) = œ (T). Since, by Theorem 1.141, o5, (T) € oa(T) = 
for all T € L(X), we need only show the opposite inclusion. Assume that Ao ¢ 
Opw(T), i.e. that A97 — T is B-Weyl. By Theorem 1.117, there exists an open disc 
(ào, €) such that AJ — T is Weyl and hence Browder for all A € ID(Ao, £) \ {Ao}. 
The condition p(AJ — T) = q(AI — T) < co implies that both T and T* have 
the SVEP at every A € D \ {Ao}, so both T and T* have the SVEP at Ag. Since 
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every B-Fredholm operator has topological uniform descent, by Theorem 2.97 and 
Theorem 2.98, we then have that A9/ — T is Drazin invertible, i.e. Ao ¢ oa(T). 
Hence opw(T) = oq(T). 

Conversely, suppose that opw(T) = oa(T). By Theorem 5.14, T has the SVEP 
at every à ¢ Opw(T) and in particular T has the SVEP for every A ¢ ow (T), since 
Obw(T) € oy(T). Therefore, by Theorem 5.4, oy(T) = œ (T). | 


Define 
A! (T) := o (T) \ opw(T), 
and let 
I(T) := o (T) Voa(T) 


be the set of all poles of the resolvent (no restriction on rank). 


Lemma 5.16 [fT € L(X) then 
AS(T) = {A € C: AI — T is B-Weyl and 0 < a(Al — T)). (5.5) 


Furthermore, T11(T) C A8(T) and A(T) C AS(T). 


Proof 'The inclusion 
(4€C:AI — T is B-Weyl and 0 < a(AI — T)) € A*(T) 


is obvious. To show the opposite inclusion, suppose that A € AS$(T). There is 
no harm in assuming A = 0. Since 0 € o(T) and T is B-Weyl, hence, by 
Theorem 1.119, T = Ti ® T», where T; is Weyl and 7» is nilpotent. If a(T) = 0 
then a(7,) = 0 and since Tı is Weyl then a(T1) = (T1) = O0 so T; is invertible 
and hence T is Drazin invertible, i.e., p(T) = q(T) < oo. But this implies, by 
Theorem 1.22, that 0 = a(T) = B(T), so 0 ¢ o(T), a contradiction. Therefore 
a(T) > 0, so that A(T) is contained in the set on the right-hand side of (5.5). 
Therefore the equality (5.5) holds. 

To show the inclusion I(T) C A&(T), let us assume that A € II(T) = o(T)N 
oa(T). Then AI — T is Drazin invertible, and since À is a pole, A is an isolated 
point of c (T). Moreover, by Theorem 1.141, AJ — T is B-Weyl. We also have 
0 < a(AI — T) (otherwise from p(AI — T) = q(AI — T) < co we would obtain 
a(AI — T) = B(AI — T) = 0,i.e. à é c (T)), hence I(T) € AS(T). 

The inclusion A(T) C A?(T) is obvious, since op (T) C ow(T). [| 


The following theorem is an improvement of Theorem 5.10. 
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Theorem 5.17 For a bounded operator T € L(X) the following statements are 
equivalent: 


() T satisfies Browder's theorem; 

(ii) A£ (T) = I(T); 

Gii) A(T) C isoo (T); 

(iv) AS(T) € 8c (T), 8o (T) the topological boundary of o (T); 
(v) int A£ (T) = Ø; 

(vi) c (T) = opw(T) U ðo (T); 

(vii) o (T) = opw(T) U isoo (T). 


Proof (i) => (ii) By Theorem 5.15 we have opw(T) = oa(T), and hence A£ (T) = 
o (T) \ opw(T) = o (T) \ oa(T) = TI(T). 

(ii) > (iii) Clear, since A£ (T) = I(T) C isoo (T). 

(iii) => (iv) Obvious. 

(iv) => (v) Clear, since int 9c (T) = Ø. 

(v) 2 (vi) Suppose that int AS(T) = f. Let 4o € A*(T) = o(T) \ opw(T) 
and suppose that Ag ¢ do (T). Then there exists an open disc D(Ao, £) centered at 
Ao contained in c (T). Since Aol — T is B-Weyl there exists, by Theorem 1.117, a 
punctured open disc D; contained in D such that AJ — T is Weyl for all A € Dj. 
Clearly, O0 < o(AI — T) for all 4 € Dı (otherwise we would have 0 = a(A1 — 
T) = (àI — T)), hence by Lemma 5.16 Ao belongs to int AS (T), and this is a 
contradiction since int A(T) = Ø. This shows that o (T) = opw(T) U ðo (T), as 
desired. 

(vi) > (vii) If à € ðo (T) and à ¢ opw(T) then A7 — T is B-Weyl and T has the 
SVEP at A. By Theorem 2.107 it then follows that AJ — T is Drazin invertible, i.e. 
0 « p(A1 — T) = q(AI — T) < œ and hence å is an isolated point of the spectrum. 
Therefore, o (T) = opw(T) U isoo (T). 

(vii) > (i) Suppose that o (T) = ogw (T )Uisoo (T). Let 4 ¢ ops (T). If A ¢ o (T) 
then à ¢ og(T). Suppose that A € c (T). Then A € o(T) \ opw(T) and hence 
à € isoo (T). This implies that T has the SVEP at A. Since AJ — T is B-Wey] it then 
follows, by Theorem 1.141, that AJ — T is Drazin invertible and hence A £ oq(T). 
This proves the inclusion og(T) € opw(T). Since the opposite inclusion is satisfied 
by every operator we then conclude that og(T) = opw(T), so that T satisfies the 
generalized Browder's theorem, or equivalently, Browder's theorem. a 


Corollary 5.18 Jf either T or T* has the SVEP and isoo(T) = Ø then o (T) = 
Ow(T) = obw(T). 
Proof By Theorem 5.17 we have Ø = A$(T) = o(T) \ opw(T). Hence 


o(T) = opw(T) and, obviously, these spectra coincide with oy,(T), since opw(T) € 
Ow(T) Ca(T). | 


Theorem 5.19 Suppose that T?? (X) = 0. If T is not nilpotent then 


Opw(T) = oa(T) = o (T). (5.6) 
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Proof The condition T^? (X) = 0 entails that T satisfies SVEP. This may be proved 
in several ways, for instance, since ker (AJ — T) € T*??(X) for all A z 0, the 
condition T% (X) = {0} entails that ker (AJ — T) = 0 for every A Æ 0. Therefore, 


ker (AI — T n (AI — T)Ó(X) = {0} foralla € C. 


Since K(AI — T) € (AI — T)*(X) we then obtain V^? (A91 — T) AN K(Agl — 
T) = {0}, and hence T has the SVEP, by Corollary 2.66. Therefore, T satisfies 
the generalized Browder's theorem and hence op (T) = oa(T). Suppose that T is 
quasi-nilpotent, but not nilpotent. Then X = Ho(T) 4 ker T for each p € N, so 
0 cannot be a pole of the resolvent by Theorem 2.47. Hence opw(T) = oa(T) = 
c (T) = {0}. 

Suppose that T is not quasi-nilpotent. Then q (AI — T) = co for all à € c (T)\{0}, 
otherwise, since p(AJ — T) = O0 for all A # 0, we would have q (àI — T) = 
p(aAl — T) = 0, hence A ¢ c (T). Therefore, 


o (T) \ {0} € oq(T) = ow (T) € o (T). 


On the other hand, we also have q(T) — oo, because if q(T) « oo we would have 
T4(X) = T®(X) = {0} and hence T is nilpotent. Therefore 0 € oq(T), from which 
we may conclude that the equalities (5.6) hold. a 


Remark 5.20 It should be noted that every nilpotent operator T on an infinite- 
dimensional complex Banach space satisfies the equality og(T) = opw(T), since 
T has the SVEP, while T?” (X) = {0} and ker TP = X for some p € N entail that 
p(T) = q(T) < oo and hence og(T) = Ø. Therefore, for a nilpotent operator the 
equality (5.6) fails, since o (T) = {0}. 


The next two theorems improve the results of Theorems 5.11 and 5.35. 


Theorem 5.21 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies Browder's theorem; 
(i) The mapping à — ker(A1 — T) is discontinuous at every X € A£ (T) in the gap 
metric. 


Proof (i) = (ii) By Theorem 5.17 we have A£ (T) C isoo (T). If Ap € A*(T) then 
a(o — T) > 0 and there exists a punctured open disc ID(Ao) centered at A9 such 
that a(AgI — T) = 0 for all A € D(Ao). Hence A — ker (AJ — T) is discontinuous 
at Ao in the gap metric. 

(ii) => (i) Let Ag € A$(T) be arbitrary. Then Ao/ — T is B-Weyl and by 
Theorem 1.117 we know that there exists an open disc D(Ag, £) such that AJ — T € 
o (X) forall 4 € D(AXo, €)\{Ao}, «(4.1 — T) is constant as A ranges on D(Ao, e) {Ao}, 


ind(A/ — T) = ind(Ag] — T) forall A € D(Ao, €), 
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and 


Ox a(AI — T) € a(AoIl — T) forall À € IDD(Ao, €). 


The discontinuity of the mapping A — ker(AJ — T) at every à € A(T) implies 
that 


0 x a(AI — T) «a(AogI — T)  forall A € D(Ao, £) V {Ao}. 

We claim that 

a(l — T) 20 forall A € D(Ao, £) \ {Ao}. (5.7) 
To see this, suppose that there exists a A; € D(Ao, €)\{Ao} such that a (A17 — T) > 0. 
Clearly, 4; € A(T), so arguing as for Ao we obtain a Az € D(Ao, €) V (A0, A1) such 
that 

0 « a(A31I — T) « a(411 — T), 

and this is impossible since «(A7 — T) is constant for all A € D(Ao, €) \ {Ao}. 
Therefore (5.7) is satisfied and, since AJ — T € W(X) for all A € D(Ao, £) V {Ao} 


we then conclude that «(47 — T) = BAI — T) = Oforall A € D(Ao, £) \ {Ao}. 
Hence Ag € iso o (T), thus T satisfies Browder's theorem by Theorem 5.17. | 


The generalized Browder’s theorem, or equivalently Browder’s theorem, may be 
characterized by means of the quasi-nilpotent parts Ho(AI — T) as A ranges over 
AS(T): 


Theorem 5.22 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies Browder's theorem; 
(ii) For every à € A8(T) there exists a p := p(X) € N such that Ho(A4I1 — T) = 
ker (AI — T)’; 
(ii) Ho(AI — T) is closed for all X € A£ (T); 
(iv) NO (AI — T) is closed for all à € A8(T). 


Proof (i) = (ii) By Theorem 5.17 we have A(T) = II(T). If Ao € AS(T) then 
Ao is a pole of the resolvent and Ho(Ag/ — T) = ker(Aol — T)? where p :— 
pol — T) = q(Aol — T), by Theorem 2.47. 

(ii) > (iii) Clear. 

(iii) > (i) Suppose that Ho(Apl — T) is closed for Ap € A(T). Since Aol — T 
is B-Wey] there exists, by Theorem 1.119, two closed linear subspaces M, N such 
that X = M È N, Xol — T|M is Weyl and Aol — T|N is nilpotent. Now, from 
Theorem 2.39 we know that T has the SVEP at Ao and hence T'|M also has the 
SVEP at Ao, so, by Theorem 2.97, we have p(AoI — T|M) < oo. Since a(Agl — 
T|M) = B(Aol — T |M) it then follows by Theorem 1.22 that q (ào — T|M) < co. 
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Obviously, p(AoI — T) = p(aol — T|M) + p(Xol — T|N) < oo, and a similar 
argument shows that also q(AoJ — T) < co. Therefore Ao € II(T). This shows that 
A£ (T) € isoc (T), so, by Theorem 5.17, T satisfies Browder's theorem. 

(ii) > (iv) We have ker (AJ — T)" C N?* (AI — T) € Ho(AI — T) forall n EN, 
so N (AI — T) = ker (AI — T)? is closed for all A € A£ (T). 

(iv) => (i) We first prove that p(AJ — T) < oo for every A € A(T). We use a 
standard argument from the well-known Baire theorem. Suppose p(AJ — T) = oo 
for à € o (T) V ow (T). By assumption N® (AI — T) = Ue ker (AI — T)" is 
closed so it is of second category in itself. Moreover, ker (AJ — T)" 4 NY (AI — T) 
implies that ker (AJ — T)" is of the first category as subset of M°% (AI — T) and hence 
AF (AI — T) is also of the first category. From this it then follows that V™ (AI — T) 
1s not closed, a contradiction. 

Therefore p(AJ — T) < oo for every A € o (T) \ Opw(T) and consequently T has 
the SVEP at A. Trivially, T also has the SVEP at every point A ¢ c (T), so T has the 
SVEP at every A € op, (T) and this is equivalent, by Theorem 5.14, to saying that 
T satisfies Browder's theorem. a 


5.2 a-Browder’s Theorem 


An approximate point version of Browder's theorem is defined as follows: 


Definition 5.23 A bounded operator T € L(X) is said to satisfy a-Browder's 
theorem if 


Suw(T) = ow (T), 
or equivalently, by Theorem 3.43, if 
acc oap(T) € ouw(T). 
By Theorem 3.44 it then follows that if either T or T* has the SVEP then a- 


Browder’s theorem holds for both T and T*. 
Define 


Pág (T) := es (T) Vou (T) = (A € (T) : AI — T € By(X)}. 


By Theorem 4.3 pog (T) € isoogp(T). 
Lemma 5.24 Let T € L(X). Then we have: 


(i) à € pgg(T) if and only if à is a left pole of finite rank for T. 
(ii) A € pgg(T*) if and only if X is a right pole of finite rank for T. 
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Proof 


(i) Suppose A is a left pole of finite rank. We may assume A = 0. Then, 0 € oap (T), 
T is left Drazin invertible, so p(T) « oo. By Corollary 3.49 the condition of 
left Drazin invertibility is equivalent to saying that T is upper semi B-Browder, 
i.e. there exists an n € N such that T" (X) is closed and the restriction T, :— 
T |T" (X) is upper semi-Browder, in particular upper semi-Fredholm. Since A is 
a left pole of finite rank we have a(T) < oo and hence a(T”) < co, so T" € 
(X) and from the classical Fredholm theory this implies that T € ®4 (X). 
Since p(T) < oo we then conclude that T € B. (X), so 0 d oyp(T), and 
consequently 0 € oa(T) Vou (T) = pog(T). 

Conversely, assume that 0 € Poo (T). Then 0 € oap(T) \ ous (T), hence 
p := p(T) < œ and T € (X). From Fredholm theory we know that T” € 
®,(X) forall n € N, so T?*! (X) is closed. Thus T is left Drazin invertible. 
But 0 € oap(T), thus 0 is a left pole having finite rank, since a(T) < oo. 

(ii) Suppose A is a right pole of finite rank. We may assume A = 0. Then 0 € 
os(T) = Oap(T*), T is right Drazin invertible and q(T) < oo. The condition 
of right Drazin invertibility is equivalent to saying that T is lower semi B- 
Browder, i.e. there exists an n € N such that T” (X) is closed and the restriction 
T, :— T|T"(X) is lower semi-Browder, in particular lower semi-Fredholm. 
Since (T) < oo then 8(T") < oo, hence T" € d. (X), from which we 
obtain that T € $. (X). Since q(T) < oo we then conclude that T € B_(X), 
or equivalently 7* € B,(X*), hence 0 ¢ oyp(T*). Therefore, 0 € oap(T*) \ 
Oub(T*) = pog (T*). 

Conversely, assume that 0 € po, (T*). Then 0 € oap (T*) V ous (T*) and since, by 
duality ous (T^) = oj (T), it then follows that 0 € o; (T) V oj; (T). Therefore, q :— 
q(T) < oo and T € o. (X). From Fredholm theory we know that T" € d. (X) 
for all n € N, in particular 74 (X) is closed. Thus T is right Drazin invertible. But 
0 € o, (T), thusO is a right pole of T . Finally, since T € ®_(X) we have 8(T) < oo 
and consequently 0 is a right pole of finite rank for T. [| 


Define 


Aq(T) :— Oap(T) \ ouw (T). 


It should be noted that the set A;(T) may be empty. This is, for instance, the 
case of a right shift on £7(N), see the next Corollary 5.34, since a right shift has the 
SVEP. If o (T) := C \ ow(T) and, as usual, oy (T) denotes the point spectrum, we 
have 


Lemma 5.25 For T € L(X) we have 
A«(T) = {AE C: AI-TeW,(X),,0«a(A1I — T) 
= [py (TD) U pw (D)] N og (T). 
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Moreover, the following inclusions hold: 


(i) poo(T) € pgo(T) € A«(T). 
Gi) poo(T) € A(T) € Aa(T) and pgy(T) € Aa(T) € oap(T). 


Proof The first equality above is clear: if A € A4(T) then A7 — T is upper semi-Weyl 
and hence has closed range. Since 4 € o3p (T) we then deduce that 0 < a(AJ — T). 
The second equality is evident. 

The inclusion poo(T) € Poo(T) is easy to see: every A € poo(T) is a pole and 
hence an eigenvalue of T, so A € oap (T). On the other hand, A ¢ oyp(T) since 
à € (T) and ow(T) € ow(T). 

The inclusion pg, (T) € A"(T) is evident, since ouw(T) C ou(T). Clearly, 
poo(T) € A(T), and A(T) € A4(T) follows from Lemma 5.3. a 


Theorem 5.26 For a bounded operator T € L(X), a-Browder’s theorem holds 
for T if and only if pgg(T) = A(T). In particular, a-Browder's theorem holds 
whenever Aq(T) = Ø. 


Proof Suppose that T satisfies a-Browder's theorem. Clearly, by Lemma 5.25, part 
(ii), the equality pa, (T) = Aa(T) holds whenever A;(T) = Ø. Suppose then 
A«(T) Æ Ø and let à € A4(T). Then AJ — T € W,(X) and à € oap(T). 
From the equality ou,(T) = oyp(T) it then follows that AJ — T € B4(X), so 
A € poo (T). Hence AG(T) € pgg(T), and by part (ii) of Lemma 5.25 we conclude 
that pgo (T) = Aa(T). 

Conversely, suppose that po9(T) = Aa(T). Let A € ouw(T). We show that 
À € Oub(T). If A ¢ oap (T) then A ¢ oup(T), since ou; (T) C oap (T). Consider the 
other case A € og (T). Then A € A,(T) = Poo CD. thus A ¢ oy(T). Therefore 
we have oyp(T) € oyw(T) and, since the reverse inclusion is satisfied by every 
operator, then ous (T) = Ouw(T), i.e. T satisfies a-Browder's theorem. 

The last assertion is clear by Lemma 5.25, part (ii). a 


a-Browder’s theorem may also be described in terms of the localized SVEP at 
the points of a certain set: 


Theorem 5.27 /f T € L(X) then the following statements hold: 


(i) T satisfies a-Browder's theorem if and only if T has the SVEP at every X € 

Ow (T), or equivalently T has the SVEP at every X € Aq(T). 

(ii) T* satisfies a-Browder's theorem if and only if T* has the SVEP at every à € 
aw(T). 

Gii) If T has the SVEP at every X € oy (T) then a-Browder's theorem holds for 
T*. 

(iv) If T* has the SVEP at every X € Ouw(T) then a-Browder's theorem holds for 
T. 


Consequently, if either T or T* has the SVEP then a-Browder's theorem holds 
for both T and T*. 
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Proof 


(i) Suppose that oup(T) = ouw(T). If A € ouw(T) then AI — T € B4(X) so 
p (I —T) < ooand hence T has the SVEP at A. Conversely, if T has the SVEP 
at every point which is not in ouyy (7), then for every 7 £ ow (T), AJ — T € 
(X) and the SVEP at A by Theorem 2.97 implies that p(AJ — T) < co, and 
consequently A £ oyp(T). This shows that ous(7T) € ouw(T). The opposite 
inclusion is clear, so ouo (T) = Ouw(T). 

To show the last assertion, observe first that if T has the SVEP at every A ¢ 
Ouw (T) then T has the SVEP at every A € A4(T), since Ag(T) Nouw(T) = Ø. 
Conversely, suppose that T has the SVEP at every à € A;(T). If 4 € ou (T) 
then either A ¢ o3p(T) or à € Aa(T) = oap(T) \ ouw (T). In both cases T has 
the SVEP at A, by Theorem 2.97. 

(ii) Obvious, since oiw(T) = ouw(T*). 

(iii) Suppose that T has the SVEP at every point which does not belong to oj, (T). 
If à d ou, (T*) = ow(T) then AJ — T € ®_(X) with ind(AJ — T) > 0. By 
Theorem 2.97 the SVEP of T at à entails that p(AJ — T) < oo and hence by 
Theorem 1.22 we have ind(AJ — T) < 0. Therefore, ind(A7 — T) = 0, and since 
p (X1 — T) < œ we conclude, from part (iv) of Theorem 1.22, that q(41— T) < 
co, and hence à ¢ oj (T) = oy (T*). Consequently, oy, (T^) € ous (T*), 
and since the reverse inclusion holds for every operator we then conclude that 
Ou (T*) = Ouw(T*). 

(iv) This has been shown in Theorem 3.44. | 


The next example shows that the reverse of the assertions (iii) and (iv) of 
Theorem 5.27 generally do not hold. 


Example 5.28 Let 1 < p < oo be given, and let w :— (@,) be a bounded sequence 
of strictly positive real numbers. The corresponding unilateral weighted right shift 
on £?(N) is defined by 


oo 
Tx := XO OnXnenyi for all x = (xn) € £P(N), 


n=1 


where (e,,) is the standard basis of £? (N). In this case the spectral radius of T is 
given by 


r(T) = lim sup(ay - ++ n1) /". 
NO reN 
Define 


i(T) := lim inf(@,-- Viae DU. 
n—00 keN 
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and 


c(T) := lim inf(a---@,)!/". 
n> keN 


We have i(T) < c(T) < r(T), and as observed by Shields [284], for every triple 
of real number 0 < i < c < r it is possible to find a weighted right shift on £P (N) 
such that 


i(T) =i, c(T)=c, r(T)-r. 


Suppose now that O < i(T) < c(T) x r(T). We know that every unilateral 
weighted right shift has the SVEP, so T satisfies a-Browder's theorem. Moreover, 
by Theorem 1.6.15 of [216], we have that 


oap (T) = (€ C: i(T) < lA] < r(T)}, 


and since i (T) is strictly greater than 0 then 0 ¢ oap(T). The dual T* of T is the 
unilateral weighted left shift on (4 (N) given by 


T*x = (@nXn41)_ forall x = (xn) € £7 (N), 


where, as usual, 1/p + 1/q = 1 and £4 (N) is canonically identified with the dual of 
£P (N). Since the inclusion oy4(T) € Gap(T) holds for every operator, we conclude 
that 0 ¢ owa(T). This example shows that the assertion (iv) of Theorem 5.27 cannot 
be reversed. 

To show the converse of assertion (iii) of Theorem 5.27, let S := T*. Then 
S* = T has the SVEP, so a-Browder’s theorem holds for S, while S does not have 
the SVEP at 0. On the other hand, 0 ¢ oyw(T) = ojw(T*) = ow (S). 


The SVEP is preserved under commuting Riesz or algebraic perturbations, and 
also by the functional calculus, so we have: 


Corollary 5.29 Let T € L(X). Then we have: 


(i) If satisfies a-Browder's theorem and R € L(X) is a Riesz operator which 

commutes with T, then T + R satisfies a-Browder's theorem. 

Gi) If T has the SVEP and K € L(X) is an algebraic operator which commutes 
with T, then T + K satisfies a-Browder's theorem. 

(ii) If T has the SVEP then f (T) satisfies a-Browder's theorem for every f € 
H(o(T)). 

(iv) IfT € L(X) has the SVEP and T and S € L(Y) are intertwined by an injective 
map A € L(X, Y) then S satisfies a-Browder's theorem. 


Proof (1) follows from Theorems 2.129 and 5.27. (ii) follows from Theorem 2.145, 
while the assertion (iii) follows from Theorem 2.86. To show (iv), observe that S 
has the SVEP by Lemma 2.141. [| 
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Since ou (T) € oy (T), from Theorems 5.27 and 5.4 we readily obtain: 


Corollary 5.30 If T € L(X) then a-Browder's theorem for T implies Browder's 
theorem for T. 


The following results are analogous to the results of Theorem 5.10, and they give 
a precise spectral picture of a-Browder's theorem. 


Theorem 5.31 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies a-Browder's theorem; 
Gi) Aa(T) € iso oap(T); 
Gii) Ag(T) € 9oap(T), 9oap (T) the topological boundary of oap (T); 
(iv) the mapping à — ker(AI — T) is not continuous at every à € Aq(T) in the 
gap metric; 
(v) the mapping X — y (AI — T) is not continuous at every à € Aq(T); 
(vi) the mapping à — (XI — T)(X) is not continuous at every à € Aq(T) in the 
gap metric; 
(vii) Ag(T) € ose (T); 
(viii) Ag(T) € iso ose (T); 
(ix) oap (T) = ouw(T) U iso Gap (T). 


Proof The equivalences are obvious if A;(T) = Ø, so we may suppose that A,(T) 
is non-empty. 

(i) & Gi) By Theorem 5.26 if T satisfies a-Browder's theorem then A;(T) = 
Poo(T), so, by Lemma 5.25, every A € Aq(T) is an isolated point of ogp(T). 
Conversely, suppose that A; (T) € isooap(T) and take A € A4(T). Then T has the 
SVEP at A, since A is an isolated point of o;5 (T), and since AJ — T € $4 (X) the 
SVEP at A is equivalent to saying that p(AJ — T) < oo, and hence AJ — T € B, (X). 
Therefore, à € p§9(T), from which we conclude that A; (T) = pgo(T). 

(ii) > (iii) Obvious. 

(iii) > (ii) Suppose that the inclusion A,(T) € doap(T) holds. Let Ag € Ag (T) 
be arbitrarily given. We show that T has the SVEP at Ap. Let f : U — X be 
an analytic function defined on an open disc U of Ao which satisfies the equation 
(XI — T)f (X) = 0 for all A € U. Since Ag € doap(T) we can choose u Æ Ao, 
u € U such that u € o35 (T). Consider an open disc W of u such that W C U. 
Since T has the SVEP at m, then f(A) = 0 for all 4 € W. The identity theorem 
for analytic functions then implies that f(A) = 0 for all A € U, hence T has the 
SVEP at Ao. Finally, Ao! — T € (X), since 4o € A4(T). The SVEP at Ao then 
implies that c35 (7) does not cluster at Ao, and A(T) being a subset of o35 (T) we 
then conclude that Ao € iso oap (T). 

(ii) = (iv) Suppose that A;(T) C isooap(T). For every Ao € Aa(T) then 
a(Agl — T) > 0 and since Ag € isoogp (T) there exists an open disc D(Ao, €) 
such that «(47 — T) = O0 for all A € D(Ao, £) \ {Ao}. Therefore the mapping 
à — ker(AI — T) is not continuous at Ag. 
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(iv) > (ii) Let Ag € Ag(T) be arbitrary. By the punctured neighborhood theorem 
there exists an open disc D(Ao, £) such that «(àZ — T) is constant as A ranges over 
(Ao, £) \ {Ao}, AL — T € (X) for all A € D(Ao, £), 


ind(A] — T) = ind(Ag/ — T) forall à € D(Ao, €), 


and 


Ox a(AI —T) € a(Aol — T) forall À € IDD(Ao, €). 


Since the mapping A — ker(AJ — T) is not continuous at AQ it then follows that 


0 x a(AI — T) « a(Aol — T) forall 4 € D(Ao, £) \ {Ao}. 


We claim that «(A47 — T) = 0 for all A € IDD(Ao, £) \ {Ao}. To see this, suppose that 
there is aA, € D(Ao, €) V {Ao} such that «(417 — T) > 0. From ind(a;J — T) = 
ind(AoJ — T) < 0 we see that AJ — T is upper semi-Weyl, and hence A, € A,(T). 
Repeating the same reasoning as above we may choose a Az € D(Ao, £) V (4o. Ar} 
such that 


0 < a(Agl — T) « a(41 — T) 


and this is impossible since «(A7 — T) is constant for all A € D(Ao, €) \ {Ao}. 
Therefore «(A7 — T) = 0 for A € D(Ao, £) V {Ao} and since (AJ — T)(X) is closed 
for all A € D(Ag, €) we can conclude that Ao € iso Cap (T ), as desired. 

(v) & (v) & (vi) To show these equivalences observe first that for every 
A € A(T) the range (AI — T)(X) is closed. The equivalences then follow from 
Theorem 1.51. 

(vi) + (vii) If Ao € A4(T) then there exists an open disc D(Ag, £) centered at Ao 
such that AJ — T has closed range for all A € D(A, £). The equivalence (vi) & (vii) 
then easily follows from Theorem 1.51. 

(viii) 2 (vii) Clear. 

(vii) 2 (viii) Suppose that A4(T) € ose (T). If Ao € Ag(T) then 297 — T € 
(X) so Aol — T is essentially semi-regular, in particular of Kato-type. By 
Theorem 1.65 there exists an open disc D(Ao, €) centered at Ao such that AJ — T is 
semi-regular for all A € D(Ao, £) V {Ao}. But Ao € ose(T), so AQ € iso ose (T). 

(i) & (ix) The inclusion oyw(T) U iso oap(T) © Oap(T) holds for every T € 
L(X), so we need only prove the reverse inclusion. Suppose that a-Browder's 
theorem holds. If A € oap(T) \ euw (T) then, by Theorem 5.27, T has the SVEP 
at A, and hence, by Theorem 2.97, we deduce that A € isoocap(T). Therefore 
Oap(T) € ouw(T) U iso oap (T), so the equality (ix) is proved. 
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Conversely, suppose that oap (T) = Ouw(T) U iso oap (T). Let à € ouw(T). There 
are two possibilities: A € iso oap (7) or A ¢ iso oap (T). If A € iso oap (T) then T has 
the SVEP at A. In the other case A ¢ ouw(T) U iso oap(T) = oap(T), and hence T 
has the SVEP at A. From Theorem 5.27 we then conclude that a-Browder’s theorem 
holds for T. 

The second assertion follows by duality, since o;(T) = oap(T*) and o, (T) = 
Ouw(T*) for every T € L(X). 


Remark 5.32 If T € ®4(X), the property that T is not semi-regular may be 
expressed by saying that the jump j(T) is greater than 0, see Aiena [1, Theo- 
rem 1.58], so 


a-Browder’s theorem holds for T & j (AI — T) > 0 forall à € A4(T). 


Corollary 5.33 Suppose that T* has the SVEP. Then A,(T) C isoo (T). 


Proof Here we can also suppose that A,(T) is non-empty. If T* has the SVEP then 
a-Browder' s theorem holds for T, so by Theorem 5.31 A4(T) € isooap(T). By 
Theorem 2.68, the SVEP for T* entails that Oap(T) = c (T) | 


Corollary 5.34 Suppose that T € L(X) has the SVEP and iso oap (T) = Ø. Then 
Oap(T) = Ouw(T) = ose(T). (5.8) 
Analogously, if T* has the SVEP and iso o,(T) = Ø, then 
os(T) = Ow(T) = ose (T). (5.9) 
We now give a further characterization of operators satisfying a-Browder’s 


theorem in terms of the quasi-nilpotent part Ho(AI — T). 


Theorem 5.35 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) a-Browder's theorem holds for T. 

(ii) Ho(AI — T) is finite-dimensional for every X € Aq(T). 
(ii) Ho(AI — T) is closed for every à € Aq(T). 
(iv) NO (AI — T) is finite-dimensional for every X € Aq(T). 
(v) N®(AI — T) is closed for every à € Ag(T). 


Proof There is nothing to prove if A;(T) = Ø. Suppose that Aa (T) 4 Ø. 
(i) & (ii) Suppose that T satisfies a-Browder's theorem. By Theorem 5.26 then 


Aa(T) = poo(T) = eap(T) Now (T). 


If X € Aa(T) then å is isolated in o;5 (7) and hence T has the SVEP at X. We also 
have that AJ — T € (X), so, from Theorem 2.97 we conclude that Ho(AI — T) 
is finite-dimensional. 
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Conversely, suppose that Ho (AI — T) is finite-dimensional for every à € Aq4(T). 
To show that T' satisfies a-Browder's theorem it suffices to prove that T has the 
SVEP at every 4 ¢ ouv (T). Since T has the SVEP at every A ¢ oap(T) we can 
suppose that A € oap(T) Vouw(T) = Aa(T). Since AJ — T € $4 (X) the SVEP at 
À then follows by Theorem 2.97. 

(ii) & (iii) Since AJ — T € (X) for every A € A4(T), the equivalence follows 
from Theorem 2.97. 

(ii) > (iv) Clear, since NM (AI — T) € Ho(AI — T). 

(iv) > (i) Here we also prove that T has the SVEP at every A ¢ ou (T). We can 
suppose that A € oap(T) V ouw(T) = Aa(T), since the SVEP is satisfied at every 
point u ¢ Oap(T). By assumption WV (AI — T) is finite-dimensional and from the 
inclusion 


ker (AI — T)” C ker (AI — T'*! CN*(AI—T) foralln EN, 


it is evident that there exists a p € N such that ker (AJ — T)? = ker (AI — T)^*!. 
Hence p(AI — T) < oo, so T has the SVEP at A. 

(iv) 2 (v) Obvious. 

(v) => (i) As above it suffices to prove that p(AI — T) < oo for every à € oyw(T). 
We use a standard argument from the well-known Baire theorem. Suppose p(AI — 
T) = œ, à É ou (T). By assumption N® (AI — T) = Ur, ker T" is closed so 
it is of second category in itself. Moreover, ker (AJ — T)" 4 N (AI — T) implies 
that ker (AJ — T)" is of the first category as a subset of ^? (AJ — T) and hence also 
A9? (AI — T) is of the first category. From this it then follows that WV (AI — T) is 
not closed, a contradiction. Therefore p(AJ — T) < œœ for every à ¢ oww(T). WM 


Theorem 5.36 If K(XA1 — T) is finite-codimensional for all X € Ag(T) then a- 
Browder's theorem holds for T. 


Proof We show that T has the SVEP at every à ¢ ouyw(T). As in the proof of 
Theorem 5.35 we can suppose that à € oap (T) V ouw(T) = Aa(T). By assumption 
K (AI — T) has finite codimension, and hence, by Theorem 2.98, q (àI — T) < oo, 
from which it follows that ind (AJ — T) > 0, see Theorem 1.22. On the other hand, 
AI —T € W(X), so ind (A47 — T) < 0, from which we obtain that ind (AJ — T) = 0. 
Again by Theorem 1.22 we conclude that p(AI — T) < oo, and hence T has the 
SVEP at A. a 


The reverse implication of that of Theorem 5.36, in general, does not hold. Later 
we shall prove that the property of K (AJ — T) being finite-codimensional for all A € 
Aq(T) is equivalent to property (b), which is stronger than a-Browder's theorem. 
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We now consider the operators T € L(X) for which oybw(T) = oja(T). The 
operators T which satisfy this property have been said in the literature to satisfy the 
generalized a-Browder's theorem. We shall show that a-Browder's theorem and the 
generalized a-Browder's theorem are equivalent. 


Theorem 5.37 Let T € L(X). Then the following statements are equivalent: 


O) Oubw(T) = o1a(T), ie., T satisfies the generalized a-Browder's theorem; 
(i) T has the SVEP at every X € Oww (T). 
Analogously, the following statements are equivalent: 
(ii) Ow(T) = cia(T); 
(iv) T has the SVEP at every X € oj (T). 


Proof (i) & (ii) If oja(T) = oupw(T), then, by Theorem 2.97, T has the SVEP at 
the points à ¢ oypw(T). 

Conversely, assume that T has the SVEP at every point that does not belong to 
Oubw(T). If A € oubw(T) then, by Theorem 2.97, A ¢ oja(T), so oja(T) © Oubw(T). 
On the other hand, by Theorem 1.141 we have oypw(T) C oja(T), for all operators 
T € L(X), thus oybw(T) = oa (T). 

(ii) & (v) If og(T) = ot (T), then, by Theorem 2.97, T has the SVEP at 
the points A ¢ Ouwbw(T). Conversely, assume that T has the SVEP at every point 
that does not belong to ojpy(T). If A ¢ oj (T) then, again by Theorem 2.97, A ¢ 
a (T), so oja(T) € otpw (T). 

On the other hand, by Theorem 1.141 we have ojpw(T) C ojqa(T), for all 
operators T € L(X), thus oj (T) = oja(T). | 


Theorem 5.38 /f T € L(X) then the following statements are equivalent: 


(i) eu (T) = ow (T); 
(ii) eusw(T) = oa (T). 


Consequently, a-Browder's theorem and the generalized a-Browder's theorem 
are equivalent. 


Proof Suppose that ou,(T) = oy (T). Since, by Theorem 1.141, ous, (T) € 
Oja(T) = for all T € L(X), it suffices to show the opposite inclusion. Assume 
that ào ¢ Oubw(T), i.e. that Ao/ — T is upper semi B-Weyl. By Theorem 1.117, 
there exists an open disc ID such that AJ — T is upper semi-Weyl and hence upper 
semi-Browder for all à € D\ {Ao}. The condition p(AJ — T) < co implies that T has 
the SVEP at every à € D \ {Ao}, so both T has the SVEP at Ao. Since every semi B- 
Fredholm operator has topological uniform descent, by Theorem 2.97, we then have 
that A97 — T is left Drazin invertible, i.e. 4o € oia (T). Hence oypw(T) = oja(T ). 
Conversely, suppose that oup (T) = oja(T). By Theorem 5.37 T has the SVEP 
at every A € Oypw(T) and in particular T has the SVEP for every A ¢ oww(T), 
since oupw(T) € Oyw(T), so, by Theorem 5.27, T satisfies a-Browder’s theorem 
and hence oy (T) = ow (T). | 
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II; (T) :— Oap(T) \ o1a(T) 


denote the set of all left poles of the resolvent. By Theorem 4.3 we have II; (T) € 
iso 0,(T) for every T € L(X). 
Define A£ (T) := Oap(T) V Gub CT). 


Lemma 5.39 [fT € L(X) then 
AS(T) —(A4€C:AI — T is upper semi B-Weyl and 0 < a (AI — T)). (5.10) 
Furthermore, 
A(T) € A(T), A(T) € A*(T) € og (T), 


and la (T) € A(T). 


Proof The inclusion 2 in (5.10) is obvious. To show the opposite inclusion, suppose 
that à € AZ (T). There is no harm in assuming A = 0. Then T is upper semi B-Weyl 
and 0 € o,(T). Both conditions entail that «(T) > 0, otherwise if a(7) = 0, and 
hence p(T) = 0, by Corollary 1.101 we would have T (X) closed. Thus, 0 ¢ og; (T), 
a contradiction. Therefore equality (5.10) holds. 

The inclusion A(T) C AZ (T) is evident: if A € o(T)\ow(T) then A7 — T is Weyl 
and hence upper semi B-Weyl. Moreover, «(àI — T) > 0, otherwise «(A47 — T) = 
BAI — T) = 0, in contradiction with the assumption A € o (T). 

The inclusion A(T) C A?(T) is clear, since opw(T) C ow(T). To show the 
inclusion AS (T) C oap(T), observe that if à € A*(T) then AJ — T is B-Weyl. 
This implies that «(47 — T) > 0. Indeed, if «(A47 — T) = O0, then we would have 
pO — T) = 0 and hence T would have the SVEP by part (iii) of Theorem 1.143, 
and so AJ — T would be Drazin invertible. Therefore, pAJ — T) = q(AI — T) = 0, 
so à ¢ o (T), which is impossible. 

To show the inclusion Ia (T) C A2(T), letus assume that A € II; (T) = oal T)\ 
oa(T). Then A € oap(T), and AJ — T is left Drazin invertible, in particular, upper 
semi B-Weyl. Therefore II, (T) C AẸ (T). E 


Obviously, we have A(T) = Ma(T) exactly when T satisfies Browder’s theo- 
rem or the generalized Browder’s theorem. The equivalence of a-Browder’s theorem 
and the generalized a-Browder’s theorem produces a spectral picture of operators 
satisfying a-Browder’s theorem, similar to that established in Theorem 5.31: 


Theorem 5.40 For a bounded operator T € L(X) the following statements are 
equivalent: 


Gi) T satisfies the a-generalized Browder's theorem; 
(i) Every A € AS(T) is an isolated point of oap (T); 
(iit) A&(T)C Ooap(T ), 0cap(T) the topological boundary of o (T); 
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(iv) int A(T) = Ø; 
(V) Oap(T) = oubw(T) U 9oap(T); 
(vi) Oap(T) = duw (T) U iso oap (T). 


Proof (i) => (ii) We have AS(T) = IL,(T) C iso Oap(T). 

(ii) > (iii) Obvious. 

(iii) > (iv) Clear, since int 9o35 (T) = Ø. 

(iv) > (v) Suppose that int AZ(T) = Ø. Let Ag € A(T) = o4(T) \ oww(T) 
and suppose that Ag € 9o3p(T). Then there exists an open disc D centered at Ao 
contained in oap(T). Since Ag/ — T is upper semi B-Fredholm there exists, by 
Theorem 1.117, a punctured open disc D contained in D such that AJ — T is upper 
semi-Fredholm for all à € Dı. Moreover, 0 < a(AI — T) for all A € Dy. In fact, 
if 0 = a(Al — T), then (AJ — T)(X) being closed, we would have A ¢ oap (T), 
a contradiction. By Lemma 5.39 Ag belongs to int A&(T), and this contradicts 
int A(T) = Ø. This shows that Oap(T) = Oubw(T) U doap(T), as desired. 

(v) => (vi) Let Ap € doap (T) and Ao É oupw(T). Let D be an open disc centered 
at Ao and suppose that (AJ — T) f(A) = 0 for all à € D. If u € D and u € oap (T) 
then T has the SVEP at u, so f = 0 in an open disc U C D centered at u. The 
identity theorem for analytic function entails that f(A) = 0 for all A € D, so T has 
the SVEP at Ao. Since A9/ — T is upper semi B-Fredholm, from Theorem 2.97 it then 
follows that A97 — T is left Drazin invertible, and hence Ao € II^(T) € iso oa (T). 
Therefore, oap (T) = Oubw(T) U iso oap (T). 

(vi) > (i) We show that oypw(T) = oia(T). Let A € oupw(T). If A É oap(T) 
then, since oja(T) € Oap(T), A  owu(T). Suppose that A € oap(T). Then A € 
Oap(T) \ Gub (T) and hence à € isOoap(T). This implies that T has the SVEP 
at A. Since AJ — T is upper semi B-Fredholm it then follows by Theorem 2.97 
that AJ — T is left Drazin invertible, so A ¢ ojg(T). This proves the inclusion 
Oja(T) € Oubw(T). The opposite inclusion is satisfied by every operator, so we 
can then conclude that the equality oia (T) = dubw(T) holds and hence T satisfies 
the a-generalized Browder's theorem. [| 


Corollary 5.41 If T € L(X) has the SVEP and iso oap (T) = Ø then oypw(T) = 
Oap(T). 


Proof T satisfies the generalized a-Browder’s theorem and hence by Theorem 5.40 
Oap(T) = Oubw(T) U iso oap(T) = Oubw(T). a 


Theorem 5.42 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies the generalized a-Browder’s theorem; 
(ii) For each à € A8(T) there exists a v := v(A) € N such that Ho(Al — T) = 
ker(A1 — T)"; 
Gii) Ho(AI — T) is closed for all X € AE(T); 
(iv) The mapping à — ker(AI — T) is discontinuous at every À € AS(T) in the 
gap metric. 
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Proof (i) > (ii) Assume that T satisfies the generalized a-Browder's theorem, and 
let Ap € AZ(T). We may assume that Ag = 0. Then T is upper semi B-Weyl, and by 
Theorem 5.40 we have 0 € iso oap (T), thus T has the SVEP at 0. By Theorem 2.97 
it then follows that Ho(T) = ker T” for some v € N. 

(ii) > (iil) Clear. 

(iii) => (i) Suppose that Ho(A7 — T) is closed for all A € A&(T). Then T has 
the SVEP at every A € AS (T). Now, if A ¢ Oubw(T) there are two possibilities: if 
À € Oap(T) then T has the SVEP at A. If à € oap(T) then A € AŠ (T), so also in this 
case T has the SVEP at à. By Theorem 5.37, T satisfies the generalized a-Browder's 
theorem. 

(i) > (iv) By Theorem 5.40 if T satisfies the generalized Browder’s theorem 
then AZ(T) € isooap(T). If ào € AZ(T) then, by Lemma 5.39, «(491 — T) > 0 
and since A^(T) C isoosp (T) there exists a punctured open disc D(Ag) centered 
at Ag such that a(Ag/ — T) = O for all à € D(Ao). Hence à — ker(Al — T) is 
discontinuous at Ao in the gap metric. 

(iv) = (i) We show that AS(T)(T) C iso Oap(T), so Theorem 5.40 applies. 
Let ào € AS(T)(T) be arbitrary. Then Ao/ — T is upper semi B-Fredholm with 
ind (Aol — T) < 0. By Theorem 1.117 we know that there exists an open disc 
(Ao, €) such that AJ — T is upper semi Fredholm for all A € D(Ao, £) \ {Ao}, 
a(Al — T) is constant as A ranges over D(Ao, £) \ {Ao}, 


ind(A] — T) = ind(Ag/ — T) forall à € D(Ao, €), 


and 


Ox a(AI —T) € a(Aol — T) forall À € IDD(Ao, €). 


Since the mapping 4 — ker(AJ — T) is discontinuous at every A € AZ(T), 


0-a(AI—T)«o(AgI — T) forall A € D(Ao, £) V {Ao}. 


We claim that 
Q(AI — T) 20 forall A € D(Ao, £) V {Ao}. (5.11) 


To see this, suppose that there exists a A; € D(Ao, €)\{Ao} such that a (A11 — T) > 0. 
Clearly, 4; € A?(T), so arguing as for Ao we obtain a A» € D(Ao, £) \ {Ao, 41] such 
that 


0 « (131 — T) « a(4I — T), 


and this is impossible since «(A7 — T) is constant for all A € IDD(Ao, €) \ {Ao}. 
Therefore (5.11) is satisfied and since AJ — T is upper semi-Fredholm for all A € 
(Ao, €) \ {Ao}, the range (AJ — T)(X) is closed for all A € D(Ao, £) V {Ao}, thus 
ào € iso oap (T), as desired. | 


5.3 Property (b) 387 
5.3 Property (b) 


In this section we introduce a new property which implies a-Browder's theorem. We 

have seen in Theorem 5.27 that T € L(X) satisfies a-Browder's theorem exactly 

when T has the SVEP at the points A € A4(T). In this section we consider those 

operators for which the dual T* has the SVEP at the points à € A,(T). We shall 

see that this condition is stronger than the SVEP for T at the points A € A,(T). 
Define A,(T) := o&(T) \ oq, (T). We easily have 


As(T) = {A € C: AI -T e W_(X), 0 « BAI — T)). 
Lemma 5.43 For all T € L(X) we have 
Poo(T) € Ad(T)N ACT). 
Furthermore, 
As(T) = Aq(T"). 


Proof IfX € poo(T) thena(Al — T) = BAI — T) > 0, since A € c (T). Moreover, 
AI — T is both upper semi-Weyl and lower semi-Weyl, so poo(T) € Ag(T)NAs(T). 
The equality A;(T) = A4(T*) is a clear consequence of the equalities o;(T) = 
Oap(T*) and Ouw(T*) = ow (T). a 


The following property was introduced by Berkani and Zariuoh in [74, 75]. 
Definition 5.44 T € L(X) satisfies property (b) if Ag(T) = poo(T). 


Property (b) may be characterized by the SVEP of T* at the points of A(T). 
More precisely, we have: 


Theorem 5.45 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies property (b); 
(ii) T* has the SVEP at every à € Aq(T); 
(iii) Ag(T) € isoc(T). 
Dually, for every T € L(X) the following statements are equivalent: 
(iv) T* satisfies property (b); 
(v) T has the SVEP at every X € A,(T); 
(vi) As(T) € isoo (T). 


Proof (i) < (ii) Suppose that T satisfies property (b) and let A € Aa(T) = poo(T) 
be arbitrarily given. Then A is an isolated point of o (T) = o (1*), so T* has the 
SVEP at A. 
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Conversely, assume (ii) and let A € Ag(T). Then AJ — T € Wi(X), ie, T € 
o, (X) and ind (AJ — T) x 0. The SVEP of T* at A implies, by Theorem 2.98, that 
q(AI—T) < œ, and hence ind (AJ—T) > 0, by Theorem 1.22. Therefore, ind (AJ — 
T) = 0 and, again by Theorem 1.22, we obtain p(AI — T) < oo. Consequently, 
à € poo(T). This shows the inclusion Ag(T) € poo(T). The opposite inclusion is 
true for every operator, so that Ag(T) = poo(T). 

(i) > (iii) Obvious, since poo(T) € isoo (T). 

(iii) > (ii) Obvious, since T* has the SVEP at every isolated point of o (T). 

The equivalence (iv)-(v)-(vi) concerning property (b) for T* may be proved by 
using dual arguments and Lemma 5.43: 

(iv) = (v) If T* has property (b) then poo(T) = poo(T*) = Aq(T*) = As(T), 
so every A € A,(T) is an isolated point of the spectrum of T and, consequently, T 
has the SVEP at A. Conversely, suppose (ii). To show that T* has property (b) we 
need only to prove A4(T*) € poo(T*). Leta € Ag(T*) = A,(T). Then Al — T € 
W_(X). Since T has the SVEP at A, p(AI — T) < co, by Theorem 2.97, and hence 
ind (AJ — T) < 0, by Theorem 1.22. But AJ — T € W (X), thus ind (AJ — T) = 0, 
and this implies that q (àI — T) < oo, again by Theorem 1.22. Thus, A € poo(T) = 


poo(T*). 
(iv) & (vi) From the equivalence (i) + (iii), T* satisfies property (b) if and only 
if As(T) = Ag(T*) C isoo (T*) = iso o (T). | 


Corollary 5.46 If T* has the SVEP then property (b) holds for T, and analogously 
if T has the SVEP then property (b) holds for T*. 


The previous corollary may be extended as follows: 
Corollary 5.47 Suppose that T, R € L(X) commutes and R is a Riesz operator. 


(i) If T* has the SVEP then property (b) holds for T + R, and analogously if T 
has the SVEP then property (b) holds for T* + R*. 

(ii) If T* has the SVEP and K € L(X) is an algebraic operator which commutes 
with T, then T + K satisfies property (b). If T has the SVEP, then T* + K* 
satisfies property (b). 

(iii) If T* has the SVEP then f (T) satisfies property (b) for every f € H(a(T)) 
and analogously, if T has the SVEP then f (T*) satisfies property (b) for every 
f € H(o(T)). 

Gv) IfT € L(X) has the SVEP and T and S € L(Y) are intertwined by an injective 

map A € L(X, Y) then S satisfies property (b). 


Proof (i) follows from Theorem 2.129 and Corollary 5.46. Statement (ii) follows 
from Theorem 2.145 and Corollary 5.46, once we observe that K* is also algebraic. 
Assertion (iii) immediately follows, since by Theorem 2.86 f (T) or f (T*) has the 
SVEP. (iv) The operator S has the SVEP by Lemma 2.141. L| 
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Property (b) entails a-Browder's theorem (or equivalently the generalized a- 
Browder's theorem): 


Corollary 5.48 If property (b) holds for T then a-Browder's theorem holds for T. 


Proof Every isolated point of the spectrum belongs to oap(7'). Consequently, 
isoo (T) € iso os (7) and hence, combining Theorems 5.45 and 5.31, we conclude 
that property (5) entails a-Browder's theorem. L| 


The following example shows that the converse of the result of Corollary 5.48 
does not hold in general. This example also shows that the SVEP for T does not 
ensure, in general, that property (b) holds for T. 


Example 5.49 Let R € L(€2(N)) denote the right shift and let P € L(£2(N)) be the 
idempotent operator defined by P (x) := (0, x2, x3, ...) for all x = (x1, x2,...) € 
£o(N). 

It is easily seen that if T :— R Q P then c(T) = oy(T) = D(0, D), where 
D(0, 1), and o3; (T) = F U {0}, where F denotes the unit circle. Since ouy (T) = T, 
we then have A,(T) = {0}, while o (T) has no isolated points. Therefore, T does 
not have property (b), while T inherits SVEP from R and P, thus, by Theorem 5.27, 
T satisfies a-Browder's theorem. 


Now, let us consider the condition that T* has the SVEP at every à ¢ ous(T). 
Clearly, A;(T) € C \ ouw(T), so, from Theorem 5.45, we obtain: 


T* has the SVEP at every à ¢ oy (T) = T has property (b). 


Next we give an example of an operator T for which property (b) holds, while 
T* may fail SVEP at some points A ¢ ou (T). 


Example 5.50 Let T := R Q S, where R is the right shift on £2(N) and S € 
L (£2 (N)) is defined as 


1 1 1 
S(x1, X95 X3, .) = (zo. 373 Fin ES ) for all (xk) € £5(N). 


Then o (T) = ow(T) = D(0, 1). This implies that the set of poles is empty, in 
particular poo(T) = Ø. On the other hand, 


Oap(T) = Ouw(T) =T U {0}, 


T the unit circle of C, so T possesses property (b). Suppose now that T* has the 
SVEP at every A € Ouww(T). Ifà € ouw(T) then AJ — T is upper Weyl, and the 
SVEP of T* ensures, by Corollary 2.106, that ind(AJ — T) < 0, hence AJ — T 
is Weyl, and since the inclusion oyw(T) C ow(T) is satisfied by every operator it 
then follows that ow (T) = ouw(T), and this is not possible. Therefore there exists a 
Ao € duw (T) such that T* fails the SVEP at Ao. Hence, T* does not have the SVEP 
at every point à ¢ ouw(T). Now, set U :— T*. Clearly U* = T has property (b), 
but the SVEP fails at 4o € ouw(T) = ouw(U). 
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Theorem 5.51 Let T € L(X). Then we have 


(i) T* has the SVEP at every X € ouw(T) if and only if T has property (b) and 
Ouw(T) = ow(T). 

(ii) T has the SVEP at every à € ow(T) if and only if T* has property (b) and 
ow (T) = ow(T). 


Furthermore, if T satisfies property (b) then 
Aa(T) = A(T) = poo(T) = pog(T). 


Proof 


(i) As observed above the SVEP for T* at the points à € oyw(T) entails property 
(b). If 4 d ou (T) then AI — T is upper semi-Fredholm with index less than or 
equal to 0. The SVEP for T* at A implies, by Corollary 2.106, that ind (AI — 
T) > 0, so AI — T is Weyl and hence A ¢ oy(T). The inclusion oyw(T) C 
Ow (T) holds for every operator, thus ou, (7T) = ow(T). 

Conversely, suppose that T has property (b) and ou, (T) = ow(T). Leta € 
Ouw(T). Then AJ — T is Weyl. There are two possibilities. If A ¢ c3p(T) then 
0 2 a(AI — T) = (AI — T), soa é o(T) = c (T^), and, trivially, T* has the 
SVEP at X. If A € Oap(T) then A € AG(T) C isoo (T), thus T* has the SVEP 
at A. 

(ii) Suppose that T has the SVEP at every A ¢ oy (T). We show first that T* 
satisfies property (b). By Theorem 5.45 we need to show that A,(T) C 
iso c (T). Let à € A,(T) = o(T) Now (T). Then AJ — T is lower semi-Weyl, 
and hence ind (AJ — T) > 0, while the SVEP for T implies, by Corollary 2.106, 
that ind (AJ — T) < 0. Therefore AJ — T is Weyl, and another consequence of 
the SVEP at A is that p(41 — T) < oo. By Theorem 1.22 we then conclude 
that AJ — T is Browder, and hence A is an isolated point of o (T). Therefore, 
property (b) holds for T*. The above argument shows that ow(T) C oj (T), 
from which it follows that oy, (T) = ow(T). 


Conversely, suppose that T* has property (b) and ow (T) = ow(T) and let 
à € oq (T). If 4 ¢ o4(T) then AJ — T is onto, and hence A ¢ oy (T) = ow(T), 
consequently AJ — T is injective, so A ¢ o (T) = o (T*) and hence T* has the SVEP 
at A. Consider the other case where A € o;(T). Then A € As(T) = poo(T), hence 
A is an isolated point of o (T) = o (T*), thus T* has the SVEP at A. 

The last assertion is clear: property (5) entails a-Browder's theorem, and hence 
Browder's theorem. | 


It has been already observed in Theorem 5.36 that the condition that K (AI — T) 
has finite codimension for all A € A,(T) implies that T satisfies a-Browder's 
theorem. Since the quasi-nilpotent part of an operator is, in a sense, near to be 
the topological complement of the analytic core, the result of Corollary 5.41 could 
suggest that the converse of this implication holds. This is not true. Indeed, we next 
shows that this condition characterizes property (b), which is a formally stronger 
condition than a-Browder’s theorem. 
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Theorem 5.52 For an operators T € L(X) the following statements are equiva- 
lent: 


(i) T satisfies property (b); 
i) KAI — T) has finite codimension for all X € A4(T). 
In this case there exists a natural v :— v(A) such that Ho(AI — T) = 
ker (AI — T)" and K(AI — T) = (AI — T)” (X) for all à € A4(T). 
Dually, the following statements are equivalent: 
(iii) T* satisfies property (b); 
(iv) Ho(AI — T) has finite dimension for all X € As(T). 


In this case there exists a natural v := v(A) such that Ho(X4I —T) = ker (41 — T)" 
and K (AI — T) = (AI — T)” (X) for all X € As(T). 


Proof (i) <> (ii) Suppose first that T has property (b). Then, by Theorem 5.45, every 
A € A,(T) is an isolated point of c (T). Since T satisfies a-Browder's theorem 
we know, from Theorem 5.35, that Ho(AI — T) is finite dimensional. From the 
decomposition X = Ho(AI — T) ® K(AI — T) we then conclude that K(A7 — T) 
has finite codimension. 

Conversely, suppose that K (AI — T) has finite codimension at every point A € 
Aa(T). If A € Ag(T) then AJ — T € W(X) and hence, by Theorem 2.98, T* has 
SVEP at A, so Theorem 5.45 implies that T satisfies property (b). 

The last assertion holds since every A € A4(T) = poo(T) is a pole, and if 
v is the order of A then, by Corollary 2.47, Ho(AJ — T) = ker(AI — T)" and 
KAI — T) = (AI — T)'(X). 

(iii) <> (iv) Suppose that T* has property (b). From the equivalence (i) & (ii) 
we know that K (AJ — T*) has finite codimension for all A € Ag(T*) = A,(T). 
Let A € A,(T) arbitrary given. Then A € Ag(T*) = poo(T*) = poo(T). Hence A 
is a pole of the resolvent of T, as well a pole of the resolvent of T*, and it is well 
known that the order of A as a pole of T coincides with the order of A as a pole of 
T*. Let v be the order of A. By Corollary 2.47 we know that K (AI — T*) is closed 
and K(AI — T*) = (AI — T')'(X*), while Ho(Al — T) = ker (AI — T)". If M+ 
denote the annihilator of M C X, from the classical closed range theorem we have: 


KOAI — T*) = (Al — T (X*) = [ker (AI — T)"]* = Ho(al — T), 


so Ho(AI — T). has finite codimension in X*. But from a standard result of 
functional analysis we know that the quotient X*/ Ho(AI — T)- is isomorphic to 
[Ho(AI — T)]*, hence the latter space is finite dimensional and, consequently, also 
Ho(XI — T) is finite dimensional, as desired. 

Conversely, suppose that Ho(A7 — T) has finite dimension for all A € A^;(T). 
Let A € A,(T) be arbitrary. Since AJ — T € W_(X) then T has SVEP at A, by 
Theorem 2.97, and hence by Theorem 5.45 T* satisfies property (b). 
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The last assertion is immediate. Since 
As(T) = Aa(T*) = poo(T*) = poo(T), 


every A € A,(T) is a pole, and if v is the order of A, then Ho(Al — T) = ker 
(AI — T)" while KAJ — T) = (AI — T)” (X), again by Corollary 2.47. [| 


Note that in the statement (iv) of Theorem 5.52 the condition that HoAJ — T) 
has finite dimension for all à € A;,(T) may be replaced by the formally weaker 
condition that Ho(AI — T) is closed for all 4 € A,(T). This is a consequence of 
Theorem 2.97. 


Theorem 5.53 [fT € L(X) the following equivalences hold: 


(i) T satisfies property (b) if and only if (AI — T)” (X) has finite codimension for 
all X € A(T). 

(ii) T* satisfies property (b) if and only if N% (AI — T) has finite dimension for all 
à € A,(T). 


Proof 


(i) Suppose that property (b) holds for T and let à € A(T). Since K (AI — T) € 
(AI — T)** (X) it then follows, by Theorem 5.52, that (AJ — T)™(X) has finite 
codimension. Conversely, suppose that (AJ — T)9?(X) has finite codimension 
for all à € A4(T). From the inclusions (AJ — T)'*(X) € (AI — T)'*! (X) C 
(AI — T)' (X), it is evident that (AZ — T)"*! (X) = (AI — T)” (X) for some 
v € N, hence q(A1 — T) < co and this implies that T* has SVEP at A, so, by 
Theorem 5.45, T satisfies property (b). 

(ii) We have V ?* (AI —T) € Ho(AI—T), so, if T* has property (b) and à € A;(T), 
Theorem 5.52 entails that A/?^(AI — T) has finite dimension. Conversely, 
suppose that A € A,(T) and that A/?* (AI — T) is finite dimensional. From 
the inclusions ker (AJ — T)" C ker (AI — T)'*! C N™(AI — T), we easily see 
that p(AI — T) < oo, so T has SVEP at A. By Theorem 5.45 we then conclude 
that T* satisfies property (b). L| 


Next we show the exact relation between property (5), Browder's theorem and 
a-Browder's theorem: 


Theorem 5.54 [fT € L(X) the following statements are equivalent: 


() T satisfies property (b); 
(i) T satisfies a-Browder's theorem and Poo) — poo(T); 
(ii) T satisfies Browder's theorem and ind (AI — T) = 0 for all à € Aq4(T). 


Proof (i) & (ii) Suppose (i). By Corollary 5.48 property (b) entails a-Browder's 
theorem and, by Theorem 5.51, Poo(T) = poo(T). Conversely, if (ii) holds, then T 
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satisfies a-Browder's theorem and 
Aa(T) = poo (T) = poo(T) € isoo (T), 


thus, by Theorem 5.45, T has property (b). 

(i) = (ii) a-Browder's theorem implies Browder's theorem. Furthermore, 
Aq(T) = Poo(T) = poo(T), so AI — T is Browder for all à € Ag(T). In particular, 
AI — T has index 0. 

(iii) = (i) Since T satisfies Browder's theorem we have ow (T) = op (T). Since 
AI — T is Weyl for every A € A4(T), we have Ag(T) = oap(T) \ ow(T) and hence 


Aa(T) € o (T) Vow(T) = o (T) \ œ(T) = poo(T) € isoo (T), 


and hence T has property (b), by Theorem 5.45. a 


Corollary 5.55 /fT € L(X) is a-polaroid, then property (b) for T is equivalent to 
a-Browder's theorem for T. 


Proof Property (b) entails a-Browder's theorem. To prove the converse assume that 
T satisfies a-Browder's theorem. Then, by Corollary 5.41, A;(T) € iso oap (T) = 
isoo (T), and hence by Theorem 5.45 T has property (b). a 


Remark 5.56 The operator T defined in Example 5.49 shows that the equivalence 
established in Theorem 5.54 does not hold if the assumption that T is a-polaroid is 
replaced by the weaker assumption that T is polaroid. Indeed, T is polaroid (since 
isoo(T) = Ø), and T satisfies a-Browder’s theorem, since it satisfies SVEP, but not 
property (b). 


Property (b) is invariant under nilpotent commuting perturbations. 


Theorem 5.57 Let T € L(X) satisfy property (b), and let N be a nilpotent operator 
which commutes with T. Then T -- N has property (b). 


Proof We know that o (T) = o (T +N) and os (T) = op(T + N), by Corollary 3.9, 
so poo(T) = poo(T + N). On the other hand, we easily have A; (T) = Ag(T +N), 
and property (b) for T gives poo(T + N) = poo(T) = A4(T) = Aa(T + N), hence 
T + N has property (b). L| 


The previous result does not extend to commuting quasi-nilpotent perturbations. 
A simple counterexample is the following. Let 7 — 0 and Q be the quasi-nilpotent 
operator defined as 


1 1 
Q(x1, x2, ...) i= (o, 3 37^ es ) for all (xj) € £2(N). 
Then A4(T) = I(T) = Ø, while II(T + Q) = {0} Z Ag(T + Q). 

Recall that T is said to be finitely polaroid if every A € iso o (T) is a pole of finite 
rank, i.e. «(A7 — T) < oo. 
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Theorem 5.58 Suppose that T € L(X) is finitely polaroid and has property (b). If 
Q € L(X) is a quasi-nilpotent operator which commutes with T, then T + Q has 


property (b). 


Proof We know that oap(T) and ouy(T) are invariant under commuting quasi- 
nilpotent perturbations, so A;(T) = A(T + Q). We show that I(T) = I(T + Q). 
Let à € II(T) = o (T) \ oa(T) be arbitrarily given. Then AJ — T has both finite 
ascent and descent, and since T is finitely polaroid we also have a(AI — T) < oo. 
From Theorem 1.22 we then have that AJ — T is Browder, hence AJ — (T + Q) 
is also Browder, by Theorem 3.8. Since o(T) = o(T + Q), then A € o(T + 
Q) Vow(T + Q) = po(T + Q) € M(T + Q). Hence, IT) € TI(T + Q). To 
show the opposite inclusion, let A € II(T + Q). Then Al — (T + Q) is Drazin 
invertible, and hence à € isoo(T + Q) = isoo (T). Since T is finitely polaroid 
then à is a pole of the resolvent having finite rank. By Theorem 1.22, AJ — T 
is Browder and hence AJ — (T + Q) is Browder, by Theorem 3.8. Therefore 
A € o(f + Q) \ o(T + Q) = co(T) Nos(T) = poo(T) € I(T). Therefore, 
II(7T) = II(T + Q), and consequently, since T has property (b), 


Aa(T + Q) = A«(T) = I(T) = I(T + Q), 


which shows that T + Q has property (5). L| 


Theorem 5.59 If T € L(X) has the SVEP, and iso oa (T) = Ø, then T + Q has 
property (b) for every commuting quasi-nilpotent operator Q € L(X). 


Proof We have oap(T) = oap(T + Q), soisooap(T + Q) = Ø. Clearly, II(T + Q) = 
Ø, since every pole of an operator is an eigenvalue. 

Suppose now that A,(T + Q) zx Ø, and à € Ag(T + Q) = Oap(T + Q) \ ouw 
(T + Q). By Theorem 3.8 we know that T + Q has the SVEP, hence cap(T + Q) 
does not cluster at 4, by Theorem 2.97. Since 4 € oap(T + Q), A is an isolated point 
of op (T + Q), and this is impossible. Therefore, 


Aa(T + Q) = II(T + Q) — 0, 


so T + Q has property (b). [| 


We have seen that Browder's theorem, as well as a-Browder's theorem are 
invariant under commuting Riesz perturbations. We now give a sufficient condition 
for the permanence of property (b) under commuting perturbations K for which 
some power K" is finite-dimensional. 


Theorem 5.60 Suppose that T € L(X) and K € L(X) is an operator which 
commutes with T such that K” is finite-dimensional for some n € N. If iso oap(T) = 
iso Oap(T + K) then property (b) for T implies property (b) for T + K. 
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Proof The assumption iso oap(T) = iso Oap(T + K) implies that oap(T) = oap 
(T 4- K). Indeed, from our assumption and Theorem 3.26 we have 


Oap(T + K) = iso oap (T + K) U acc oap(T + K) 


= iSO Oap(T ) U acc oap (T) = Oa (T). 
p p p 


Note that K is a Riesz operator and hence, by Corollary 3.18, ouw(T) = Oww 
(T + K), from which we conclude that A;(T) = A&(T + K). To conclude the 
proof it suffices to prove II(T) = II(T + K). If A € I(T) = o(T) \ og(T) 
then AJ — T is Drazin invertible, and hence, by Theorem 3.78, AJ — (T + K) is 
Drazin invertible. Moreover, since AJ — T is Drazin invertible, A € iso Oap(T), by 
Theorem 4.3. Hence À € iso oap (T + K), and in particular A € o (T + K). Therefore, 


Xe€c(T 4 K)Vog(T 4 K) 2 TI(T +K), 


and this shows that II(T) C I(T + K). A symmetric argument shows that the 
opposite inclusion is also true, so II(7) = II(T + K). If T has property (b) then 


II(T) = Aa(T) =AGT+ K) 2 II(T + K), 


thus T + K has property (b). [| 


5.4 Property (gb) 


Property (gb), which was also introduced by Berkani and Zariouh in [66], is defined 
by generalizing property (5) in the sense of the B-Fredholm property. This property, 
which is formally stronger that property (b), may also be characterized by means of 
the localized single valued extension property at the point of a certain set. 


Definition 5.61 T € L(X) satisfies property (gb) if AÈ (T) = II(T), i.e., every 
point of AŻ (T) is a pole of the resolvent. 


Property (gb) may be characterized by means of the localized SVEP as follows. 


Theorem 5.62 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies property (gb); 
(ii) A(T) € isoo (T); 
(i) AÉ(T)C isoo,(T); 
(iv) T* has the SVEP at every X € AE(T); 
(v) q(AI — T) < oo for all X € AS(T). 
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Proof The implication (i) > (ii) is obvious, since II(7) € isoo (T). 

The implication (ii) = (iii) easily follows, once we observe that the isolated 
points of the spectrum belong to o,(T). 

The implication (iii) > (iv) is clear: for every operator T, its dual T* has the 
SVEP at the points À € isoo,(T). 

(iv) > (v) Ifa € AS(T), then AI — T is upper semi B-Weyl, in particular quasi- 
Fredholm. By Theorem 1.142 we then have g(AI — T) < oo. 

(v) => 0) I£ A € A(T) then AI—T is upper semi B-Weyl and, by Theorem 1.143, 
the condition q (àI — T) < oo entails that A is a pole of the resolvent, thus A(T) C 
II(T). The opposite inclusion is always true for any operator, since for a pole A we 
have that AJ — T is Drazin invertible, and in particular A7 — T is upper semi B-Weyl. 
Therefore, A(T) = I(T). [| 


Corollary 5.63 If T* has the SVEP then T satisfies property (gb). 


The next example shows that the SVEP for T does not ensure, in general, that 
property (gb) holds for T. 


Example 5.64 Let R € L(£2(N)) denote the right shift and let P € L(£2(N)) be the 
idempotent operator defined by P (x) := (0, xo, x3, ...) for all x = (x1, x2,...) € 
£a (N). It is easily seen that if T :— R & P then c (T) = D(0, 1), and oap (T) = 
T U{0}, where T denotes the unit circle. Since oypw (T) = T, we then have A£ (T) = 
{0}, while since o (T) has no isolated points, we have II(T) = Ø. Therefore, T does 
not have property (gb), while T inherits SVEP from R and P. 


Corollary 5.65 [fT € L(X) has property (gb) then T satisfies property (b). 


Proof Since Oybw(T) C ou (T), we have Ag(T) C AS(T), hence, by Theo- 
rem 5.62, property (gb) entails that A; (T) C iso o (T), and the last inclusion holds 
precisely when T satisfies property (5), by Theorem 5.45. a 


The converse of Corollary 5.65 does not hold in general, as is shown by the 
following example. 


Example 5.66 Let R denote the unilateral right shift on €2(N). Then o(R) = 
D(0, 1), and ogp(R) is the unit circle I. Moreover, the set of eigenvalues of R is 
empty, see [260]. Moreover, oyw(R) = I and obviously, the set II(R) of poles of 
the resolvent is empty. Define T :— 0 @ R. Then ker T = £5(N) @ {0}, 


Ou (T) = Oap(T) =T U {0}, 


and oup. (T) = I’. We also have that the set of left poles II; (T) = {0}, and I(T) = 
Poo(T) = Ø. Hence Ag(T) = oap(T) \ Cuw(T) = pgg(T) = Ø, while oap(T) \ 
Oubw(T) = {0} Æ I(T). Therefore T possesses property (b), but does not have 
property (gb). 
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We know that if A € isoo(T) then X = Ho(AI — T) @ K(AI — T), see 
Theorem 2.45. Consequently, if T has property (gb) then 


X = HoüAI — T) G KI — T) forall A € AÉ(T) (5.12) 


since AZ(T) € II(T). The following results show that property (gb) may be 
characterized by some conditions that are formally weaker than the one expressed 
by the decomposition (5.12). 


Theorem 5.67 For an operator T € L(X) the following statements are equiva- 
lent: 


(i) T satisfies property (gb); 
(ii) X = HAI — T) + K(AI — T) for all € AS(T); 
Gii) there exists a natural v :— v(A) such that K (AI — T) = (AI — T)” (X) for all 
à € AB(T); 
(iv) there exists a natural v :— v(A) such that (AI — T)® (X) = (AI — T)” (X) for 
allà € A&(T). 


Proof (1) «& (ii) The implication (i) — (ii) is clear, as observed in (5.12). 

To show the implication (ii) = (i) observe that the condition X = Ho 
(AI — T) + K(AI — T) is equivalent, by Theorem 2.41, to A € isoo,(T). Hence 
AE(T) € isoo,(T) and from Theorem 5.62 it immediately follows that T satisfies 
property (gb). 

(i) & (iii) If T satisfies property (gb) then, by Theorem 5.62, q := q(41 — T) < 
oo for all A € A§(T), so (AI — T)* (X) = (AI — TY (X). Since AI — T is upper 
semi B-Fredholm, there exists a v € N such that (AJ — T)"(X) is closed for all 
n > v, so (AI — T)**(X) is closed. Furthermore, by Theorem 1.79, the restriction 
(AI — T)|(AI — T)**(X) is onto, so 


GI — TXO — T)*(X)) = AI — T)” (X). 


From Theorem 1.39, part (i), it then follows that (AJ — T)” (X) € K (AI — T), and, 
since the reverse inclusion holds for every operator, we then conclude that 


(AL — T)*(X)- KAI =T) = AI — TY((X). 


Conversely, let 4 € A(T) be arbitrarily given and suppose that there exists a 
natural v :— v(A) such that K (A7 — T) — (AI — T)"(X). Then we have 


(l-—Ty(X)e KAI —-T) = AI -TKI —T)) = AI — T)" (x, 


thus g(AJ — T) < v. By Theorem 5.62 we then conclude that property (gb) holds 
for T. 
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(i) + (iv) Suppose that T satisfies property (gb). By Theorem 5.62, q := 
q(XAI — T) < œ forall à € A&(T), and hence (AI — T)* (X) = (AI — T)1 (X) for 
all à € A$ (T). Conversely, suppose that (v) holds and À € AÈ (T). Then 


AI — T)” (X) = AI - T?(X) € Q1 — T)" (X), 


and since (AJ — T)”t! (X) € (AI — T)” (X) for all n € N, we then obtain that 
(AI — T (X) = (AI — T)"*! (X). Hence q(4I — T) < v, so T satisfies property 
(gb) by Theorem 5.62. a 


Property (gb) is related to Browder-type theorems as follows: 


Theorem 5.68 [fT € L(X) the following statements are equivalent: 


(i) T satisfies property (gb); 

(ii) T satisfies a-Browder's theorem and opw(T) A A(T) = Ø; 
(iii) T satisfies Browder's theorem and oyy (T) N AẸ (T) = Ø; 
(iv) T has property (b) and II (T) = IMa (T). 


Proof (1) & (ii) Assume that T has property (gb), i.e., AS(T) = I(T). Property 
(gb) implies, by Corollary 5.65, property (b) and hence, by Corollary 5.48, a- 
Browder's theorem. Suppose that there exists aA € og, (T) N AÈ (T) = oy (T) N 
II(T). Then AJ — T is Drazin invertible and hence A ¢ og(T) = opy(T), since 
the generalized Browder's theorem holds. This is a contradiction, so og (T) AQ AS 
(T) = 9. 

Conversely suppose that (ii) holds. Since T satisfies the generalized a-Browder’ 
s theorem, Oypw(T) = oja(T). Let A € I(T). Then AJ — T is Drazin invertible, 
in particular left Drazin invertible, and hence A ¢ oypw(T). Since a pole of the 
resolvent is always an eigenvalue, A € Oap(T) V Cubw(T) = A&(T). This shows 
the inclusion II(T) € AZ(T). To show the reverse inclusion observe first that if 
à € AE(T) then à € obw (T), by assumption. But os, (T) = oa(T), since Browder's 
theorem holds for T , or equivalently the generalized Browder's theorem. Therefore, 
à € oy (T) \ oa(T) = I(T). 

The implication (ii) > (iii) is clear. We show the implication (iii) > (i). Let A € 
AS(T) be arbitrarily chosen. Then AJ — T is B-Weyl, hence à ¢ opw(T) = oa(T), 
since Browder's theorem holds for T. Therefore A is a pole and hence is an isolated 
point of o (T). By Theorem 5.62 we conclude that T has property (gb). 

(i) => (iv) We know that property (gb) implies property (b), i.e., A(T) = I(T), 
and II(T) € Ha(T). If A ¢ II4;(T) then AJ — T is left Drazin invertible, or 
equivalently, by Theorem 3.47, AJ — T is upper semi B-Browder. Moreover, by 
Theorem 4.3, A € Oap(T), so A € AE(T) = I(T). Therefore, I(T) = II4(T). 

Conversely, to show (iv) = (i), assume that T has property (b) and II(T) = 
II;(T). Property (b) entails a-Browder’s theorem, and this is equivalent to the 
generalized a-Browder's theorem, by Theorem 5.38. By Theorem 5.38, we have 


AG(T) = aap(T) \ Gupw (T) = Oap(T) V o1a(T) = TIG (T). 
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From the assumption I(T) = II;(T) we then conclude that AS(T) = I(T), thus 
T possesses property (gb). a 


From part (iii) of Theorem 5.68 we immediately obtain: 


Corollary 5.69 T € L(X) has property (gb) if and only if T satisfies Browder’s 
theorem and ind (AI — T) = 0 for all à € AS(T). 


Corollary 5.70 /f T € L(X) is a-polaroid then the properties (b), (gb), and a- 
Browder's theorem for T, are equivalent. 


Proof We know that for every T € L(X) we have (gb) — (b) — a-Browder's 
theorem, so we have only to prove that a-Browder's theorem for T implies property 
(gb) for T. Since a-Browder's theorem and the generalized a-Browder's theorem 
are equivalent we have oup (T) = oja(T). Therefore A(T) = Oap(T) V o1a(T) = 
TI’ (T). From Theorem 4.3 we know that every left pole A is an isolated point of 
Oap(T). Our assumption that T is a-polaroid entails that A € II(T), and hence 
A®(T) C I(T), from which we conclude that property (gb) holds for T. | 


Corollary 5.71 Suppose that T € L(X) is a-polaroid and has the SVEP. Then 
property (gb) holds for T. 


Proof T satisfies a-Browder's theorem. L| 


We show now that the results of Corollaries 5.71 and 5.70 cannot be extended to 
polaroid operators. 


Example 5.72 Let R denote the unilateral right shift on £2(N). We have o(R) = 
D(0, 1), while oap(R) is the unit circle F. Define T :— 0 € R. Clearly, T has the 
SVEP, since T is the direct sum of operators having SVEP, o (T) = D(0, 1) and 


Gap (T) = oa (R) U {0} = T U (0). 


We show that T is left Drazin invertible. Evidently, p :— p(T) = p(R)+ p(0) = 1. 
We have T(X) = {0} @ R(X), so T(X) = T?(X) is closed, since R(X) is closed. 
Hence 0 ¢ ojq(T) and this implies that O ¢ oybw(T), because oupw (T) € ouwbb (T) = 
oja(T ), by Corollary 3.49. Therefore, 0 € AS (T) but 0 € iso c (T), since c (T) has 
no isolated points. Consequently, T does not satisfy property (gb). Observe that T 
is polaroid, and satisfies a-Browder's theorem, since T has the SVEP. 


Let us consider the set E(T) of eigenvalues which are isolated points of the 
spectrum, i.e., 


E(T) := {A € isoo (T) : «(AI — T) > 0}. 


We have seen before that the SVEP for T does not ensure that property (gb) holds 
for T. However, the following result shows that in the case of polaroid operators, 
property (gb) holds for T*. 
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Theorem 5.73 Suppose that T € L(X) is polaroid. Then we have: 


(i) T satisfies property (gb) if and only if A(T) = E(T). 
(ii) If T has the SVEP then T* satisfies property (gb). 


Proof Clearly, II(T) € |. E(T) for every operator. The opposite inclusion is 
immediate, since the polaroid condition entails that every à € E(T) is a pole of 
the resolvent. Hence II(7) = E(T), from which the equivalence (i) follows. 

(ii) The SVEP for T entails a-Browder's theorem for T*. Moreover, T* is 
polaroid and the SVEP for T implies, by Theorem 2.68, that o (T*) = o(T) = 
o;(T) = o(T*). Hence T* is a-polaroid, so by Theorem 5.70 T* has property 
(gb). a 


In the sequel we give some results concerning the stability of property (gb) under 
some commuting perturbations. In order to transfer property (gb) from T to its 
perturbation T + Q, by a commuting quasi-nilpotent operator Q, it is sufficient to 
assume that T is finite-polaroid, i.e., every isolated point of the spectrum o (T) is a 
pole of finite rank. 


Theorem 5.74 Suppose that T is finite-polaroid and has the SVEP. Then T* + Q* 
satisfies property (gb) for every quasi-nilpotent operator Q commuting with T. 


Proof We prove first that T + Q is polaroid. Let A € isoo(T + Q). Then à € 
iso c (T) and hence is a pole of the resolvent of T (consequently, an eigenvalue of 
T). Therefore, p :— p(AI — T) = q(XAI — T) < oo and since by assumption 
a(Al — T) < oo we then have «(àI — T) = (àI — T), by Theorem 1.22, so 
AI — T is Browder. By Theorem 3.8, we know that the class of Browder operators is 
stable under quasi-nilpotent commuting perturbations, so AJ — (T + Q) is Browder, 
and hence A is a pole of the resolvent of T + Q. Therefore, T + Q is polaroid. 
Now, by Theorem 2.129, the SVEP from T is transmitted to T + Q, and this 
implies, by Theorem 4.15, that T* + Q* is a-polaroid. Moreover, the SVEP for 
T + Q implies that T* + Q* satisfies a-Browder's theorem. By Corollary 5.70, we 
then conclude that property (gb) holds for T* + Q*. L| 


Theorem 5.75 Suppose that T € L(X) has the SVEP and iso oa (T) = Ø. Then 
we have: 


(i) T + Q satisfies property (gb) for every commuting quasi-nilpotent operator Q. 
(i) T + K satisfies property (gb) for every commuting finite rank operator K. 


Proof 


(i) We know that oap(T) = oap(T + Q) for every commuting quasi-nilpotent 
operator Q. Therefore isocap(T + Q) = Ø, from which we conclude that 
II(T + Q) is empty, since II(T + Q) € iso oap (T + Q). 

It remains only to show that AS(T + Q) = 9. Suppose that AS(T + Q) is 
non-empty and let À € A(T + 0) = Oap(T + Q) \ Oubw(T + Q). The SVEP 
for T is inherited by T + Q, and since AJ — (T + Q) is upper semi B-Weyl, 
the SVEP of T + Q at A implies, by Theorem 2.97, that oap(T + Q) does not 
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cluster at A. But A € oap(T + Q), so A is an isolated point of oa; (T + Q) and 
this is impossible. Therefore, II(T 4- Q) — AST + Q) = Ø. 

(ii) Observe first that, by Theorem 3.29, we have oap (T) = oap(T + K), so Oap(T + 
K) has no isolated points. Furthermore, the SVEP for T is inherited by T + K, 
by Theorem 2.129. The statement may be proved by using the same arguments 
as the proof of part (1). a 


Both the conditions iso oap(T) = Ø and T has the SVEP are satisfied by every 
non quasi-nilpotent unilateral right shift T on £P(N), with 1 < p < oo. As usual, 
let H(o(T)) denote the set of all analytic functions defined on a neighborhood of 
co (T). 


Theorem 5.76 Let T € L(X) be such that there exists a ào € C such that 
K(Aol — T) = {0} and ker(Ao/ — T) = {0}. (5.13) 


Then property (gb) holds for f (T) for all f € H(o (f (T)). 


Proof For all complex à z Ao we have ker(AJ — T) € K(Aol — T), so that 
ker (AJ — T) = {0} for all à € C. Therefore, the point spectrum c; (T) is empty. 

We also show that o; C£ (T)) = Ø. To see this, let y € o (f (T)) and write u — 
f (X) = pQ)2QJ., where g is analytic on an open neighborhood U containing o (T) 
and without zeros in c (T), p a polynomial of the form p(A) = II? 4 (A — 2)'5, 
with distinct roots A1, ..., A; lying in o (T). Then 


pl — f(T) = Mg kI — T)" g(T). 


Since g(T) is invertible, op(T) = Ø implies that ker (u7 — f(T)) = {0} for all 
u € C, soos CF(T)) = Ø. 

To prove that property (gb) holds for f (T), observe first that TI (f (T)) is empty, 
since each pole is an eigenvalue. So we need only to prove that AZ ( f (T)) is empty. 
Suppose that there exists a A € AS (f(T)). Then A € Oap(f(T)) and AI — f(T) 
is upper semi B-Weyl. Since op(f(T)) = Ø we have that AJ — f(T) is injective, 
hence, by Corollary 1.115, AJ — f(T) is bounded below, i.e. à ¢ oa (f(T)), a 
contradiction. Therefore f(T) satisfies property (gb). a 


The conditions of Theorem 5.76 are satisfied by any injective operator for which 
the hyper-range T° (X) is {0}, since K(T) € T™(X) for all T € L(X). In 
particular, the conditions of Theorem 5.76 are satisfied by every semi-shift. 


Theorem 5.77 Let T € L(X) and let K € L(X) be a finite rank operator which 
commutes with T such that oa (T) = oap(T + K). If T has property (gb) then 
T + K also has property (gb). 


Proof Property (gb) entails a-Browder's theorem for T, i.e., ouw(T) = ou (T). 
By Corollary 3.18 and Theorem 3.8 we also have ouw(T) = ouw(T + K) and 
Ouw(T) = ouw(T + K), so a-Browder's theorem holds for T + K, or equivalently 
the generalized a-Browder’s theorem holds for T + K. From Theorem 5.31 it then 
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follows that 
AST + K) € iso oap(T + K) = iso oa (T). 


Let A € A(T + K) be arbitrary chosen. Then T + K has the SVEP at A, since A € 
iso Oap(T + K), and hence, by Theorem 2.97, AJ — (T + K) is left Drazin invertible. 
From Theorem 3.78 it then follows that AJ — (T + K) + K = AI — T is also left 
Drazin invertible, in particular upper semi B-Weyl. Since X € oap(T) we then obtain 
à € A&(T) = I(T). Again by Theorem 3.78 we know that og(T) = og(T + K), 
so II(T) = I(T + K), and hence A € I(T + K). This shows the inclusion 
AS(T + K) € I(T + K). The opposite inclusion is true for every operator, thus 
AS(T + K) 2 I(T + K), and the proof is complete. | 


For hereditarily polaroid operators we can say much more: 


Theorem 5.78 Suppose that T € L(X) is a hereditarily polaroid operator which 
satisfies SVEP and K € L(X) an algebraic operator which commutes with T. Then 
f(T* + K*) satisfies property (gb) for every f € Hnc(o(T)). 


Proof Since T is hereditarily polaroid, then f (T + K) is polaroid, by Theorem 4.33. 
Moreover, T + K satisfies SVEP, by Theorem 2.145, and hence f(T + K) also 
has the SVEP, by Theorem 2.86. Therefore, the result of Theorem 5.73 applies to 
f(O* + K*). a 


5.5 Property (ab) 


For every operator T € L(X) define 
ET) = A(T) U pi (T). 


Since A(T) € oap(T), Ua(T) is the set of all points A € cap(T) for which either 
AI — T is Weyl or A is a left pole of finite rank. 
The following property was introduced by Berkani and Zariuoh in [75]. 


Definition 5.79 T € L(X) satisfies property (ab) if A(T) = pog(T). 
Property (ab) also entails Browder's theorem: 


Theorem 5.80 /f T € L(X) satisfies property (ab) then Browder's theorem holds 
for T. 


Proof Suppose that A(T) = pog(T). Let? € A(T) = poo(T). Then AJ — T is both 
Weyl and upper semi-Browder, in particular p(AI — T) < oo. From Theorem 1.22 
we deduce that q(A] — T) < oo, so à is a pole of the resolvent and hence 
A € isoc (T). The inclusion A(T) C isoo(T) is equivalent, by Theorem 5.10, 
to Browder's theorem for 7. a 
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The next example shows that the converse of Theorem 5.80 does not hold, i.e. 
property (ab) is stronger than Browder's theorem. 


Example 5.81 Let R and L be the right shift and the left shift defined on £2 (N), 
respectively. Define T : R@®L@ L. Recall that L is the adjoint of R. Since L’ = R 
has the SVEP, by Theorem 2.68, o5 (L) = o (L). Since o (R) = D(0, 1), we have 
c (T) = DOO, 1) and 


Oap(T) = Oap(R) U oap(L) = DO, 1). 


Now, it easily seen that a(T) = 1, (T) = 2, so T is a Fredholm operator and, 
consequently has closed range. Since ind T < 0 then 0 d ou (T). We also have 
p(T) = œ, so 0 € ous (T). Hence T does not satisfies a-Browder's theorem. On 
the other hand o (T) = D(0, 1), so A(T) = Ø, and hence T satisfies Browder's 
theorem. We claim that pĝọ(T) is empty. Indeed, suppose that there exists a A € 
Poo(T) = eap(T) V ous (T). Then X € oap(T) and AI — T is upper semi-Browder. 
The condition p(AI — T) < œ is equivalent, by Theorem 2.97, to saying that A is 
an isolated point of o3, (T), and this is impossible. Therefore, A(T) = pog(T) = Ø, 
so T satisfies property (ab). 


The precise relationship between property (ab) and Browder's theorem is 
described by the following theorem. 


Theorem 5.82 Let T € L(X). Then the following statements are equivalent: 


(i) T satisfies property (ab); 
(ii) T* has the SVEP at every X € pgg(T) and A(T) € Po T); 
(iii) Browder's theorem holds for T and every left pole of finite rank of T is a pole 
of T, i.e. poo(T) = P(T); 
(iv) Browder's theorem holds for T and po (T) € iso o (T); 
(v) Browder's theorem holds for T and Poo(T) C 0c (T); 
(vi) X4(T) € iso o (T); 
(vii) La(T) € poo(T); 
(viii) T* has the SVEP at every point X € X4(T). 


Proof (i) & (ii) Suppose that T satisfies (ab), i.e. A(T) = o (T)\ow(T) = pgg(T). 
Let à ¢ Poọ(T) be arbitrary. Then AJ — T is Weyl and p(AI — T) < co. By 
Theorem 1.22, we have q(AI — T) < co, hence A is a pole and in particular an 
isolated point of o (T) = o (T*). Consequently, 7* has the SVEP at A. 

Conversely, suppose that T* has the SVEP at every A ¢ pog (T) and A(T) C 
Poo (1). I£ A € pgg (T) then A ¢ oue (T) and p(AI — T) < co. Since AJ — T is semi- 
Fredholm the SVEP of T* at A entails that g(AJ — T) < oo. By Theorem 1.22 we 
then conclude that AJ — T is Browder, hence Weyl, and consequently pfo (T) 
A(T). Since the reverse inclusion holds by assumption, we then have A(T) 
Poo (T). 


In 


404 5 Browder-Type Theorems 


(ii) = (iii) We have only to show that poo(T) = pQg(T). Let A € pgg(T). 
Then AJ — T € B4, (X) and the SVEP of T* at à entails that q (àI — T) < oo, by 
Theorem 2.98. Since p(AI — T) < œ it then follows that A is a pole of the resolvent. 
But (àI — T) < coo, thus AJ — T € B(X), by Theorem 1.22. Consequently, 
Poo(T) € poo(T), and since the opposite inclusion is always true we then conclude 
that poo(T) = Poo (T). 

(iii) => (iv) Clear, since poo(T) € isoo (T). 

(iv) > (ii) T* has the SVEP at every isolated point of o (T*) = c (T). Browder's 
theorem implies that A(T) = poo(T) € pog (T). 

(iv) => (v) Clear. 

(v) => (ii) T* has the SVEP at every à € ðo (T*) = 0o(T), and as above 
Browder's theorem entails that A(T) € poo (T). 

(v) = (vi) By Theorem 5.10, T satisfies Browder's theorem if and only if 
A(T) C 1soc (T). 

(vi) & (vii) If A € X4(T) then AJ — T is either Weyl or upper semi-Browder. 
Since X4 (T) € iso o (T), then both T and T* have the SVEP at A. This implies, by 
Theorems 2.97 and 2.98, that p(AI — T) = q(Al — T) < co. By Theorem 1.22 we 
then conclude that AJ — T € B(X), i.e., X4(T) € poo(T). The implication (vii) > 
(vi)is obvious. 

(vi) > (viii) T* has the SVEP at every point à € X4(T) since à € isoo(T) = 
iso o (T*). 

(viii) > (ii) Suppose that T* has the SVEP at every point 4 € X4(T). Then T* 
has the SVEP at the points of A(T), as well as at the points of poo(T ). It is easily 
seen that A(T) C pog(T ). Indeed, if A € A(T) then AJ — T is Weyl, and the SVEP 
for T* at A entails by Theorem 2.98 that q (àI — T) < oo. By Theorem 1.22, then 
AI — T is Browder, in particular upper semi-Browder, so A € pgg(T ). a 


Every isolated point of the spectrum belongs to op (T) by Theorem 1.12. Hence 
iso c (T) € iso Oap(T), from which we easily obtain: 


Corollary 5.83 /fT has property (ab) then X4,(T) C iso oap (T). 


Note that T always has the SVEP at the points à € pĝọ(T), since AZ — T € 
B4. (X), and hence p(Al — T) < co. The next example shows that the condition 
A(T) € po(T) does not ensure that 7* has the SVEP at à € pio (T). 


Example 5.84 Let T be the operator defined in Example 5.49. Then T* = R* @ P* 
does not have the SVEP at 0, since R* is the left shift and this operator fails SVEP 
at 0. On the other hand, A(T) = Ø, while ouw(T) = ow(T) = I, since T has the 
SVEP and hence a-Browder’s theorem holds for T, thus A(T) € pfo (T) = {0}. 


Corollary 5.85 /f T € L(X) has property (b) then T has property (ab). 


Proof From Lemma 5.25 we know that X4,(T) € A,(T). The property (b) is 
equivalent, by Theorem 5.45, to the inclusion A;(T) C isoc (T), so, from part 
(vi) of Theorem 5.82, we deduce that property (5) implies property (ab). a 
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The following example shows that property (b) is in general stronger than 
property (ab). 


Example 5.86 Let R and L be the unilateral right and left shift, respectively, on 
£5(N), and define T = LG RER. Theno (T) = 1, B(T) = 2, and p(T) = co. This 
implies in particular 0 ¢ ou (T). Since p(T) = oo, T does not satisfy a-Browder's 
theorem. Therefore T does not have property (b), by Corollary 5.48. On the other 
hand, o (T) = D(0, 1), hence, the set of left poles is empty, and og (T) = D(0, 1), 
and hence T has property (ab). 


Observe that oy (T) N A(T) is trivially empty. The intersection ow (T) (1 Aq(T) 
may be non-empty. For instance, let R and L denote the right shift and the left shift 
on £2(N), respectively. Let T :— L ® R @ R. It is easy to check that a(T) = 1, 
B(T) = 2, so T is upper Wey] but not Weyl. Evidently, 0 € o (T) A A4(T). 

The precise relationship between properties (b) and property (ab) is described in 
the following theorem. 


Theorem 5.87 [fT € L(X) then the following assertions are equivalent: 


(i) T has property (b); 

(i) T has property (ab) and oy(T) N Aq(T) = Ø; 
(iii) T satisfies a-Browder's theorem and ow (T) N Aa (T) = Ø; 
(v) T satisfies Browder's theorem and o (T) N A4(T) = Ø. 


Proof (i) = (ii) Suppose that T has property (b). Then Ag(T) = poo(T) and 
property (ab) holds for T, by Corollary 5.85. Moreover, a-Browder's theorem holds 
for T, by Corollary 5.48, and hence Browder's theorem, so that o (T) = op(T). 
Therefore, o, (T) N Ag(T) = oy(T)  poo(T) = Ø. 

Conversely, assume (ii). Property (ab) entails Browder's theorem so o (T) = 
(T). Let X € Ag(T). By assumption then à ¢ oy(T) = op(T), hence A € 
Poo(T). This shows that Ag(T) € poo(T), and since, by Lemma 5.25, the reverse 
inclusion holds for every operator it then follows that A;(T) = poo(T). 

The implications (i) => (iii) = (iv) are clear, since property (b) entails a- 
Browder's theorem and this implies Browder's theorem. To show the implication 
(iv) = (i), suppose that A € A,(T). Then A € oy(T) = op(T), hence A is an 
isolated point of o (T), so T has property (b), by Theorem 5.45. a 


The SVEP for T entails Browder's theorem, so we have: 


Corollary 5.88 /f T has the SVEP then property (b) holds for T if and only if 
Ow(T) N Ag(T) = Ø. In this case, properties (b) and (ab), a-Browder's theorem 
and Browder's theorem for T are equivalent. 


Define 


Poo(T) := ox(T) Von (T) = Fap(T*) V ow (T7) 
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and by duality 
EQG):— poo(T) U A(T). 


Evidently, X,(T) = Ua(T*), since A(T) = A(T*). The next result shows that 
property (ab) for T may also be characterized by means of the analytic core 
K(Al — T). 


Theorem 5.89 For an operator T € L(X) the following equivalences hold: 


(i) T satisfies property (ab) <> K(AI — T) has finite codimension for all X € 
X (T). In this case, for all X € X4(T) there exists a v := v(A) € N such that 
K(AI — T) = (AI — T)" (X) and Ho(Al — T) = ker (AI — T)". 

(ii) T* satisfies property (ab) = K (4I —T) has finite dimension for all X € ^5(T). 
In this case, for all X € M,(T) there exists a v :— v(A) € N such that 
K(AI — T) = (AI — T)" (X) and Ho(Al — T) = ker (AI — T)". 


Proof 


(i) Suppose that T has property (ab) and let A € X(T). Then A € poo(T), by 
Theorem 5.82, and hence A is a pole of the resolvent, so that X = Ho(A1 — T) 
K (AI — T). Moreover, A € A(T)orA € Poo (T). Ifà € A(T), then Ho(A1 — T) 
has finite dimension since T satisfies Browder's theorem, by Theorem 5.35. If 
à E€ Poo(T), then A is a left pole of finite rank and hence, by Theorem 4.3, 
Ho(AI — T) has finite dimension. Therefore, K (AJ — T) has finite codimension 
for all à € X4(T). 

Conversely, suppose that K(AJ — T) has finite codimension for all A € 
X(T) = A(T) U Poo (T). Clearly, if à € X(T) then AI — T is either 
Weyl or upper semi-Browder and hence, by Theorem 2.98, T* has the SVEP 
at à. In particular, 7* has the SVEP at every A € Poo(T). Let À € A(T). 
By Theorem 2.98, we have q(AI — T) < oo and since AI — T is Weyl, 
by Theorem 1.22 it then follows that AJ — T is Browder. In particular, A € 
Oap(T) V ous (T) = poo(T) and hence, by Theorem 5.82, T satisfies property 
(ab). The last assertion follows from Theorem 2.45, since every A € X(T) is 
a pole of the resolvent. 

(ii) We proceed by duality. Suppose that T* has property (ab). By part (i) every 
A € As(T) = A4(T*) is a pole of the resolvent of T*, hence a pole of the 
resolvent of T, and K (AI — T*) has finite codimension. Clearly, 


X* = Ho(AI — T*) 6 K(AI — T*) = ker (A1 — T*)? @ (AI — T*)? (X^), 
and 


X = Ho(AI — T) KOAI — T) = ker (41 — T? @ (AI — TY (X), 
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where p is the order of the pole. By the closed range theorem we have: 
K(AI — T) = (Al — T)?(X) = Hker (AJ — T*)?] = tHo(Al — T*), 


where +M denotes the pre-annihilator of M C X*, so K(AI — T) has finite 
codimension, since Ho(AJ — T*) has finite dimension. El 


Theorem 5.90 [fT € L(X) we have 


(i) T satisfies property (ab) = (XI — T)?* (X) has finite codimension for all X € 
Èa (T). 

G) T* satisfies property (ab) = N® (AI — T) has finite dimension for all à € 
XS). 


Proof 


(i) The proof is analogous to that of Theorem 5.53, just replace A4(T) with 
X4(T) and use Theorem 5.89. In the part (<=) of the proof we obtain that 
q(Al — T) < œ forall à € X(T) = A(T) U Poo (T). Consequently, T* has 
the SVEP at the points of po, (T) and the condition g(AJ — T) < oo at the 
points of A(T) entails p(AI — T) = q(AI — T) < co, so à € poo(T). Property 
(ab) then follows from Theorem 5.82. 

(ii) Analogous to part (ii) of Theorem 5.53. a 
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Property (ab) also admits a generalization in the sense of B-Fredholm theory. 
Definition 5.91 T € L(X) is said to satisfy property (gab) if A£ (T) = Ia (T). 
Property (gab) entails property (ab): 


Theorem 5.92 Suppose that T € L(X) has property (gab). Then T has property 
(ab). 


Proof If T has property (gab) then A*(T) = II4(T). If A € A(T), then A € 
A£ (T), hence is a left pole of the resolvent. Since «(47 — T) < oo, we have A € 
Poo (T). This proves the inclusion A(T) € pfọ(T). Conversely, if A € pfo (T), then 
A is upper semi-Browder, so a(AJ — T) < œ and p(AI — T) < oo. Since T has 
property (gab), A € A(T) and ind(Al — T) = 0. Since p(Al — T) < oo, by 
Theorem 1.22 AJ — T is Browder, in particular AJ — T is Weyl. Hence A € A(T) = 
o(T) \ ow(T). Therefore A(T) = Poo. so T has property (ab). | 


The converse of the result of Theorem 5.92 does not hold: 


Example 5.93 If R is the unilateral right shift on £2(N), then c (R) = D(0, 1), and 
Oap(R) = T, the unit circle, and the set of eigenvalues of R is empty. Moreover, 
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ow(T) = T and poo(T) = Ø. Define T = 0G R. Then c (T) = D(0, 1), 
ker T = €2(N) 6 {0}, oap (T) =T U {0}, 
and ow(T) = opw(T) = DOO, 1). Since II; (T) = {0}, and pg9(T) = Ø, we have 
A(T) = poo(T) and A*(T) = Ø z Ta (T). 


Therefore, T has property (ab) but not property (gab). 


Set 


XS): A£ (T) U Mg (T). 


Lemma 5.94 /f T € L(X) then X(T) € AẸ(T). 


Proof By Lemma 5.39 we have II4(T) € AŠ (T). It remains only to prove that 
A8(T) € AE(T). If A € A*(T) then A € Oap(T), again by Lemma 5.39. On 
the other hand, we have A ¢ opw(T) and hence A £ Ouwbw(T), since oup (T) € 
Obw(T ). 


The set E (T) may be empty. Indeed, in the case of the unilateral right shift 
R € L(£4(N)) it has been observed that A(R) = Ø, so, by Lemma 5.94, we have 
X$(T)-0 

Property (gab) may also be characterized by means of the localized SVEP as 
follows. 


Theorem 5.95 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies property (gab); 
(ii) T* has the SVEP at every à € II4(T) and A£ (T) € II4(T); 
(iii) T* has the SVEP at every à € X$(T); 
(iv) Browder's theorem holds for T and TI(T) = q(T); 
(v) Browder's theorem holds for T and Ia (T) € isoo (T); 
(vi) Browder's theorem holds for T and q(T) C 8o (T), ðo (T) the boundary of 
o(T); 
(vii) US(T) € isoo (T); 
(viii) U8(T) € isoo,(T); 
(vii) XZ(T) € I(T). 


Proof To show the equivalence (i) & (ii), suppose first that T has property (gab), 
ie. AS(T) = IIaG(T). If A € II; (T) then AJ — T is B-Weyl, in particular lower 
semi B-Weyl. Since p(AI — T) < oo then, by Theorem 1.143, AJ — T is Drazin 
invertible, in particular q (àZ — T) < co and hence T* has the SVEP at A. Obviously, 
AS(T) C IIa(T), by assumption. 
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Conversely, suppose that T* has the SVEP at every A € IL;(T) and A£ (T) C 
II;CT). If A € Ia(T) then à is a left pole, so pA — T) < oo, and AI — T 
is left Drazin invertible, or equivalently, upper semi B-Browder. Since T* has the 
SVEP at A, we have q(AI — T) < co. Therefore, AJ — T is Drazin invertible 
and hence II;(T) C II(T). The opposite inclusion holds for every operator, so 
IL,(T) = I(T). If A € II;(T) then AJ — T is a Drazin invertible operator, and 
hence B-Weyl. Now, à € o (T) so we have A € o(T) \ œw(T) = AS(T). Thus, 
II,(T) € A*(T), and since the opposite inclusion holds by assumption we then 
conclude that II; (T) = A£ (T). 

(ii) => (iii) Since A*(T) € IL,(T), we have X£(T) = A*(T)U II,(T) = 
II5 (7), hence T* has the SVEP at every A € XE). 

(iii) > (iv) Suppose that T* has the SVEP at every 4 € XE (T). Let A € Ma(T). 
Then å is a left pole and hence AJ — T is left Drazin invertible, so p(4I1 — T) < oo. 
Since II, (T) € X$(T), the SVEP of T* at à implies (àZ — T) < oo, by 
Theorem 2.98, thus A € I(T) and consequently II;(T) € I(T). The opposite 
inclusion holds for every T € L(X), hence I(T) = II4(T). It remains to prove 
Browder's theorem for T. Let à ¢ o (T). Clearly, we can suppose that A € o (T). 
Then A ¢ opw(T), since opw(T) C ow(T), hence A € AS(T). Since AI — T is 
B-Weyl, the SVEP of T* at A, again by Theorem 2.98, implies that q (41 — T) < oo 
and hence, by Theorem 1.143, AJ — T is Drazin invertible. But «(A7 — T) < co, so, 
by Theorem 1.22, AI — T is Browder, hence A £ og (T). Therefore, ow, (T) = oœ (T). 

(iv) => (v) If à € q(T) then AJ — T is left Drazin invertible, hence upper semi 
B-Weyl. Since T* has the SVEP at A then q(AI — T) < oo, by Theorem 2.98, 
hence AJ — T is Drazin invertible, by Theorem 1.143, and consequently A € II(7). 
Therefore, II; (T) € I(T) € isoo(T). 

(iv) > (v) Clear, since II; (7) = I(T) € isoo (T). 

(v) => (ii) T* has the SVEP at every isolated point of o (T) = o (T*), so T* has 
the SVEP at every à € II;(T). Browder's theorem is equivalent to the generalized 
Browder's theorem, and hence A£ (T) = I(T) C II4(T). 

(v) => (vi) Obvious, since iso co (T) C ðo (T). 

(vi) > (ii) T* has the SVEP at every à € 0o (T) = d0(T*) and, as above, 
Browder's theorem entails that A£ (T) C II4;(T). 

(v) & (vii) Assume that T satisfies Browder’s theorem, or equivalently the 
generalized Browder's theorem, and that the inclusion II;(T) C isoo (T) holds. 
By Theorem 5.17 then A£ (T) C iso o (T), and consequently, E$ (T) C isoo (T). 

Conversely, if EE(T) C isoo(T) then II4(T) C isoo(T) and A8(T) C 
isoo (T). The last inclusion is equivalent to saying that T satisfies the generalized 
Browder's theorem, or equivalently Browder's theorem, again by Theorem 5.17. M 


An obvious consequence of Theorem 5.95 is that if T* has the SVEP then T 
satisfies property (gab). We can say more: 


Corollary 5.96 Suppose that T, K € L(X) commute and K is a Riesz operator. If 
T* has the SVEP then T 4- K satisfies property (gab). 
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Proof The dual of a Riesz operator is also a Riesz operator. The SVEP for T* is 
transferred to T* + K* = (T + K)*, by Theorem 2.129. a 


Every operator T € L(X) has the SVEP at the isolated points of the spectrum, 
and, by Theorem 5.95, property (gab) is equivalent to the inclusion X(T) C 
iso c (T). Therefore, if T has (gab) then T has the SVEP at every point of us (T). 
The converse is false. Next we give an example of an operator which has the SVEP 
but the property (gab) fails for T. 


Example 5.97 Let T be defined as in Example 5.72. Then T has the SVEP. Let 
à € Opw(T), and suppose that A € o (T). By Theorem 1.143, then AJ — T is Drazin 
invertible, and hence À is a pole of the resolvent of T, in particular an isolated point 
of c (T), which is impossible. Therefore 


Opw(T) = o (T) = D(0, 1). 
On the other hand, we know that 
Oap(T) =T U {0}. 


We know, see Example 5.72, that T is left Drazin invertible, and because 0 € oap (T) 
we then conclude that 0 is a left pole. Therefore, 


II; (T) = {0} 4 A? (T) = o (T) Voww(T) = Ø, 


i.e., T does not satisfy property (gab). 


In the next theorem we establish the exact relationships between property (gab) 
and some of the other properties introduced above. 


Theorem 5.98 [fT € L(X) then the following statements are equivalent: 


(i) T has property (gab); 
(i) T has property (ab) and IY(T) = II4(T); 
(ii) T satisfies Browder's theorem and I1 (T) = II4(T). 


Proof (i) & (ii) If T has property (gab) then AS(T) = II;(T) and T has 
property (ab). By Theorem 5.80, Browder's theorem holds for T, or equivalently, 
by Theorem 5.38, T satisfies the generalized Browder's theorem, i.e., A(T) = 
II(7). Conversely, assume (ii). Since T satisfies Browder's theorem, or equivalently 
the generalized Browder's theorem, then A*(T) = II(T). Since by assumption 
II(T) = II4(T) it then follows that A£ (T) = II;(T), thus property (gab) holds 
for T. 

The implication (ii) = (iii) is clear. We now prove (iii) > (i). Assume that (iii) 
holds. Since Browder's theorem is equivalent to the generalized Browder's theorem, 
AS(T) = II(T) and hence, from our assumption, AS(T) = II4(T), so T has 
property (gab). a 
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Property (gb) entails property (gab) and the precise relationship between these 
two properties is given in the following theorem. 


Theorem 5.99 /f T € L(X) has property (gb) then T has property (gab). T has 
property (gb) precisely when T has property (gab) and ind (AI — T) = 0 for all 
X € AC). 


Proof Assume that T has property (gb) and ind (AJ — T) = 0 for all à € AGP). 
Property (gb) entails Browder’s theorem, by Theorem 5.68, or equivalently the 
generalized Browder's theorem, so A*(T) = II(T). Again by Theorem 5.68 we 
have II(T) = II;(T), so A*(T) = Tq(T) and hence T has property (gab). To 
show the second statement, observe that if T has property (gb) and A € AË (T) then 
à € II(T). Hence AI — T is B-Weyl, so ind (AJ — T) = 0. Conversely, if T has 
property (gab) and ind (A7 — T) = O0 for alla € AE (T), then, since T satisfies 
Browder's theorem, from Corollary 5.69 we conclude that T has property (gb). M 


Theorem 5.100 [fT € L(X) the following statements are equivalent: 


Gi) T has property (gb); 

(ii) T has property (gab) and opw(T) N AS(T) = Ø; 
(iii) T satisfies a-Browder's theorem and opw(T) N AS(T) = Ø; 
(iv) T satisfies Browder's theorem and oy (T) A AS(T) = 9. 


Proof The equivalence (i) & (ii) follows from Theorem 5.99. The implications 
(i) => (ii) > (iv) are clear, since property (gb) implies a-Browder's theorem. To 
show the implication (iv) = (i), suppose that A € AS(T). Then à € Opw(T) by 
assumption, and since Browder's theorem is equivalent to the generalized Browder's 
theorem it then follows that A ¢ oq(T), so AJ — T is Drazin invertible, and hence 
à € isoo (T). The inclusion A(T) C iso o (T) is equivalent, by Theorem 5.62, to 
property (gb). a 


Theorem 5.101 For an operator T € L(X) the following statements are equiva- 
lent: 


(i) T satisfies property (gab); 
(ii) X = WAI —T)4+ K(AI — T) for alla € XS(T); 
(ili) there exists a natural v :— v(A) such that K (AI — T) = (AI — T)" (X) for all 
à € E4 (TXT); 
(iv) there exists a natural v := v(A) such that (AI — T)® (X) = (AI — T)” (X) for 
allà € X(T). 


Proof (i) = (ii) Clear, as observed in (5.12). 

GD => (1) By Theorem 2.41 the condition X = Ho(AI — T) + KI — T) 
is equivalent to the inclusion A € isoo,(T). Hence XÍ(T) C isoo,(T). From 
Theorem 5.95 it immediately follows that T satisfies property (gab). 

(i) & (iii) If T satisfies property (gab) then, by Theorem 5.95, T* has the 
SVEP at every A € E$ (T). For every À € SFT), AI — T is quasi-Fredholm 
so, by Theorem 2.98, q := q(AI — T) < œ forall à € XS (T), and hence 
(AI — T)* (X) = (AI — T)* (X). Since for every 4 € X (T) the operator AJ — T is 
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upper semi B-Fredholm, there exists a v € N such that (AJ — T)” (X) is closed 
for all n > v, hence (AJ — T)??(X) is closed. As observed above, for every 
à € X£(T), AI — T is quasi-Fredholm and hence has topological uniform descent. 
Furthermore, by Theorem 1.79, the restriction (AJ — T)|(AI — T)??(X) is onto, so 
(AI — T)(1 — T)? (X)) = (AI — T)*(X). From Theorem 1.39 it then follows 
that (47 — T) (X) € K(AI — T), and, since the reverse inclusion holds for every 
operator, we then conclude that 


ALI = T)®(X) = KOI = T) = AI — TY(X), 


for all à € EÈ (T). 
Conversely, let A € XZ(T) be arbitrarily given and suppose that there exists a 
natural v := v(A) such that K (AI — T) = (AI — T)” (X). Then we have 


(1-Ty(X)- KQI-T) = (I -TKI — T)) = QI — T)" (x0, 


thus q(AI — T) < v, so T* has the SVEP at A, and hence T satisfies (gab), by 
Theorem 5.95. 

(i) + (iv) Suppose that T satisfies property (gab). By Theorem 5.95 then T* has 
the SVEP at every à € X (T), hence, by Theorem 2.98, q := q (ÀI — T) < oo for 
all à € X(T). Therefore, (AI — T)* (X) = (AI — T)1 (X) for all A € EÊ (T). 

Conversely, suppose that (iv) holds and à € £$ (T). Then 


(AI — T'(X) = (AI — T*(X) € (1 — T)"*! (x), 


and since (AJ — T)'*!(X) C (AI — T)'(X) holds for all n € N, we then 
obtain that (AJ — T)"(X) = (AI — T)"*!(X). Therefore, g(AJ — T) < v, and 
hence, by Theorem 2.65, T* has the SVEP at every à € EË (T). Consequently, by 
Theorem 5.95, T* satisfies property (gab). a 


Property (gab) for T* may be characterized by means of the quasi-nilpotent part 
as follows: 


Theorem 5.102 [fT € L(X) then T* has property (gab) if and only if Ho(41 — T) 
is closed for all à € X$ (T*). 


Proof Suppose that T* has property (gab). By Theorem 5.95 then 
x8 (T*) C isoo (T*) = isoo (T), 


so both T and T* have the SVEP at the points of EẸ(T*). Let à € EE(T*) = 
AS(T*) U Ma(T*). If A € A8(T*) then AJ — T* is B-Weyl, and hence is quasi- 
Fredholm. By Theorem 1.104 AJ — T is also quasi-Fredholm and, since T has the 
SVEP at A, Theorem 2.97 entails that Ho(AJ — T) is closed. If A € Ma(T*) then 
AI — T* is left Drazin invertible and hence A7 — T is right Drazin invertible, in 
particular quasi-Fredholm, so the SVEP of T at à entails, again by Theorem 2.98, 
that Ho(AI — T) is closed. 
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Conversely, suppose that Ho(AJ—T) is closed for all A € XS (T*).If A € A*(T*) 
then AJ — T* is B-Weyl, and hence, as above, AZ — T is quasi- Fredholm. The 
condition Ho(AI — T) closed implies, again by Theorem 2.97, that T has the SVEP 
at A. By Theorem 1.143 we then conclude that AJ — T is Drazin invertible, and hence 
à € isoo (T) = isoo (T*). If A € II;(T*) then AJ — T* is left Drazin invertible, so 
AI — T is right Drazin invertible. Since Ho(41 — T) is closed, then T has the SVEP 
at A, and hence AJ — T is Drazin invertible, again by Theorem 1.143. Consequently, 
à € isoo(T) = isoo(T*). Therefore, X£(T*) C isoc(T*) and hence T* has 
property (gab) by Theorem 5.95. a 


Theorem 5.103 Let T € L(X) be finitely polaroid. Then T satisfies property (gab) 
if and only if K (4I — T) has finite codimension for all à € X$ (T). 


Proof By Theorem 5.95 property (gab) entails that YXÍ(T)C isoo(T), so, if A € 
E$ (T) then AI — T is Browder. Observe that BOI — T) < œ implies that B(AT — 
T)" < oo for every n € N. Since A is a pole, then K (AI — T) = (AI — T)" (X) has 
finite codimension, where p is the order of the pole. 

Conversely, suppose that K (AJ — T) has finite codimension for all A € EE (T). 
If A € D8(T) then either A € A*(T) or A € II4(T). If A € A*(T), from the 
inclusion K(AI — T) C (AI — T)(X) we see that (AJ — T)(X) also has finite 
codimension, hence 6(AI — T) < oo. Since AJ — T is B-Weyl then a(A1 — T) = 
(AI — T) < oo, so AI — T is Weyl. The condition codim K (AI — T) < œ entails, 
by Theorem 2.105, that T* has the SVEP at A, or equivalently g(AI — T) < oo. By 
Theorem 1.22 it then follows that A is a pole, hence A? (T) C iso c (T). Consider 
the other case that A € II;(T). Then p(AI — T) < oo and, as above, the inclusion 
K (AI — T) € (AI — T)(X) implies that B(AI — T) < oo. Therefore, AJ — T is 
lower semi-Fredholm and hence the condition K (AI — T) has finite codimension 
implies, again by Theorem 2.105, that g(AI — T) < oo, from which we conclude 
that II; (T) € iso c (T). Consequently, XS (T) C iso o (T) and by Theorem 5.95, it 
then follows that T has property (gab). [| 


Theorem 5.104 Let T € L(X) be a-polaroid. Then property (gab), property (ab) 
and Browder's theorem are equivalent for T. 


Proof By Corollary 5.63, in order to show the equivalences we need only to show 
that Browder's theorem implies property (gab). If T satisfies Browder's theorem, 
or equivalently the generalized Browder's theorem, then AS (T) = II(T). Since T 
is a-polaroid, II; (T) = I(T), so A£ (T) = II;(T), i.e., T has property (gab). WB 


The equivalences of Theorem 5.104 cannot be extended to polaroid operators. 
Indeed, if T is defined as in Example 5.64, then T is polaroid and satisfies Browder's 
theorem, since T has the SVEP, while property (gab) does not hold for T. 


Theorem 5.105 Suppose that T, K € L(X) commute and that K" is a finite rank 
operator for some n € N. Furthermore, assume that iso oa4(T) = iso oa(T + K). If 
T has property (gab) then T + K also has property (gab). 
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Proof We know that og(T) = oa(T + K) and oa(T) = oj(T + K). By 
Theorem 3.27 we then obtain I(T) = I(T + K) and II; (T) = II4(T + K). 
Now, assume that T has property (gab). Then Browder's theorem holds for 7 and 
since K is a Riesz operator, Browder's theorem holds for T + K, by Corollary 5.5. 
Furthermore, property (gab) for T entails, by Theorem 5.95, that IT(T) = II4(T), 
and hence II(7) = II(T +K) = II4(T) = II4(T + K), so, again by Theorem 5.95, 
T + K has property (gab). [| 


Lemma 5.106 Suppose that for T € L(X) we have iso dap (T) = Ø. If K € L(X) 
is such that K” is finite-dimensional for some n € N, then iso oa (T + K) = Ø. 
Consequently, osp(T + K) = Oap(T). 


Proof We know that acc oap(T) = acc Oap(T + K), so 


Oap(T) = iso dap (T) U acc oap (T) = acc oap (T) 


= acc oap (T + K) C ogy(T + K). 


On the other hand, oap(K) is a finite set, say oap(K) = (A1, A2, ... An}, so we have 


iso Oap(T + K) C iso (oap (T) + eap (K)) = iso (_J(Ax + oa (T) = 9, 
k=1 


hence, by Theorem 3.26, we have 


Oap(T + K) = iso 0ap(T + K) U accoap(T + K) = acc oap(T + K) 


= acc Oap(T) = Oap(T), 


SO Oap(T + K) = oap (T) holds. | 


Theorem 5.107 Suppose that T, K € L(X) commute and that K" is a finite rank 
operator for some n € N. If iso oa (T) = Ø and T has (gab) then T + K has (gab). 


Proof The condition isoo,(T) = Ø implies that also isoog(T + K) = Ø. Thus, 
we are in the situation of Theorem 5.105, hence T transfers property (gab) to 
T tK. 


We have seen that the condition that R 1s Drazin invertible, which means that 
0 belongs to the resolvent or it is a pole of the resolvent of its Drazin inverse 
S, determines the spectral structure (or the local spectral structure) of its Drazin 
inverse. We conclude this chapter by proving that all Browder-type theorems are 
transmitted for a Drazin invertible operator R to its Drazin inverse. We begin with a 
remark. 


Remark 5.108 It should be noted that if R is Drazin invertible then 


R is upper semi-Weyl <4 R is Weyl < R is Browder. 
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Theorem 5.109 Suppose that R € L(X) is Drazin invertible with Drazin inverse 
S. Then 


() R satisfies Browder's theorem if and only if S satisfies Browder's theorem. 
(i) R satisfies a-Browder's theorem if and only if S satisfies a-Browder's theorem. 


Proof 


(i) Suppose that R satisfies Browder's theorem and let X = Y GZ, R= Ri ® Ro 
and S = 0@ S2, where S2 = R2~!. Let A ¢ ow(S) be arbitrarily given. To prove 
that Browder’s theorem holds for S it suffices to show that S has the SVEP at 
A. If A = 0 then T has the SVEP at 0, since either S is invertible or 0 is a pole 
of the resolvent of S (recall that the Drazin inverse S is itself Drazin invertible), 
and hence an isolated point of the spectrum. If A Æ 0 then 1/4 ¢ oy(R), and 
since R satisfies Browder's theorem, R has the SVEP at 1/4. By Theorem 2.184 
S has the SVEP at à. Hence S satisfies Browder's theorem. The converse may 
be proved by similar arguments. 

(ii) Suppose that R satisfies a-Browder's theorem and let A € oyy(S). If A = 0, 
since S is Drazin invertible we have p(S) = q(S) < co, hence S has the SVEP 
at 0. If A Æ 0 then i € Ouw(R), and since R satisfies a-Browder's theorem, 
R has the SVEP at 1/4. By Theorem 2.184 S has the SVEP at A, and hence S 
satisfies a-Browder's theorem. a 


Properties (b) and (ab) are also transmitted from a Drazin invertible operator to 
its Drazin inverse. To show this we need some preliminary results: 


Theorem 5.110 Suppose that R € L(X) is Drazin invertible with Drazin inverse 
S. Then R is Browder if and only if S is Browder. 


Proof If 0 ¢ o(R) then R is invertible and the Drazin inverse is S = RT! so the 
assertion is trivial in this case. Suppose that 0 € o(R) and that R is Browder. Then 
0 is a pole of the resolvent of R and is also a pole (of the first order) of the resolvent 
of S. Let X = Y © Z such that R = R4 © Ro, Rı = R|Y nilpotent and R? = R|Z 
invertible. Observe that 


ker R = ker R4 @ ker R? = ker R; © {0}, (5.14) 
and, analogously, since S = 0 @ S2 with $5 = Ry, we have 
ker S = ker OG ker Sp = Y @ {0}. (5.15) 


Since R is Browder we have a(R) = dim ker R « oo, and from the inclusion 
ker Rı C ker R it then follows that «(R1) < oo. Consequently, o (RT) « oo for 
all n € N. Let R] = 0. Since Y = ker R? we then conclude that the subspace Y is 
finite-dimensional and hence ker S = Y @ {0} is finite-dimensional, i.e. a(S) < oo. 
Now, S is Drazin invertible, so p(S) = q(S) « oo and hence, by Theorem 1.22, 
a (S) = (S) < oo. Hence S is Browder. 
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Conversely, suppose that S is Browder. Then a(S) < oo and hence by (5.15) 
the subspace Y is finite-dimensional, from which it follows that ker R; = ker R|Y 
is finite-dimensional. From (5.14) we then have that a(R) < oo and since p(R) = 
q(R) « co we then conclude that a(R) = B(R), again by Theorem 1.22. Therefore, 
R is a Browder operator. [| 


Lemma 5.111 Let R € L(X) be Drazin invertible with Drazin inverse S. We 
have: 


(i) 0 € poo(R) & 0 € poo(S). If 4 4 0 then X € poo(R) > 
(ii) 0€ Po9 C) 0e Po CS). Ifà AO thenre Poo CR) e 


Proof 


€ poo(S). 
€ poo (S). 


-p31— 


(i) Since 0 € o(R) if and only if 0 € o (S) then the first assertion follows from 
Theorem 5.110. The second assertion is clear from part (ii) of Theorem 3.126. 
(ii) The proof is similar to part (i). | 


Theorem 5.112 Suppose that R € L(X) is Drazin invertible with Drazin inverse 
S. Then 


(i) R satisfies property (ab) and only if S satisfies property (ab). 
(i) R satisfies property (b) and only if S satisfies property (ab). 


Proof 


(i) Suppose that R satisfies property (ab). Then R satisfies Browder's theorem 
and hence S also satisfies Browder's theorem, by Lemma 5.110. Therefore, 
(S) = ow(S). Let A € X4(S). By Theorem 5.82 it suffices to show that 
à € isoc (S). 

We distinguish the two cases à = 0 and A Æ 0. 

If A = 0 then 0 € iso ø (S), since S is Drazin invertible. Suppose that A Æ 0. 
Then either à € A(S) or A € poo(S). If A € ACS) = a(S) \ ow(S) = a(S) \ 
a(S) = poo(S), then AJ — S is Browder, so À € isoo (S). If A € P999) then, 
by Lemma 5.111, i € pog (R). Property (ab) for R entails, by Theorem 5.82, 
i € isoo (R). Consequently, A € iso ø (S). 

Therefore, S has property (ab). The converse may be proved by using similar 
arguments. 

(ii) Suppose that R satisfies property (b), or equivalently A;(R) C isoo(R). 
Then R satisfies a-Browder's theorem and hence S also satisfies a- Browder's 
theorem, by Theorem 5.109, so that oy; (R) = eyy (SR) and ous (S) = ouw(S). 
Consequently, 


Aa(R) = Põo(R) and A«(S) = poo CS). 
To show property (b) for T it suffices to prove, by Theorem 5.82, the inclusion 


Aa(S) € isoo (S). Let A € Ag(S). If A = 0 then 0 is an isolated point of o (S), 
since S is Drazin invertible. Suppose that A Z 0. Since à € Ag(S) = P999) 
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then, by Lemma 5.111 and Theorem 5.82, i € pgo9(R) = Aa(R) € isoo(R). 
Consequently, A € iso o (S). Thus, S has property (b). The converse may be 
proved in a similar way. [| 


5.7 Comments 


Browder's theorem was introduced by Harte and Lee [173], while the concept of the 
generalized Browder's theorem was first introduced by Berkani and Koliha in [70]. 
The equivalence between Browder's theorem and the generalized Browder's theo- 
rem was proved by Amouch and Zguitti [48] and was later proved in [36], by using 
the methods adopted in the first section of this chapter. All the material concerning 
the characterizations of Browder's theorem and the generalized Browder's theorem, 
by means of the localized SVEP, as well as by means of the quasi-nilpotent part 
Ho(AI — T) as à belongs to certain subsets of C, is modeled after Aiena and Biondi 
[10], and Aiena and Garcia [13]. However, most of the material of Sect. 5.2 of this 
chapter is inspired by the works of Aiena et al. [35], and Aiena, and Miller [34]. 

Property (b), property (gb) and property (ab) were introduced by Berkani and 
Zariuoh in various articles, for instance [74, 75]. In [73] and [76] Berkani, Sarih and 
Zariouh established some other results concerning the stability of these properties 
under commutative finite-rank perturbations, compact perturbations and nilpotent 
perturbations. Related results may be found in Duggal and Kim [137]. Most of 
the material concerning the characterizations of the properties by means of the 
quasi-nilpotent part and the analytic core of AJ — T is modeled after Aiena et 
al. [43]. Property (gab) was introduced by Berkani and Zariouh in [75], but most 
of the material of this chapter concerning this property may be found in Aiena 
and Triolo [25]. The results concerning the transmission of Browder-type theorems 
from a Drazin invertible operator to its Drazin inverse are modeled after Aiena and 
Triolo [28]. 


Chapter 6 A 
Weyl-Type Theorems gett 


In the previous chapters we introduced several classes of operators which have their 
origin in Fredholm theory. We also know that the spectrum of a bounded linear 
operator T on a Banach space X can be split into subsets in many different ways. In 
1908 Weyl [296] proved an important property of self-adjoint operators on Hilbert 
spaces. He proved that if T € L(H) is self-adjoint then the spectral points A € o (T) 
that do not belong to the intersection of all the spectra o (T 4- K), where K € L(H) 
are compact operators, are exactly the points of the set 7990 (T) of all isolated points 
à of o (T) which are eigenvalues of finite multiplicity, i.e., 0 < «(AI — T) < oo. In 
our language, the intersection mentioned above coincides with what we called the 
Weyl spectrum of T (see Corollary 3.37). Hence, Weyl proved the equality 


c (T) \ ow(T) = mo0(T) (6.1) 


for self-adjoint operators in Hilbert spaces. In 1966 Coburn [97] extended Weyl’s 
result from self-adjoint operators to nonnormal operators, in particular to Toeplitz 
operators on Hardy spaces, and later this result was extended to several other classes 
of operators and this, in more recent years, gave rise to an intense line of research 
in spectral theory. Nowadays, an operator for which the equality (6.1) holds is said 
to satisfy Weyl’s theorem. 

Since for a self-adjoint operator T, the SVEP is satisfied by both T and T* 
(indeed, T is decomposable), by Theorem 2.68 we then have o (T) = Oap(T) and, by 
Theorem 3.44, we also have oyw(T) = ow(T). Therefore, for self-adjoint operators 
we have: 


7zoo(T) = o (T) \ ow(T) = oa (T) \ Ouw(T) = m9 (T). (6.2) 


where 799 (T) is the set of all isolated points of o;35 (7) which are eigenvalues 
of finite multiplicity. In [262], Rakočević introduced the operators for which the 
equality Oap(T) \ ou; (T) = G(T) holds. These operators are said to satisfy 
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a-Weyl’s theorem. From the equalities (6.2) it then follows that a-Weyl’s theorem 
and Weyl’s theorem are equivalent for self-adjoint operators. We shall see that this is 
true only assuming the SVEP for T*. But for operators which are not self-adjoint, a- 
Weyl’s theorem is in general stronger than Weyl’s theorem. Moreover, there are also 
examples of operators for which the equality oap (7) V Ouw(T) = 7too(T) holds, and 
in this case we say that T' satisfies property (w). We shall see that for any operator 
a-Weyl’s theorem, as well as property (w), entails Weyl theorem. Furthermore, a- 
Weyl’s theorem and property (œw) are independent. 

The Weyl-type theorems mentioned above admit an extension obtained by 
replacing the classical Fredholm theory by the B-Fredholm theory introduced by 
Berkani [64]. In the literature the versions of Weyl-type theorems obtained in the 
framework of B-Fredholm theory are improperly called (because they are stronger 
versions) the generalized Weyl’s theorem, the generalized a-Weyl’s theorem and 
the generalized property (w). Before studying all these Weyl-type theorems we 
introduce, in the first two sections, the property (R) and the generalized property 
(gR), which in some sense may be thought of as half property (w) and property 
(gw), respectively. After a rather detailed study of Weyl-type theorems we shall see 
that if T is a polaroid-type operator then some of these theorems are equivalent. 
Weyl-type theorems are also extended from a Drazin invertible operator R to its 
Drazin inverse. 

Weyl-type theorems are satisfied by several classes of operators defined on 
Banach spaces, for instance Toeplitz operators on Hardy spaces, semi-shifts, and 
symmetrizable operators. The two conditions of being polaroid and of T, or T%*, 
having the SVEP provide a useful tool for establishing Weyl-type theorems, but 
the case of Toeplitz operators provide an example of operators that obey Weyl’s 
theorem, even if neither T and T* satisfy the SVEP. 

We conclude this book by giving, in the last section of this chapter, a very 
useful and unique theoretical framework from which we can deduce that the Weyl- 
type theorems hold for many classes of operators which act on Hilbert spaces. 
This framework is created by introducing the class of quasi totally hereditarily 
normaloid operators and by proving that these operators are hereditarily polaroid. 
Many common classes of operators T on Hilbert spaces are quasi totally hereditarily 
normaloid, and this fact, together with SVEP, allows us to extend all Weyl-type 
theorems to the perturbations f (T + K), where K is algebraic and commutes with 
T and f is an analytic function, defined on an open neighbourhood of the spectrum 
of T + K, such that f is non-constant on each of the components of its domain. 


6.1 Property (R) 


Recall that by poo(T) := o (T)\o (T) we denote the set of all poles of the resolvent 
having finite rank, while 


Poo (T) :— eap (T) Vou (T) 
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denotes the set of all left poles having finite rank. Define 
moo(T) := {A € isoo (D) : 0 « a(AI — T) < x}, 


i.e., ztoo(T) is the set of all eigenvalues of T which are isolated points of the 
spectrum and have finite multiplicity. It is easily seen that 


poo(T) € zgo(T) for all T € L(X). 


Indeed, every à € poo(T) is a pole of the resolvent and hence an isolated point of the 
spectrum. Furthermore, «(àI — T) < oo, since AI — T € B(X), and a(AI — T) > 0, 
otherwise, if «(47 — T) = 0 we would have, by Theorem 1.22, a(A1 — T) = 
BAI — T) = 0, hence à ¢ o (T). 

We now consider the operators T € L(X) on Banach spaces for which the 
equality zt99(T) = poo(T) holds. The next theorem shows that this condition may 
be characterized in several ways: 


Theorem 6.1 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) ztoo(T) = poo(T); 
(ii) ow(T) N mo0(T) = Ø; 
(ii) (AI — T)(X) is closed for all X € noo(T); 
(iv) Ho(I — T) is finite-dimensional for all X € mo9(T); 
(v) KAI — T) has finite codimension for all X € mo9(T); 
(vi) (AI — T)? (X) has finite codimension for all à € z9o(T); 
(vii) BAI — T) < oo for all X € rtoo(T); 
(viii) q(A1 — T) < oo for all à € zoo(T); 
(ix) The mapping à — y (àI — T) is not continuous at each Xo € ztoo(T), where 
y (al — T) denotes the minimal modulus of XI — T. 


Proof (i) => (ii) If poo(T) = ztoo(T) then zoo(T) (Yos (T) = Ø, and hence oy (T) 
zxoo(T) = Ø, since ow(T) C og (T). 

(ii) > (iii) If à € xoo(T) then A7 — T is Weyl, so (AJ — T)(X) is closed. 

(iii) > (iv) If A € zoo(T) then (àI — T) < oo, so Agl — T € o, (X). Since 
T has the SVEP at every isolated point of o (T), by Theorem 2.105 it then follows 
that Ho(AJ — T) has finite dimension. 

(iv) > (v) If 4 € isoo (T) then the decomposition X = Ho(4I — T)G K (A1 — T) 
holds, by Theorem 2.45. Consequently, K (AI — T) has finite codimension, since 
Ho(Al — T) is finite-dimensional. 

(v) => (vi) This follows from the inclusion K (AJ — T) € (AI — T)*?(X). 

(vi) > (vii) Clear, since (AI — T)??(X) € (AI — T)(X) for every A € C, and 
this implies that B(AI — T) < oo. 

(vii) 2 (i) For every A € zoo(T) we have a(A1 — T) < oo, so if 8(AI — 
T) < œ then AJ — T € ®(X). Since à € isoc (T), the SVEP of T and T* at A 
ensures that p(AI — T) and q(AI — T) are both finite, by Theorems 2.97 and 2.98. 
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Thus, z9o(T ) € poo(T) and hence, since the opposite inclusion is satisfied by every 
operator, we may conclude that z9o(T) = poo(T). 

(i) 2 (viii) Clear. 

(viii) 2 (vii) This is immediate. In fact, by Theorem 1.22, if qAJ — T) < oo 
then BA — T) € a(AI — T) < co for all à € zroo(T ). 

(iii) <> (ix) Observe first that if Ao € ztoo(T) then there exists a punctured open 
disc Do centered at A9 such that 


yOI—T)zx|X—2o| forall A € Do. (6.3) 


In fact, if Ao is isolated in o (T) then AJ — T is invertible, and hence has closed range 
in an open punctured disc D centered at Ag. Take 0 Z x € ker(Ag/ — T). Then 


rige DATED... Mar 
, T dist(x,kerA] — T) — llx l 
= LOL Ew 


From the estimate (6.3) it then follows that y (AJ — T) — O0 as à — 2o, so the 

mapping A — y (AI — T) is not continuous at a point Ao € zo0(T) precisely when 

y (ol — T) > 0, or, equivalently, by Theorem 1.2, when (Ao/ — T)(X) is closed. 
| 


Definition 6.2 We say that an operator T € L(X) satisfies property (R) if the 
equality poo (T) = ztoo(T ) holds. 


The following example shows that property (R) for an operator 7 is not 
transmitted to the dual T*. 


Example 6.3 Let T € (N) be the weighted right unilateral shift defined by 


X1 X2 


Poe (o. 7. ....) for all x = (x1, x2,...) € ÊN). 


Clearly, T is quasi-nilpotent, oa(T) = ow (T) = {0}, and pfo (T) = Ø, so T satisfies 


property (R). On the other hand, it is easily seen that T* does not satisfy property 
(R). 


By duality it is easy to see that T* satisfies property (R) if and only if zo9(T*) 
coincides with the set of all right poles having finite rank. 


Theorem 6.4 If T € L(X) satisfies property (R), then mo9(T) = poo(T). In 
particular, every left pole of finite rank of T is a pole. 


Proof Observe first that the inclusion poo(T) C zoo(T) holds for all T € L(X), 
so we need only to show the opposite inclusion. Suppose that T satisfies (R) and 
let X € zoo(T) = Poo (D). Then p(AI — T) < co, and since A € isoc (T) then 
T* has the SVEP at A. By Theorem 2.98, since AJ — T € B4 (X), the SVEP for 
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T* at A is equivalent to saying that q (àI — T) < oo. Moreover, «(àI — T) < co, 
since A € zrgo(T ). From Theorem 1.22 it then follows that 6(AJ — T) < co, so that 
AI — T € B(X). Since «(àI — T) > 0 we then conclude that à € o (T) \ œ(T) = 
Poo(T), thus zoo (T) = poo(T ). The last assertion is clear: poo(T) = Poo(T)- a 


Theorem 6.5 Let T € L(H), H a Hilbert space. Then T* has property (R) if and 
only if its adjoint T' has property (R). 


Proof By Theorem 3.1 we have 
Poo(T*) = Fap(T*) V ou (T7) = Fap(T) Vou (T^) = pgo(T^) 


and obviously, zo9o(T*) = ztoo(T"). | 


The equality zo0(T) = poo(T) is strictly weaker than property (R) for T. 
However, we have: 


Theorem 6.6 T € L(X) satisfies property (R) if and only if the following two 
conditions hold: 


(i) pgg(T) € isoo (T). 
(ii) z9o(T) = poo(7). 


Proof If T satisfies property (R) then Poo CD) = moo(T) C isoo(T) and, by 
Theorem 6.4, we have zoo(T) = poo(T). Conversely, suppose that both (i) and 
(ii) hold. If A € pog(T) = oap(T) V ow (T) then AJ — T € By(X), hence 
AI — T has closed range. Since A € Oap(T), we have 0 < a(AI — T) < oo, 
from which we conclude that Poo(T) C moo(T). Since xoo(T) = poo(T) we then 
have zoo(T) € pog(T). Therefore poo (T) = ztoo(T ). | 


Clearly, every polaroid operator T satisfies poo(T) = ztoo(T ). 
Theorem 6.7 Suppose that T € L(X) is a-polaroid. Then T satisfies property (R). 


Proof If à € pog(T) then A is a left pole and hence an isolated point of oap(T). 
Since T is a-polaroid, A is a pole of the resolvent of T and hence an isolated point 
of the spectrum. Clearly, 0 < o (AI — T) < oo, thus A € zroo(T) and consequently 
Poo (T) € mo0(T). 

To show the opposite inclusion z990(T) C poo(T), let à € mo9(T) be arbitrarily 
given. Since 0 < o (AI — T), we have à € oap(T) and, since A € iso ø (T), we then 
have A € iso oap (7), and hence À is a pole of the resolvent of T, or equivalently 
AI — T has both ascent and descent finite. Since «(AJ — T) < oo then B(AI — T) < 
oo, by Theorem 1.22, hence AJ — T € B(X), in particular à ¢ oyp(T). Therefore 
À € os (T) Vous (T) = pgg(T), as desired. L 


By Theorem 4.24 the a-polaroid condition is preserved under commuting 
perturbations K for which K” is finite-dimensional for some n € N, so we have: 


Corollary 6.8 /f T € L(X) is a-polaroid and K € L(X) commutes with T and K” 
is finite-dimensional for some N € N, then T + K satisfies property (R). 
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The next example shows that under the weaker condition of T being polaroid the 
result of Theorem 6.7 does not hold. 


Example 6.9 Let R € (N) be the unilateral right shift and 
U (x1, x2, ...) = (0,x2,%3,---) forall (xn) € £7(N). 


If T := R QU then o(T) = D(0, 1), so isoo(T) = zoo(T) = f. Therefore, T is 
polaroid. Moreover, o35 (T) = 'U{0}, where F is the unit circle, so iso o3 (7T) = {0}. 
Since R is injective and p(U) = 1 it then follows that p(T) = p(R) + p(U) = 1. 
Furthermore, T € (X) and hence T is upper semi-Browder, so 0 € o,(T) \ 
Ou (T) = pog(T), from which we conclude that p§)(T) Æ mo0(T). 


The result of Theorem 6.7 may be extended as follows: 
Theorem 6.10 Let T € L(X) be polaroid and f € Hyc(a(T)). 


(i) If T* has the SVEP then property (R) holds for f(T). 
(ii) If T has the SVEP then property (R) holds for f (T*). 


Proof 


(i) From Theorem 4.19 we know that f (T) is polaroid and, by Corollary 2.89, 
f(T*) has the SVEP, hence, by Theorem 4.15, f(T) is a-polaroid. From 
Theorem 6.29 it then follows that property (R) holds for f(T). 

(ii) T* is also polaroid and hence, again by Theorem 4.19, f(T*) is polaroid. 
Moreover, again by Corollary 2.89, f(T) has the SVEP, and hence, by 
Theorem 4.15, f (T*) is a-polaroid. From Theorem 6.7 we then conclude that 
property (R) holds for f (T*). L| 


We now investigate the permanence of property (R) under Riesz commuting 
perturbations. Define 
xof (T) := {A € isoc(T) : «(AI — T) < ov}. 
Obviously, zo0(T) € 7tof (T). 
The following result gives useful information on z99(T + K). 


Theorem 6.11 Let T € L(X) and suppose that R € L(X) is a Riesz operator that 
commutes with T. Then we have 


(i) zor(T +R) No(T) € isoo(T). 
Gi) zto(T + R) N oap(T) C isoo (T). 


Proof 


(i) Assume that à € ztor(T + K)'1e (T). Since à € isoo (T + R), by Theorem 2.45 
we have 


X = Ho(A4I — (T - RF) 6 K(T 4 R — AD). 
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Write T = Ti ® T» and R = Rı ® R» with respect to this decomposition. We 
claim that o (T1) is a finite set. To show this, let us suppose that o (T1) is infinite 
and consider a sequence (àn) of distinct scalars in o (T1) \ {A}. Consider the 
operator 


Q :— AI — (Ty + R1) = AI — (T + R) Ho — (T + R)). 


Evidently, Q is quasi-nilpotent and ker Q is finite-dimensional, since à € 
mor(T + R). Since A, — A Æ 0, we have 


AI — AI + AI — (Ti + R1) = Aul — (Ti + R0) 


is invertible and hence Weyl. Since Rj = R|Ho(AI — (T + R)) is Riesz, by 
Theorem 3.7, so A, J — Tı is Weyl and hence ker (àn Z — T1) is a non-zero finite- 
dimensional subspace, because 4,7 — Tı is not invertible. From this we then 
conclude that the restriction of Q to ker (A, J — Tj) is nilpotent, so ker (A, J — 
Tı) N ker Q is not trivial and hence it contains a non-zero element x,. Since 
each x, is an eigenvector of T associated to A, and the scalars àn are mutually 
distinct, we can easily check that (x,) consists of linearly independent vectors. 
Consequently, since x, € ker Q forevery n € N, the subspace ker Q is infinite- 
dimensional, a contradiction. Therefore o (T) is finite and hence there exists a 
deleted neighborhood U; of à such that U1 N o (T1) = Ø. On the other hand, 
since A7 — (T5 + R2) is invertible, and hence Browder, AJ — T»? is Browder, by 
Theorem 3.8. Consequently there exists a deleted neighborhood U2 of à such 
that U2 1o (T?) = Ø. Now, if U := Ui N Uz then U (1o (T) = Ø and since 
à € c (T) we then conclude that A € 1so c (T). 
(ii) Clearly, we have 


z90(T + R) '1ogp(T) € ztor(T + R) o(T), 


so, from part (i) we deduce that zo9(T + R) N oap(T) € isoo (T). | 


Theorem 6.12 Suppose that T € L(X) has property (R) and R € L(X) is a Riesz 
operator for which T R = RT. If osy(T) = Oap(T + R) then ztoo(T) € ztoo(T + R). 


Proof Suppose that T has property (R). By assumption we have oap(T) = oap(T + 
R), hence 


xoo(T) = Oap(T) \ ow (T) = Oap(T + R) \ ow(T + R) = Poo (T +R). (6.4) 


Let A € m00(T) be arbitrarily given. Taking into account that S := T + R commutes 
with R, by part (ii) of Lemma 6.11 and recalling that the isolated point of the 
spectrum belongs to the approximate point spectrum, we then have 


À € ztoo(T) N eap(T + R) = moo (S — R) N oap (S) 
€ isoo (S) = isoo (T + R) € oẹ(T + R). 
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Moreover, by Theorem 3.8 we know that AJ — (T + R) is upper semi-Browder and 
hence has closed range. Since A € oap (T + R) it then follows that A is an eigenvalue, 
so 0 < a(AI — (T + R)) < oo, i.e., à € xoo(T + R), as desired. | 


Remark 6.13 Recall that a(T) < oo implies that a(T”) < oo for all n € N. 
Moreover, if there exists a finite-dimensional operator S € L(Z) which has finite- 
dimensional kernel, then the Banach space Z is necessarily finite-dimensional. 


Theorem 6.14 Suppose that T € L(X) is an isoloid operator for which property 
(R) holds and let K € L(X) be a bounded operator commuting with T such that 
K” is a finite rank operator for some n € N. If oa (T) = oap(T + K) then we 
have: 


(i) ztoo(T) = ztoo(T + K). 

(i) T + K has property (R). 

Proof 

(i) Observe first that K is a Riesz operator, so, by Theorem 6.12, we need only to 
prove the inclusion zo9(T + K) C ztoo(T). 

Let à € ztoo(T + K). Then å is an isolated point of o (T + K), and since 

o (AI — (T + K)) > 0 we then have A € ogp(T + K) = Oap(T). Therefore, by 
Lemma 6.11, 


A € ztoo(T + K) N oa (T) € isoo (T). 
Since T is isoloid we then have a (A7 — T) > 0. We show now that a (A1 — T) < 
oo. Let U denote the restriction of (AJ — (T + K))" to ker (AJ — T). Clearly, 
if x € ker (àZ — T) then 
Ux = (1) K"x e K"(X), 


thus U is a finite rank operator. Moreover, since A € ;roo(T + K) we have 
a(Al — (T + K)) < oo and hence 


a(U) x a(AI — (T + K))" < co. 
By Remark 6.13 it then follows that ker (47 — T) is finite-dimensional, as 
claimed. Therefore, A € xoo(T), and, consequently, zo9(T + K) € ztoo(T). 
(ii) Since K is a Riesz operator we have, by Theorem 3.8, oup (T) = ow(T + K), 
thus 


moo(T + K) = m00(T) = oap (T) Nous (T) = ogp(T + K) Vous (T + K), 


hence T + K satisfies property (R). [| 
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Evidently Theorem 6.14 applies to the case of a commuting nilpotent perturba- 
tion N. Indeed, in this case the equality oap(T) = Oap(T + N) is satisfied. The next 
result shows that in the case of nilpotent perturbations the condition that T is isoloid 
can be omitted. 


Theorem 6.15 Suppose that T € L(X) and let N € L(X) be a nilpotent operator 
which commutes with T. Then we have: 


(i) mo0(T + N) = ztoo(T). 
(i) T satisfies property (R) if and only if T + N satisfies property (R). 


Proof 
(i) Suppose that N? = 0. We show first that 


ker(Al — (T + N)) Cker(Al — T)". (6.5) 
Indeed, if x € ker(AJ — (T + N)) then (AI — T)x = Nx, hence 
(AI — T)?x = N?x =0, 
so x € ker(A1 — T)?. It is easily seen that 
ker(41 — T) € ker(A1 — (T + N)’. (6.6) 


Indeed, suppose that x € ker(A/ — T), ie. (AI — T)x = 0. Then for some 
suitable binomial coefficients 4 j, p we have 


Pp 
(AI — (T +N)Px = 5 Lj, pI — TY N? x = NPx — 0. 
j-0 


Finally, suppose that A € z;roo(T). Then A € isoo(T) = isoo(T + N). 
Moreover, a(A41 — T) > 0 entails, by (1.38), that «(AJ — (T + N)? > 0 
and hence a(AJ — (T + N)) > 0. From a(Al — T) < oo we deduce that 
a(AI — T)? < oo and hence, from the inclusion (1.38), we conclude that 
Q (XI — (T + N)) < co. Therefore à € ztogo(T + N). To show the opposite 
inclusion just proceed by symmetry: since N commutes with T + N, 


moo(T + N) € ztoo(T +N — N) = ztoo(T)). 
(ii) Suppose that T has property (R). Then 


moo(T + N) = ztoo(T) = Oap(T) \ ous (T) 
ea(T +N) \ ow(T +N) 
= pog(T +N), 
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therefore T + N has property (R). The converse follows by symmetry. [| 


Example 6.16 Generally, property (R) is not transmitted from T to a quasi- 
nilpotent perturbation T + Q. In fact, if Q € L(€2(N)) is defined by 


Q(xi, x2,...) = (2 E 


a 2 
E nd for all (xn) € £? (N), 


then Q is quasi-nilpotent, so o35(Q) = oub (Q) = {0} and hence 


{0} = 00(Q) F Fap(Q) V ow (Q) = 9. 


Take T = 0. Clearly, T satisfies property (R) but T + Q = Q fails this property. 


Recall that T € L(X) is said to be finite-isoloid if every isolated point of o (T) 
is an eigenvalue of T having finite multiplicity. 


Theorem 6.17 Suppose that T € L(X) is a finite-isoloid operator which satisfies 
property (R). If K is a Riesz operator which commutes with T and such that 
Oap(T) = Oap(T + K), then T + K has property (R). 


Proof We show first that zo0(T + K) = xo0(T). By Theorem 6.12 it suffices to 
prove that zo9(T + K) € mo0(T). Let A € ztoo(T + K) be arbitrarily given. Then 
à € isoo (T + K) and «(A1 — (T + K) > 0 entails that A € Oap(T + K) = oa (T). 
By Lemma 6.11 it then follows that 


À € ztoo(T + K) N ogp(T) € isoo (T). 


Since T is finite-isoloid, 0 < «(AI — T) < oo, so A € ztoo(T), and hence zo9(T + 
K) = rtoo(T). Property (R) then follows from the following equalities: 
Poo(T +K)= Oap(T +K)\ow(T + K) = Oap(T) \ oub (T) 
= m00(T) = zo (T + K). 


Corollary 6.18 Suppose that T € L(X) is a finite-isoloid operator which satisfies 

property (R). If Q € L(X) is quasi-nilpotent operator which commutes with T then 

T + Q has property (R). 

Proof Since oap (T) = oap(T + Q) the result follows directly from Theorem 6.17. 
a 


Theorem 6.19 /f T is a-polaroid and finite-isoloid, and Q is a quasi-nilpotent 
operator which commutes with T, then T + Q has property (R). 


Proof If X € iso Oap(T + Q) then A € iso oap(T) and hence, since T is a-polaroid, 
A is a pole of the resolvent of T, in particular an isolated point of the spectrum. 
Therefore, p := p(AI—T) = q(AI—T) < œ and since by assumption a(AI—T) < 
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oo we then have a (A1 — T) = (àI — T), by Theorem 1.22, so AI — T is Browder. 
As observed in Chap. 3, Browder operators are invariant under Riesz commuting 
perturbations, in particular under quasi-nilpotent commuting perturbations, hence 
AI — (T + Q) is Browder, and consequently A is a pole of the resolvent of T + Q. 
Therefore T + Q is a-polaroid, thus Theorem 6.7 applies. a 


It is natural to ask how to extend the results above to algebraic commuting 
perturbations. In the following result we give a positive answer in the case when 
the operator is hereditarily polaroid and has the SVEP. 


Theorem 6.20 Suppose that T € L(X) and K € L(X) is an algebraic operator 
which commutes with T. 


(i) IfT is hereditarily polaroid then T* + K* satisfies property (R). 
(ii) If T* is hereditarily polaroid then T + K satisfies property (R). 


Proof 'The statements are a direct consequence of Theorems 4.32 and 6.7. a 


Remark 6.21 In the case of Hilbert space operators, the assertions of Theorem 6.20 
are still valid if T* is replaced with the Hilbert adjoint 7". 


The result of Theorem 6.20 may be considerably improved. As usual, let 
Hnc(o(T)) denote the set of all analytic functions, defined on an open neighborhood 
of c (T), such that f is non-constant on each of the components of its domain. 
Define, by the classical functional calculus, f (T) for every f € ?t,.(o (T)). 


Theorem 6.22 Suppose that T € L(X) and K € L(X) is an algebraic operator 
which commutes with T. 


(i) If T is hereditarily polaroid and has the SVEP then f (T* + K*) satisfies 
property (R) for all f € TL, (o (T + K)). 

(ii) If T* is hereditarily polaroid and has the SVEP then f(T + K) satisfies 
property (R) for all f € TL, (o (T + K)). 


Proof (i) As in the proof of Theorem 6.20, we have T* + K* is polaroid, and hence 
f (T* 4- K*) is polaroid, by Theorem 4.19. Moreover the SVEP for T +K entails the 
SVEP for f(T + K), by Corollary 2.89, and hence og; (f (T* + K*)) = o(f(T* + 
K*)), by Theorem 2.68. Therefore, f (T* + K*) is a-polaroid and property (R) for 
f(T* + K*) then follows from Theorem 6.7. 

The proof of part (ii) is analogous. E 


In the proof of Theorem 4.32 it is shown that if T is hereditarily polaroid 
then T + K is polaroid. The polaroid condition is stronger than the isoloid 
condition. We call T € L(X) hereditarily isoloid if every restriction T|M to a 
closed invariant subspace of T is isoloid. Obviously, every hereditarily polaroid 
is hereditarily isoloid. There is some interest in asking if the hereditarily isoloid 
condition on T entails that T + K is isoloid, where K is algebraic and commutes 
with T. The answer is positive. To show this we first need to prove the following 
lemma. 
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Lemma 6.23 If T € L(X) is isoloid and if N € L(X) is nilpotent and commutes 
with T then T + N is isoloid. 


Proof As observed in the proof of Theorem 6.15 we have ker(AJ — T) € ker(A] — 
(T + N))? where NP = 0. If A € isoo(T + N) = isoc(T), then the isoloid 
condition entails that ker(AJ — T) 4 {0}. Therefore, we have ker(AJ — (T -- N))? z 
(0), and this obviously implies ker(AJ — (T + N)) z {0}. | 


Theorem 6.24 If T € L(X) is hereditarily isoloid and if K € L(X) is algebraic 
and commutes with T then T — K is isoloid. 


Proof Using the same denotation of the proof of Theorem 4.32, if N; := A;I — Kj 
we have o (T; — Kj) = o (T; — Kj — Ni) = o (T; — ài I). Hence, 


o(T —K)= Low — AD. 


i=] 


Now, let à € isoc(T — K). Then A € isoo(T; — Kj) for some j, and hence 
à +å; € isoc(T;). Since T; is isoloid, A + À; is an eigenvalue of T;. If pj 
denotes the order of the vilpoterít operator N; then, from the inclusion (1. 38) we 
obtain 


{0} A ker((A + 4;)1 — Tj) € ker((A + 45)I — (Tj + Nj) 
= ker(AI — (T; — Kj))?!, 


from which we deduce that A is an eigenvalue of T; — Kj. Since 


ker.I — (T — K)) = @ker(al — (T; — Kj)) 
j=l 


it then follows that ker(47 — (T — K)) Æ {0}, i.e., A is an eigenvalue of T — K. M 


6.2 Property (g R) 


In this section we consider the generalization of property (R) in the sense of B- 
Fredholm theory. Recall that for every bounded operator T € L(X) we set: 


E(T) := {A € isoo (T) : 0 < a(AI — T)). 
Obviously, zoo(T) € E(T). 


Definition 6.25 An operator T € L(X) is said to satisfy the generalized property 
(R), abbreviated (gR), if the equality o3(T) V o1(T) = E(T) holds, i.e., E(T) 
coincides with the set II; (T) of all left poles of T. 
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By duality T* satisfies property (g R) if and only if E(T*) coincides with the set 
of right left poles of T. 


Theorem 6.26 Property (g R) implies property (R). 


Proof Let T € L(X) and suppose that à € pgg(T) = oap(T) \ ow (T). Then AJ — T 
is upper semi-Browder and hence «(A7 — T) < oo. Since AJ — T has closed range 
and AI — T is not bounded below then 0 < o (A7 — T). Trivially, every upper semi- 
Browder is upper semi B-Browder, or equivalently, by Theorem 3.47, is left Drazin 
invertible, hence A € Oap(T)\o1a(T) = E(T). Since a(AI—T) < œ it then follows 
that A € xoo(T). This shows the inclusion pgg(T) € ztoo(T). 

Conversely, suppose that A € xoo(T). Then à € E(T) = oa (T) \ o1a(T), so 
AI — T is left Drazin invertible, and hence p :— p(AI — T) < oo and (AJ — 
T)P*! (X) is closed. Moreover, A € zt9o(T) entails that «(4I — T) < oo and hence, 
a (AI — T)?*! < oo. Consequently, (AJ — T)?+! is upper semi-Fredholm and this, 
by the classical Fredholm theory, implies AJ — T € o, (X). Therefore, AJ — T is 
upper semi-Browder, hence A € po, (T), and consequently poy(T) = zoo(T). W 


Theorem 6.27 Let T € L(X). Then we have: 


(i) If T satisfies property (g R) then every left pole of T is a pole of the resolvent 
of T. 

(ii) If T* satisfies property (g R) then every right pole of T is a pole of the resolvent 
of T. 


Proof 


(i) Let A € II; (T). Then A7 — T is left Drazin invertible and hence p(AJ—T) < oo. 
Since T satisfies property (gR) we have A € E(T), so A is an isolated point 
of o (T). Consequently, T* has the SVEP at A and since AJ — T is left Drazin 
invertible, the SVEP of T* at A implies, by Theorem 2.98, that q(A4I — T) < 
oo. Therefore, A is a pole of the resolvent of T and hence II;(T) C I(T). 
Since the opposite inclusion is true for every operator, we then conclude that 
II; (T) = I(T). 

(ii) Clear, by duality. [| 


An example of an operator with property (R) but not property (g R) may be easily 
found: 


Example 6.28 Let T :— 0 ® Q, where Q is any quasi-nilpotent operator acting 
on an infinite-dimensional Banach space X such that Q"(X) is non-closed for all 
n € N. Clearly, oap (T) = ous (T) = {0}, so T has property (R), since Poo D) = 
zxoo(T) = Ø. Since T” (X) is non-closed for all n € N, T is not left Drazin invertible, 
so II; (T) = Ø. On the other hand, E (T) = {0}, so property (g R) does not hold for 
T. 


The next result improves Theorem 6.7. 


Theorem 6.29 Jf T € L(X) is a-polaroid then T satisfies property (g R). 


432 6 Weyl-Type Theorems 


Proof Let X € o,(T) \ ojg(T). Then A7 — T is left Drazin invertible, hence À 
is a left pole of T and, consequently, an isolated point of o5 (T). Since T is a- 
polaroid, A is a pole of the resolvent of T and hence an isolated point of o (T). 
From p(Al — T) = q(AI — T) < oo we deduce that a(AJ — T) = (AI — T), 
see Theorem 1.22, and this excludes that «(47 — T) = 0, otherwise A ¢ o(T). 
Therefore, à € E(T). 

Conversely, let A € E(T). Then A € isoc (T) and the condition «(A7 — T) > 0 
entails that A € oap (7) and hence A € iso oap (T). Therefore, À is a pole, in particular 
a left pole, so A € II; (T) = oa4(T) \ oun (T). | 


Example 6.30 Let R € L(€2(N)) be the unilateral right shift and 
U(x1,X2,...) = (0, x2,x3,-+-) forall (xn) € N). 


If T := R@®U we have T € $,(X) and hence T- é (X), so that T^t) is 
closed. We also have p(T) = 1 so that 0 is a left pole of T. Since o,(7) = 'U(0, T 
the unit circle, it then follows that T is left polaroid. On the other hand, q (R) = oo, 
and hence q(T) = q(R) + q(U) = co, so that T is not a-polaroid. This example 
also shows that a left polaroid operator in general does not satisfy property (g R). 


Theorem 6.31 Suppose that T € L(X) is left polaroid. 


(i) If T satisfies property (R) then E4(T) = Ma (T). 
Gi) If T satisfies property (g R) then E(T) = E4(T) = Mq(T). 


Proof 


(i) Trivially, for every left polaroid operator we have E;(T) C q(T). To show 
the opposite inclusion, let 4 € II;(T) arbitrarily given. Then AJ — T is left 
Drazin invertible, so p :— pl — T) < oo and (Al — T)?*!(X) is closed. 

Suppose now that «(47 — T) = 0. Then «(A1 — T)" = 0 forall n € N, 
and hence (AJ — T)?+! is bounded below, in particular upper semi-Browder. 
From the classical Fredholm theory we then have that AJ — T is upper semi- 
Browder, thus à € oap(T) V Gub (T) = 7too(T), since T has property (R). From 
the definition of z99(T) we then have «(àI — T) > 0, a contradiction. 

Therefore, a(AJ — T) > 0. Now, every left pole of the resolvent is an 
isolated point of o3 (T). Consequently, A € E,(T), and this shows the inclusion 
II (T) € E«(T). 

(ii) The equality E;(T) = II4(T) holds by part (i), since (g R) implies (R). The 
inclusion E(T) C Ea(T) holds for every operator, since every isolated point of 
the spectrum lies in oap (T), and, as already observed, the left polaroid condition 
entails E,(T) C II;(T) = E(T). | 


Recall that T € L(X) is said to be finite a-isoloid if every isolated point of 
Oap(T) is an eigenvalue of T having finite multiplicity. 
In the sequel we need the following lemma. 
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Lemma 6.32 Let T € L(X) be such that a(T) < oo. Suppose that there exists 
an injective quasi-nilpotent operator Q € L(X) such that T Q — QT. Then T is 
injective. 


Proof Set Y := ker T. Clearly, Y is invariant under Q and the restriction (47 — Q)|Y 
is injective for all A # 0. By assumption Y is finite-dimensional, so (AJ — Q)|Y is 
also surjective for all A Æ 0. Thus c(Q|Y) C {0}. On the other hand, from the 
assumption, we know that Q|Y is injective and hence Q|Y is surjective. Hence 
c (Q|Y) = Ø, from which we conclude that Y = {0}. [| 


Theorem 6.33 Suppose that T € L(X) is a finite a-isoloid operator and suppose 
that there exists an injective quasi-nilpotent operator Q which commutes with T. 
Then T satisfies property (g R). 


Proof Note first that E(T) is empty. Indeed, suppose that A € E(T). Then A is an 
isolated point of c (T) and hence belongs to o35 (7). Thus A € isoogp(T), so that 
0 « a (AI — T) < œ, since T is finite a-isoloid. But, by Lemma 6.32, we also have 
a (AI — T) = 0, and this is impossible. Therefore, E(T) = Ø. 

In order to show that property (g R) holds for T we need to prove that oap (T) \ 
oya (T) is empty. Suppose that A € Gap(T) V oia (T). Then à € oa, (T) and AI — T is 
left Drazin invertible. By Theorem 2.97 4 is an isolated point of o;5 (T), and since 
T is finite a-isoloid we then have «(A1 — T) < oo. Again by Lemma 6.32 we then 
conclude that AJ — T is injective. On the other hand, by Theorem 1.114, we have 
Al — T € $4, (X), so AI — T has closed range and hence AJ — T is bounded below, 
i.e. A € Oap(T), a contradiction. Therefore, oap (T) V o1a(T) = Ø, and consequently 
T satisfies property (g R). 

| 


Theorem 6.34 Let T € L(X) and suppose that N € L(X) is a nilpotent operator 
which commutes with T. Then we have: 


(i) T has property (gR) if and only if T + N has property (gR). 
(ii) T* has property (gR) if and only if T* + N* has property (gR). 


Proof 


(i) We show first that E(T) C E(T + N). Note that isoo (T) = isoo (T + N), so 
we need only to show that if à € E(T) then (àI — (T + N)) > 0. 
Suppose that NP = 0. It is easily seen that 


ker(AI — T) € ker(A1 — (T + N))?. (6.7) 


Indeed, suppose that x € ker(A/ — T), ie. (AI — T)x = 0. Then for some 
suitable binomial coefficients uj we have 


p 
GI —(T + N)?x = 3 L4 I — T)! NP x = NPx — 0. 
j-0 


434 6 Weyl-Type Theorems 


We know that the condition a(AJ — T) > 0 entails that a(AJ — (T + N))? > 0 
and hence «(A7 — (T + N)) > 0, as desired. 
By symmetry we have 


E(T - N) C E(T -N) - N)  E(T), 


from which we conclude that the equality E(T 4- N) — E(T) holds. 
Finally, suppose that T has (g R). Since cap(T') is invariant under commuting 
nilpotent perturbations, by Theorem 3.78 we then have 


E(T + N) = E(T) = oap(T) \ o1a(T) = ogp(T + N) Voja(T +N), 


so T + N has property (gR). Clearly, the converse implication also holds by 
symmetry. 

(ii) Clearly, T* N* = N*T* and iso o (T*) = iso ø (T* + N*). Proceeding as in the 
proof of part (i) we then have a(AJ — (T* + N*)) > 0 and hence E(T*) C 
E(T* + N*). By symmetry we then have E(T*) = E(T* + N*) and from this 
it easily follows that T* has property (g R) if and only if T* + N* has the same 
property. [| 


Example 6.35 Generally, property (gR) is not transmitted from T to a quasi- 
nilpotent perturbation T+ Q. In fact, if Q € L(£^(N)) is the quasi-nilpotent operator 
defined in Example 6.16, then o35(Q) = oia (Q) = {0} and hence 


{0} = E(Q) F oap(Q) \ o1a(Q) = 9. 


Take T = 0. Clearly, T satisfies property (g R) but T + Q = Q fails this property. 


Theorem 6.36 /f T is a-polaroid and finite-isoloid, Q is a quasi-nilpotent operator 
which commutes with T, then T + Q has property (g R). 


Proof If X € isocap(T + Q) then A € iso oap(T) and hence, since T is a-polaroid, 
A is a pole of the resolvent of T. Therefore, p :— p(AI — T) = q(AI — T) < œ and 
hence A is an isolated point in o (T). Our assumption that T is finite isoloid entails 
that «(4I — T) < oo, so we have «(A1 — T) = B(AI — T), by Theorem 1.22, hence 
AI — T is Browder. Since, by Theorem 3.8, Browder operators are invariant under 
Riesz commuting perturbations, in particular under quasi-nilpotent commuting 
perturbations, AJ — (T + Q) is Browder, and, consequently, A is a pole of the 
resolvent of T + Q. Therefore T + Q is a-polaroid, thus Theorem 6.29 applies. 

a 


6.3 Weyl-Type Theorems 


We observe first that the Weyl spectrum, in some sense, tends to be large. Indeed, 
the set A(T) = o (T) \ ow(T) is either empty or consists of eigenvalues of finite 
multiplicity. In fact, if A € A(T) = o(T) \ ow(T) then AJ — T is not invertible, 
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while 0 < a(Al — T) = (àI — T) < co. This implies that AJ — T cannot be 
injective. 

In 1981 Coburn [97], while trying to extend to non-normal operators some 
properties already known for self-adjoint operators on Hilbert spaces, found that 
there are some other classes of operators, defined on Banach spaces, which satisfy 
the equality A(T) := o (T) \ ow(T) = noo(T). He gave the following definition: 


Definition 6.37 Given an operator T € L(X), where X is a Banach space, we say 
that Weyl’s theorem holds for T € L(X) if 
A(T) = mo0(T) = {A € isoo (T): 0 < a(AI — T) < oo}. (6.8) 


Theorem 6.38 /f a bounded operator T € L(X) satisfies Weyl’s theorem then 


Poo(T) = zoo(T) = A(T). 


Proof Suppose that T satisfies Weyl’s theorem. By definition then A(T) = m0(T). 
We show now that the equality poo(T) = zoo(T) holds. It suffices to prove the 
inclusion zt9o(T) € poo(T). 

Let A be an arbitrary point of zo9(7T). Since A is isolated in o (T), T has the 
SVEP at A and from the equality zo9(T) = o (T) \ ow(T) we know that AJ — T € 
W(X). Hence AJ — T € (X), and the SVEP at à implies, by Theorem 2.97, that 
pO — T) « co, so A € poo(T). | 


From Theorem 5.4 it then follows that 
Weyl’s theorem for T = Browder’s theorem for T. 


Example 6.39 It is not difficult to find an example of an operator satisfying 
Browder's theorem but not Weyl’s theorem. For instance, if T € L(£)(N) is 
defined by 


1 1 
T (X9, xi, ...) :— (5s. qme ) for all (xn) € 20N), 


then T is quasi-nilpotent, so T has the SVEP and consequently satisfies Browder's 
theorem. On the other hand T does not satisfy Weyl’s theorem, since o(T) = 
Ow(T) = {0} and ztoo(T) = {0}. 


Let us define 
Aoo(T) := A(T) U ztoo(T). 


Weyl’s theorem for an operator T € L(X) may be viewed as the conjunction of 
two properties. The first one is that Browder’s theorem holds for 7, and this may be 
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considered, by Theorem 5.4, a local spectral property, and the second one is given 
by the equality poo(T) = zoo(T ). Indeed, we have: 


Theorem 6.40 Let T € L(X). Then the following statements are equivalent: 


Gi) T satisfies Weyl’s theorem; 
(ii) T satisfies Browder's theorem and poo(T) = moo(T); 
(ii) the map X — y (AI — T) is not continuous at every à € A^oo(T). 


Proof The implication (i) > (ii) is clear, from Theorem 6.38, while the implication 
(ii) > (i) follows immediately from Theorem 5.4, so the statements (1) and (ii) are 
equivalent. 

(i) > (ii) By Theorem 6.38 we have that Aoo(T) = A(T) and T satisfies 
Browder's theorem. Therefore, by Theorem 5.31, the mapping à — y(AI — T) 
is not continuous at every point A € Aoo(T). 

(iii) > (ii) Suppose that à — y(AJ—T) is not continuous at every A € Ago(T) = 
A(T) U ztoo(T). The discontinuity at the points of A(T) entails, by Theorem 5.31, 
that T satisfies Browder's theorem, while the discontinuity at the points of zo9(T) 
is equivalent, by Theorem 6.1, to saying that zt99(T) N op (T) = Ø. The last equality 
obviously implies that zoo(T) C poo(T), hence zoo(T) = poo(T). a 


From Theorems 5.31 and 6.40 we see that Browder’s theorem and Weyl’s 
theorem are equivalent to the discontinuity of the mapping à — y(AI — T) at 
the points of two sets A(T) and Aoo(T), respectively, with Aoo(7) larger than 
A(T). Note that the discontinuity of the mapping A — ker(A/ — T) at every 
A € Ago(T) = A(T) U xoo(T) does not imply Weyl’s theorem. In fact, since 
every point of zo9(7) is an isolated point of o (T), it is evident that the map 
à — ker(AI — T) is not continuous at every A € zog (T) for all operators T € L(X). 
Therefore, the discontinuity of the mapping à — ker(AJ — T) at every A € Ago(T) 
is equivalent to the discontinuity of the same mapping at the points of A(T), i.e., it 
is equivalent to Browder's theorem for T. 


Theorem 6.41 Let T € L(X). Then the following statements are equivalent: 


G) T satisfies Weyl’s theorem; 
(ii) The quasi-nilpotent part Ho(AI — T) is finite-dimensional for all X € Aoo(T); 
(iii) The analytic core K (AI — T) is finite-codimensional for all à € Ago(T). 


Proof 


(i) => (i) If T satisfies Weyl’s theorem then T satisfies Browder's theorem and 
mo0(T) = poo(T) = A(T). By Theorem 5.35 then Ho(AI — T) is finite- 
dimensional for all A € Ago(T) = A(T). 

(i) = (i) Since A(T) € Aoo(T), Browder's theorem holds for T, by Theo- 
rem 5.35. From the inclusion z9o(T) C Ago(T) we know that Ho(AJ — T) is 
finite-dimensional for every A € zt9o(T ). Since every A € zt9o(T)) is an isolated 
point of o (T) we have X = Ho(AI — T) K (AI — T) and hence K (AI — T) has 
finite codimension. From the inclusion K (47 — T) € (AI — T)(X) we deduce 
that B(AI — T) < oo, hence AJ — T is Fredholm. But both T and T* have the 
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SVEP at A, hence p(AI — T) = q(AI — T) < co, by Theorems 2.97 and 2.98, 
hence AJ — T is Browder, by Theorem 1.22. Therefore zt990 (T) = poo(T), so, 
by Theorem 6.40 T satisfies Weyl's theorem. 

(iii) <> (ii) The equivalence follows from Theorem 5.35 and from the fact that for 
any point of A € zroo(T) we have X = Ho(AI — T) 6 K (AI — T). | 


Remark 6.42 In contrast with Theorem 5.35, condition (ii) of Theorem 6.41 cannot 
be replaced by the formally weaker condition that Ho(AI — T) is closed for all 
à € Aoo(T). Indeed, if T is defined as in Example 6.39 then 0 € zoo(T), T does 
not satisfy Weyl’s theorem, while Ho(AI — T) = £? (N) is closed, since T is quasi- 
nilpotent. 


Theorem 6.43 If T € L(X) is polaroid and either T or T* has the SVEP then both 
T and T* satisfy Weyl's theorem. 


Proof The SVEP of either T or T* entails Browder's theorem for T , or equivalently 
Browder's theorem for 7*. The polaroid condition for T entails that poo(T) = 
7t90 (T), so Weyl’s theorem holds for T, by Theorem 6.40. If T is polaroid then even 
T* is polaroid and hence poo(T*) = zt9o(T *), so Weyl’s theorem also holds for T*. 

a 


Later we shall see that the condition that either T or T* has the SVEP is not a 
necessary condition for a polaroid operator to satisfy Weyl’s theorem. Examples will 
be given in the framework of Toeplitz operators. The Toeplitz operators are polaroid 
and satisfy Weyl’s theorem, but there are examples for which the SVEP fails for 
both T and T*. 


Corollary 6.44 If T € L(X) is polaroid and either T or T* has the SVEP then 
both f (T) and f (T*) satisfy Weyl’s theorem for every f € Hne(a(T)). 


Proof 1f T is polaroid then f(T) is polaroid, by Theorem 4.19, and f (T) has the 
SVEP by Theorem 2.86. So Theorem 6.43 applies. Analogously, if T* has the SVEP 
then f(T*) has the SVEP and f (T*) is polaroid. [| 


We now give a sufficient condition which ensures that Weyl's theorem is 
transmitted under commuting perturbations K for which K" is finite-dimensional. 


Theorem 6.45 Let T € L(X) be an isoloid operator which satisfies Weyl's 
theorem. If K € L(X) commutes with T and K" is a finite-dimensional operator 
for some k € N, then T 4- K satisfies Weyl's theorem. 


Proof Since K is a Riesz operator and T satisfies Browder's theorem then T + 
K satisfies Browder's theorem, by Corollary 5.5. Therefore, by Theorem 6.40 it 
suffices to prove poo(T + K) = ztoo(T + K). 

Let X € mo0(T + K). If AI — T is invertible then A7 — T + K is Browder and hence 
à € poo(T + K). Suppose that à € c (T). From Theorem 6.11 then A € isoo (T). 
Furthermore, the restriction 


(AI — T + K)|ker (AI — T) = K"| ker (Al — T) 
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has both finite-dimensional kernel and range, so ker (AJ — T) is finite-dimensional 
and consequently A € 7oo(T), because T is isoloid. Since T satisfies Weyl’s 
theorem we have zt9o(T) N o (T) = Ø, so AI — T is Weyl and hence AJ — T + K 
is also Weyl, by Theorem 3.17, and this implies that A € poo(T + K). This shows 
that zoo(T + K) € poo(T + K), and, since the opposite inclusion is true for every 
operator, it then follows that poo(T + K) = mo0(T + K). [| 


We show that in the preceding theorem it is essential to require that T' is isoloid. 


Theorem 6.46 Let T € L(X) and suppose that there exists a finite rank operator 
commuting with T which is not nilpotent. If Weyl’s theorem holds for T + K for 
every finite rank operator which commutes with T, then T is isoloid. 


Proof Assume that T is not isoloid and let A € isoo (T) be such that AJ — T is 
injective. By hypothesis there exists a finite rank operator K that is not nilpotent and 
commutes with T. Observe that K is not quasi-nilpotent, otherwise its restriction 
K|K (X) is nilpotent and hence K is also nilpotent. The spectrum of K is finite and 
contains 0, so X = Ho(T)G K (T), by Theorem 2.45. Since K is not quasi-nilpotent 
and the restriction K | K (T) is an invertible operator of finite rank it then follows that 
K (T) is a non-zero subspace of X having finite dimension. Let T = T| @ T» be the 
decomposition of T with X = Ho(T)@K (T) and let u € C such that à— u € o (T2). 
Clearly, à — u is an eigenvalue of 75. The operator defined by S := 0@ ul isa 
finite rank operator which commutes with T and 


c (T + $) 2 o(T)) Vo(ul +n). 


Since A € isoc (T) and AI — T is injective we then have A £ co (T5) and à € 
isoo (Tj) € isoc (T + S). Moreover, ker (AJ — T + S) = ker (à — WI — To) isa 
non-trivial subspace having finite dimension, so A € zo9(T + S). On the other hand, 
à € poo(T), so AI — T is not Browder, and hence AJ — T + S is not Browder, by 
Theorem 3.8, and this implies that à € poo(T + S). Consequently, T + S does not 
satisfy Weyl’s theorem, a contradiction with our assumptions. [| 


Remark 6.47 Suppose that every finite rank operator commuting with T is nilpo- 
tent. This means precisely that X does not admit a decomposition X = X, @ X2, 
X; and X»5 two closed T-invariant subspaces such that one of them has finite- 
dimension. In particular, poo(T) = Ø. If, in addition, T satisfies Weyl’s theorem 
then, by Theorem 6.40, we have poo(T) = z9o(T) = Ø. Therefore, the hypotheses 
introduced in Theorem 6.46 are fulfilled by every operator for which poo(T) is non- 
empty, i.e., whenever og (T) is properly contained in o (T). 


Theorem 6.48 Let T € L(X) be a finite-isoloid operator which satisfies Weyl’s 
theorem. If R € L(X) is a Riesz operator that commutes with T then T + R satisfies 
Weyl’s theorem. 


Proof Since T satisfies Browder's theorem, T + R satisfies Browder's theorem, by 
Corollary 5.5, so it suffices to prove, by Theorem 6.40, the equality poo(T + R) = 
moo(T +R). Let X € moo(T + R). If AI — T is invertible then A7 — (T + R) is Browder 
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and hence A € poo(T + R). If A € o (T) then, by Theorem 6.11, A € isoc (T) and, 
since T is finite-isoloid, we also have à € ztgo(T ). But Weyl’s theorem for T entails 
that zroo(T) N os (T) = Ø, therefore AJ — T is Browder and hence A € poo(T + R). 
The other inclusion is trivial, so T + R satisfies Weyl’s theorem. [| 


In the next result we give a necessary and sufficient condition under which Weyl’s 
theorem is transmitted from T to the perturbation T + R by a commuting Riesz 
operator R. 


Theorem 6.49 Let T € L(X) bean operator which satisfies Weyl’s theorem and let 
R € L(X) bea Riesz operator that commutes with T. Then the following conditions 
are equivalent: 


G) T +R satisfies Weyl’s theorem; 
(i) oo(T + R) = poo(T + R); 
(iii) ztoo(T + R)No(T) € zoo(T). 


Proof (i) => (ii) is clear by Theorem 6.40. The reverse implication is again an easy 
consequence of Theorem 6.40, once it is observed that Weyl’s theorem implies 
Browder's theorem for T and hence for T + R. 

(ii)2 (i) Let Ao € ztoo(T + R) Na (T) be arbitrary. Then Ao € poo(T +R)No (T), 
so Ao € o(T) and Ao € og(T + R) = œ(T), by Corollary 3.9. Hence A9 € 
Poo(T) = zoo (T), since T satisfies Weyl’s theorem. 

(iii) > (ii) The inclusion poo(T + R) € ztoo(T + R) is clear. To show the reverse 
inclusion, let uo € mo9(T + R) be arbitrary. Then uo ¢ o (T) or uo € o (T). If 
Ho € o(T) then uo € op(T) = œ(T + R), and since wo € o(T + R) it then 
follows that uo € poo(T + R). In the case where uo € co (T) we have 


Ho € 7ztg9o9(T + R) 1o (T) € zo(T) = poo(T), 


since T satisfies Weyl’s theorem. Therefore uo ¢ oy (T) = op(T + R). Since uo € 
c (T + R) then uo € poo(T + R). Hence the inclusion z9o(T + R) € poo(T + R) 
is proved. a 


An obvious consequence of Theorem 6.48 is that for a finite-isoloid operator 
T € L(X), Weyl’s theorem from T is transmitted to T + Q, where Q € L(X) is 
a quasi-nilpotent operator which commutes with T. We now show that this result 
remains true if we suppose only the weaker condition oy (7) N isoo (T) € ztoo(T), 
where op(T) is the point spectrum of T. 


Theorem 6.50 Let T € L(X) be such that oy (T )Diso o (T) € moo(T). IfT satisfies 
Weyl's theorem and Q € L(X) is a quasi-nilpotent operator which commutes with 
T, then T + Q satisfies Weyl’s theorem. 


Proof Since o(T + Q) = o(T) and oy(T) = œ(T + Q) we have poo(T) = 
Poo(T + Q). By Theorem 6.40 we have poo(T) = xoo(T), so it suffices to prove 
that zoo(T) = ztoo(T + Q). Let A € ztoo(T) = poo(T). Then AJ — T is Browder 
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and hence A € iso o (T) = iso o (T + Q). By Theorem 3.8 AJ — (T + Q) is Browder 
and hence A € z9o(T + Q). 

Conversely, suppose that A € moo(T + Q). Since Q is quasi-nilpotent and 
commutes with T, the restriction of AJ — T to the finite-dimensional subspace 
ker (AJ — (T + Q) is not invertible, hence ker (AJ — T) is non-trivial. Therefore, 
À € op(T) N isoo (T) € ztoo(1T), which completes the proof. | 


We now show that Weyl’s theorem is extended from T to f(T), where f € 
?1(o (T)), in the case when T is isoloid and either T or T* has the SVEP. First we 
need the following lemma. 


Lemma 6.51 For every T € L(X), X a Banach space, and f € (o (T)) we have 


o(f(T))\ moo(f(T)) € f (oT) \ xo(T)). (6.9) 


Furthermore, if T is isoloid then 


ao Cf CD) N tooCf (T)) = f (o (T) \ xo(T)). (6.10) 


Proof To show the inclusion (6.9) suppose that Ap € o (f (T)) \ zooCf (T )). We 
distinguish two cases: 


Case I Ao is notan isolated point of f (o (T)). In this case there is a sequence (àn) € 
f (c (T)) such that A, — Ao as n — oo. Since f(c(T)) = o(f(T)), there 
exists a sequence (un) in c (T) such that f (un) = An — Ao. The sequence (un) 
contains a convergent subsequence and we may assume that limy—+o0 Un = Ho. 
Hence 


Ao = um f (Un) = f (no). 


Since uo € o (T) \ ztoo(T) it then follows that Ao € f (o (T) \ ztoo(T)). 

Case IT Xo is an isolated point of o ( f (T )), so either Ap is not an eigenvalue of f (T) 
or it is an eigenvalue for which a(Ao — f(T)) = oo. Set g(A) := Ao — f QJ. 
The function g(A) is analytic and has only a finite number of zeros in o (T), say 
1, ..., Ax}. Write 


k 
g(a) = pO)hQG) with pA) :- [ [o — 5". 


i=l 
where n; denotes the multiplicity of A; for every i = 1, .. . , k. Clearly, 


dol — f(T) = 8(T) = p(T)h(T), 


and A(T) is invertible. 
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Now, suppose that Ao is not an eigenvalue of f(T). Then none of the scalars 
À1, ..., àg can be an eigenvalue of T, hence Ao € f (o (T) \ zoo(T)). 

Consider the other possibility, i.e., Ag is an eigenvalue of T of infinite multi- 
plicity. Then at least one of the scalars A1,..., Ax, say A1, is an eigenvalue of T 
of infinite multiplicity. Consequently, A; € o (T) V moo(T) and f(A1) = Ao, so 
Ao € f (o (T) \ zoo(T)). Thus, the inclusion (6.9) is proved. 

To prove the equality (6.10) suppose that T is isoloid. We need only to prove the 
inclusion 


f (o (T) \ moo(T)) € o (f (T)) \ tooCf (D). (6.11) 


Let ào € f(o(T) \ zoo(T)). From f(o(T)) = o(f(T)) we know that Ao € 
o (f (T)). If possible, let Ao € zo0(f(T)), in particular, Ao is an isolated point of 
co Cf (T)). As above we can write ào — f (T) = p(T)A(T), with 


k 
p(T) = | [esr - ry". (6.12) 
i=l 


From the equality (6.12) it follows that any of the scalars A1,..., A, must be an 
isolated point of o (T), hence an eigenvalue of T, since by assumption T is isoloid. 
Moreover, Ao is an eigenvalue of finite multiplicity, so any scalar A; must be an 
eigenvalue of finite multiplicity, and hence A; € zroo(T ). This contradicts that Ao € 
f (o (T) \ moo(T)). Therefore, Ao ¢ ztooCf (T)), which completes the proof of the 
equality (6.10). a 


Theorem 6.52 Suppose that T € L(X) is isoloid. Then f(T) satisfies Weyl’s 
theorem for every f € "(o (T)) if and only if T satisfies Weyl’s theorem and T 
is of stable sign index on p(T). 


Proof Suppose that T satisfies Weyl’s theorem and T is of stable sign index on 
pr(T). Since T is isoloid, by Lemma 6.51 we have 


o(f(T))\ moo(f(T)) = f (o (T7) \ mo0(T)). 


Since T is of stable sign index on p(T) we also have f(ow(T)) = ow(f(T)) 
for every f € "(o (T)), by Theorem 3.119. Weyl’s theorem for T then entails 
o (T) Vztoo(T) = ow(T), hence 


c Cf (T) NowCF(T)) = f(o (T) \ moo(T)) = flow) = ow f(T), 


from which we see that Weyl’s theorem holds for f(T). 

Conversely, if f (T) satisfies Weyl’s theorem then f (T), for every f € H(o(T)), 
satisfies Browder's theorem, by Theorem 6.40, and hence, by Theorem 5.7, 
f (ow(T)) = owCf(T)) for every f € (o (T)). By Theorem 3.119 T is of stable 
sign index on pr(T'). Furthermore, by taking f(A) :— A, we deduce that T satisfies 
Weyl’s theorem. a 
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The next example shows that the transmission of Weyl’s theorem from T to f(T) 
may fail if T is not isoloid, also if the equality f(ow(T)) = ow(f (T)) is satisfied. 


Example 6.53 Define on £?(N) the operators: 


X2 X3 


Tid X2...) = (x1,0, : me) for all (xn) € N), 


and 
Pu so gem (o. Te .) for all (xp) € N). 
Let T := T| $ T». Then 
1 
o(T) = {1} UDO, 5) U{-]}, 
and 
1 

ow(T) = DO, 5) U{—]}. 
Evidently, T satisfies Weyl’s theorem. Set f(t) = t°. Then 

2 2 1 

o (T^) = ow(T^) = DO, P U {1}, 


while zoo(T?) = {1}, so Weyl’s theorem does not hold for T?. Note that 
[(ow(T)) = o (T2), and T is not isoloid. 


Theorem 6.54 Suppose that T € L(X) is isoloid and either T or T* has the SVEP. 
Then f (T) satisfies Weyl’s theorem for every f € H(o(T)) if and only if T satisfies 
Weyl's theorem. 


Proof If either T or T* has the SVEP then f(ow(T)) = ow(f(T)), by Corol- 
lary 3.120, or equivalently T is of stable sign index on p(T). Hence Theorem 6.52 
applies. ig 


From Corollary 3.120, if f € H(o(T)) is injective, then f (ow(T)) = ow( f (T)). 
Thus we have: 
Corollary 6.55 Let T € L(X) be isoloid and suppose that f € H(o(T)) is 
injective on ow (T). If Weyl’s theorem holds for T then Weyl’s theorem holds for 
f(T). 

The following example shows that without SVEP the result of Corollary 6.54 
does not hold. 
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Example 6.56 Let R be the right unilateral shift on €2(N) and define T in €2(N) ® 
£2(N) by 


where R’ is the adjoint of R, i.e., the left unilateral shift. We have o (T) = ow(T) 
and zoo(T) = Ø, so T is isoloid. Weyl’s theorem holds for T, 1 ¢ euwT^), while 
leo(T)and1 ¢ ow(T?) U m90(T2), thus Weyl’s theorem does not hold for T?. 


It should be noted that if f (T) satisfies Weyl’s theorem for every f € H(o(T)) 
then T is isoloid. To see this we first need the following lemma: 


Lemma 6.57 Suppose that f (T) satisfies Weyl's theorem for every f € H(a(T)). 
If poo(T) £ Ø then isoo (T) € oy(T). 


Proof Suppose that the implication poo(T) # Ø = isoo(T) C oj(T) is not 
satisfied. We show that there exists a g € H(o(T)) for which Weyl’s theorem does 
not hold for g(T). We can choose A; € poo(T) and Az € isoo (T) with A» ¢ oy (T). 
Set o :— o (T) V (A1, 45) and write X = P1(X) ® P(X) ® P5(X), where Pi, 
P» and P, are the spectral projections associated with (A1), {A2}, and o. If we set 
T; := T|P;(X),i = 1,2, and T5 := T|P,(X) then T = Tj @ T» @ T5, with 
o(7;) = {Ai} i = 1,2, and O < dim P(X) < oo, by Theorem 3.2. Note that 
M,A2 € o(T3) = o. Since 4» € poo(T), we have also dim P5(X) = ov. If we 
define g(A) := (A1 — A)(A2 — A) we then have, with respect to the decomposition 
X = Pi(X) 6 P(X) 6 Po (X), 


g(T) = g(T1) ® 2(72) 9 g (73). 


It is easily seen that: 


(a) o(g(T1)) = g(o(T1)) = {0} = g(o(72)) = o (8(T2)) and 0 ¢ g((o(73)) = 
o(g(73)), 

(b) 0 € iso o (g(73)), Po (T) = Pi (X) 6 P2(X), 

(c) 0 < a(g(T3) < 00, a(g (T2)) = 0 = a(g(T3). 


Hence o(g(T)) = a(g(Ti)) + o(g(T2)) + a(g(T3)) = o(g(T1)) and 0 € 
mo0(g(T)). But O é poo(g(T)), since the spectral projection associated with g(T) 
and {0} is infinite-dimensional. Therefore, g (T) does not satisfy Weyl’s theorem, by 
Theorem 6.38. B 


Theorem 6.58 If f (T) satisfies Weyl’s theorem for every f € H(o(T)), then T is 
isoloid. 


Proof If à € isoc (T) then either à € poo(T) or à € poo(T). If 4 € poo(T), then 
Poo(T) 4 Ø, so, by Lemma 6.57, à € oy (T). If A € poo(T) = o (T) \ op(T) then 
AI — T is Browder and à € c (T). This implies «(A47 — T) = BAI — T) > 0, 
otherwise à ¢ c (T), so also in this case we have A € op(T). a 
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Weyl’s theorem also admits a generalization by considering B-Fredholm theory. 
The following concept was introduced by Berkani [65]. Recall that A£ (T) denotes 
the set o (T) V osw (T). 


Definition 6.59 An operator T € L(X) is said to satisfy the generalized Weyl’s 
theorem if A8 (T) = E(T). 


The generalized Weyl’s theorem entails Weyl’s theorem: 


Theorem 6.60 Jf T € L(X) satisfies the generalized Weyl's theorem then T 
satisfies Weyl's theorem. 


Proof Suppose that the generalized Weyl’s theorem holds for T and let 4 € o (T) N 
Ow(T). Then AI — T is Weyl and hence B-Weyl, so A € o(T) \ Opw(T) = E(T), 
and hence a(AI — T) > 0. Moreover, A is an isolated point of c (T) and since 
a(AI — T) < oo we then have A € zo(T). Therefore, o (T) V ow(T) C zoo(T). 
To prove the opposite inclusion, let A € zr9o9(T). Obviously, zoo(T) € E(T) = 
o (T) \ opw(T), so AI — T is B-Weyl. Since T has the SVEP at A, p(AI — T) > co, 
by Theorem 2.97, and hence from Theorem 1.143 we conclude that AJ — T' has both 
ascent and descent finite. Since «(A1 — T) < oo we then have, by Theorem 1.22, 
that B(AI — T) < oo, so à € oy(T), and hence A € o(T) V ow(T). Therefore, 
o (T) \ oy(T) = ztoo(T). a 


In the following example we show that there exist operators which satisfy Weyl’s 
theorem but not the generalized Weyl’s theorem. 


Example 6.61 Let T € L(X), where X :— £! (N), be defined for each x := (xx) € 
£! (N)) as 


T (X1, x2, ..., Xk, +.) = (0, 01x1, 02X2, - - - , Æk—1Xk—-1; --- ), 


where the sequence of complex numbers (o) is chosen such that O < |ax| < 1 
and se lax| < oo. We have T" (X) 4 T"(X) for all n = 1,2,.... Indeed, fora 
given n € N, let x™ := (1,...,1,0,0,...) with the first (n + k)-terms equal to 
1. Then y? := lim, o5 FAI" exists and lies in T” (X). On the other hand there 
is no element x €e £! (N) which satisfies the equation T’x = y", since the 
algebraic solution to this equation is (1, 1,...) £ £1 (N). 

Define S :— T G0 on Y := £! (N) @ £! (N). Then ker S = {0} @ £ (N), o (S) = 
Oap(S) = {0}, and E(T) = {0}. Since S"(Y) = T” (X) € {0}, the subspaces S" (Y) 
are not closed for all n, so S is not B-Weyl and og (S) = {0}. Furthermore, S is not 
upper semi-Weyl and o4, (S) = {0}. Hence E(S) 4 o (S) \ opw(S), from which we 
see that S does not satisfy the generalized Weyl’s theorem. It is easily seen that S 
satisfies Weyl’s theorem. Indeed, S* is quasi-nilpotent and hence has the SVEP. By 
Theorem 3.44 we then have o, (S) = ouw(S) = {0}, soo (S) \ ow(S) = Ø. Also, 
7t90 (S) is empty, since 0 is the unique isolated point of o (S) and a(S) = oo. 
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Define 
AGT) = AÊ (TIVE), 


where, as usual, IT(7') denotes the set of all poles of T. 


Theorem 6.62 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies the generalized Weyl's theorem; 
(ii) T satisfies the generalized Browder's theorem and E(T) = I(T); 
(ii) For every A € AÏ (T) there exists a p := p(X) € N such that Ho(àI — T) = 
ker (41 — T). 


Proof (i) = (ii) The generalized WeyI's theorem entails Weyl's theorem and hence 
Browder's theorem, or, equivalently, the generalized Browder's theorem. To show 
the equality E(T) = I(T) it suffices to prove the inclusion E(T) C I(T). Leta € 
E(T). Clearly, both T and T* have the SVEP at A, since A € isoo (T). Moreover, 
AI — T is B-Weyl, and hence, by Theorems 2.97 and 2.98, we have that AJ — T is 
Drazin invertible, i.e., à € II(T). Therefore, E(T) = I(T). 

(ii) > (i) By Theorem 5.17 we have A£ (T) = I(T) = E(T). 

(ii) = (ii) By Theorem 5.22 we have only to show that there exists a p := 
p(A) € N such that Hol — T) = ker(AJ — T)? forall à e E(T). If A € 
E(T) = I(T) then å is a pole of the resolvent so, by Theorem 2.45 Ho(AoI — T) = 
ker (Ag — T)? where p =: p(Aol — T) = q(Aol — T). 

(iii) > (ii) Suppose that A ¢ oy (T). To show the generalized Browder's theorem 
for T it suffices to prove, by Theorem 5.14, that T has the SVEP at A. If A ¢ o (T) 
there is nothing to prove. If à € o (T) then à € A(T) C AÏ (T), so Ho(Al — T) is 
closed, and hence T has the SVEP at A, by Theorem 2.39. Therefore, the generalized 
Browder's theorem holds for T. To show the equality E(T) = II(T) we have only 
to prove that E(T) C I(T). Consider a point A € E(T). Then A € AF(T) and 
hence Ho(Al — T) = ker (AJ — T)? for some p € N. Since å is an isolated point of 
co (T), by Theorem 2.45 we have 


X = Ho(AI — T) G K(Al — T) = ker (AI — T G K(AI — T). 
Hence 
QI — TU'(X) = (AI - TP(K(A4I —T)) = K(AI — T). 


This shows that X = ker (AJ — T)? 9 (A1 — T)" (X), so by Theorem 1.35, ^ € II(T). 
Consequently, E(T) C I(T), as desired. | 


We conclude this section by giving a perturbation result concerning the general- 
ized Weyl’s theorem. 


446 6 Weyl-Type Theorems 


Theorem 6.63 Suppose that T € L(X) is polaroid and that K € L(X) is such 
that TK = KT and K" is a finite rank operator for some n € N. If T satisfies the 
generalized Weyl’s theorem then T + K satisfies the generalized Weyl's theorem. 


Proof T satisfies the generalized Browder's theorem, or equivalently Browder's 
theorem, hence, by Corollary 5.5, T + K satisfies Browder’s theorem, or equiva- 
lently, the generalized Browder's theorem. By Theorem 6.62 it suffices to prove that 
E(T + K) = II(T + K). Since the inclusion II(T + K) € E(T + K) holds for 
every operator we need only to prove the reverse inclusion. Let à € E(T + K). 
Then A € isoo(T + K) and since, by Theorem 4.24, T + K is polaroid, then 
à € II(T + K). Therefore, T + K satisfies the generalized Weyl’s theorem. a 


We now show that the generalized Weyl’s theorem is transmitted from T to f(T), 
where f € H(o(T)), in the case where T is isoloid and either T or T* has the SVEP. 
First we need the following lemma. 


Lemma 6.64 Suppose that T € L(X) and either T or T* has the SVEP, and f € 
?1(o (T)). Then we have 


o(f(T))\ ET) € fio (TD) \ ECD)). (6.13) 


Furthermore, if T is isoloid then 


cCf(TD) NV EGT) = fio (D) \ ECT). (6.14) 


Proof To show the inclusion (6.13) suppose that 49 € o(f(T)) \ zooCf (T)). We 
distinguish two cases: 


Case (I) Ao is not an isolated point of f(o(T)). In this case there is a sequence 
(àn) € f(o(T)) such that A, — ào as n — œ. Since f(o(T)) = o(f(T)), 
there exists a sequence (un) in o (T) such that f (un) = An — Ao. The sequence 
(un) contains a convergent subsequence and we may assume that lim; o5 Un = 
uo. Hence Ag = limp+oo f (Un) = f(uo). Since uo € o(T) NV E(T) it then 
follows that 49 € f (o (T) NV E(T)). 

Case (II) Ao is an isolated point of o (f (T)). Since à ¢ E(f(T)), A is not an 
eigenvalue of f(T). Write g(A) := Ao — f(A). The function g(A) is analytic 
and has only a finite number of zeros in o (T), say (41, ..., Ax}. Write 


k 
g(a) = pQ)hQ) with pA) := [ [pu — a)", 


i=1 


where n; denotes the multiplicity of u; for every i = 1,...,k. Clearly, Ag — 
F(T) = g(T) = p(T)A(T) and A(T) is invertible. As 49 ¢ E(f(T)), none of 
Hs ---, Uk can be an eigenvalue of T. Since Ag — f (T) is not invertible, there 
exists a u € (pu, ..., ux) such that wl — T is not invertible. Hence f(u) = Ao 
and ào € f (o (T) \ E(T)). 
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To prove the equality (6.14) suppose that T is isoloid. We need only to prove the 
inclusion 


f(o(T)\ EQ) € o CFT) N EGT). (6.15) 


Let ào € f (co(T) A E(f (T)). Then we can write Aol — f(T) = p(T)h(T), where 
p(T) = IE ail —T)", wi A nj fori + j, and h(T) is invertible. Since Ag/ — 


f (T) is not invertible, there exists a u € (p, ..., ug} such that u € o(T). Since 
ào € isoo (f (T)), u is isolated in o (T). Hence Ao = f(u) € f(o(T) \ E(T)), 
from which we obtain the inclusion (6.15), and the proof is complete. [| 


Theorem 6.65 Suppose that T € L(X) is isoloid and either T or T* has the SVEP. 
If T satisfies the generalized Weyl's theorem then the generalized Weyl's theorem 
holds for f (T) for every f € H(o(T)). 


Proof The generalized Weyl’s theorem for T implies that o (T) V E(T) = opw(T). 
Since T is isoloid, by Lemma 6.64 we have 


f (obw (T) N ECT) = 0 f(T) \ ECFO»). 
But either T or T* has the SVEP, so, by Corollary 3.123, f (og, (T)) = dre 
Thus, o (f(T)) V EG T) = ovy CF (T)). 


In the next example we show that the condition that T is isoloid is crucial in 
Theorem 6.65. First we need a preliminary result. 


Theorem 6.66 If T € L(X) has no eigenvalues then T satisfies the generalized 
Weyl's theorem. 


Proof Clearly, E(T) = Ø. We show that o (T) = opw(T). Let à € c (T). We can 
assume A = 0. If 0 ¢ ops (T) then T is B-Weyl, and since ker T = {0} we have, 
by Theorem 1.143, p(T) = q(T) = 0, i.e., T is invertible, a contradiction. Hence, 
GO (T) = Opw(T) and T satisfies the generalized Weyl’s theorem. | 


It should be noted that in the proof of Theorem 6.66 it has been proved that if T 
is injective and non-invertible, then T cannot be B-Weyl. 


Example 6.67 Let I, and h denote the identities on C and £2, respectively. Define 
Sı and $5 on £2(N) as follows: 


1 1 
$1 (x1, X955 .) = Q Bt 3 sis ) for all (Xn) € £5(N), 
and 


1 1 
S2 (x1, X25 .) = Q ae 372 s ) for all (Xn) € £5(N). 


448 6 Weyl-Type Theorems 


Let T, :— I1 9 8$; and D := S5 — In. Since T» has no eigenvalue, then, see the proof 
of Theorem 6.66, o (72) = ops (T2) = {—1}. Evidently, 


1 
o(T;) = b EC: |A| x d U (1). 
We claim that 
1 
Obw(T1) = b €C:lA| x d . (6.16) 


Since 
Ty, -(1 8h) =06 (8; — Db) 


and Sı — I? is invertible then, by Theorem 1.119, Tı — (1, ® 12) is B-Weyl. Thus, 1 ¢ 
Obw(T1). If there exists some 0 < |A| < i such that Tı — AW ® I2) is B-Weyl then, 
by Theorem 1.127, we deduce that S1 — A7» is B-Weyl, which is a contradiction, 
since $1 — Aly has no eigenvalue. Therefore, the equality (6.16) is proved. Now, let 


T := Ti ® T». Then T has the SVEP and 
1 
Opw(T) = {—1}U {à EC: Al < 3f- 
Since E(T) = {1} we deduce that the generalized Weyl’s theorem holds for T. We 
also have 
2 1 
Ow(T") = {1}U AEC: MSS ; 


which is equal to c (T?). Since E (T^) = {1}, the generalized Weyl’s theorem does 
not hold for T°. 


6.4 a-Weyl's Theorem 


Let A € Ag(T) := Oap(T) Vou (T). Then AJ — T € W4 (X), soa(Al — T) < oo 
and (AI — T)(X) is closed. Since AJ — T is not bounded below, necessarily 0 < 
a(AI — T). Therefore, for every operator we have: 


Aal(T) € {A € oq (D) :0 < a(Al — T) < ov}. 


The following approximate point version of Weyl’s theorem has been introduced by 
Rakočević [262]. Set 
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799(T) := {A € iso og (T) : 0 < a(AI — T) < oo]. 


Definition 6.68 An operator T € L(X) is said to satisfy a-Weyl’s theorem if 
Aa(T) := Oap(T) Now (T) = nog (T). 
Theorem 6.69 Ifa bounded operator T € L(X) satisfies a-Weyl's theorem then 
Poo (T) = n99(T) = Aa(T). 


In particular, a-Weyl's theorem for T implies a-Browder's theorem for T. 


Proof Suppose that T satisfies a- Weyl's theorem. By definition then A;(T) = 
zoo (T). We show now the equality po9(T) = m9(T). It suffices to prove the 
inclusion zo9(T) € pgg(T). Let A be an arbitrary point of z5(T). Since A is 
isolated in o3p(T) then T has the SVEP at X and, from the equality zoo (T) = 
Oap(T) \ Ouw(T), we know that 47 — T € W+ (X). The SVEP at A by Theorem 2.97 
implies that p(Al — T) < oo, so à € pog(T). 

The last assertion follows from Theorem 5.26. | 


It is not difficult to find an example of an operator satisfying a-Browder’s 
theorem but not a-Weyl’s theorem. For instance, if Q € L(£?) is defined by 


1 


1 
Q(xo, x1, ...) :— t 3 és » for all (xn) € £g, 


then Q is quasi-nilpotent, so has the SVEP and consequently satisfies a-Browder's 
theorem. On the other hand, Q does not satisfy a-Weyl’s theorem, since oap(Q) = 
ow (Q) = {0} and à, (Q) = {0}. 

Note that the condition A; (T) = Ø does not ensure that a-Weyl’s theorem holds 
for T. To describe the operators which satisfy a-Weyl’s theorem, let us define 


T4(T) := A«(T) U n& (T). 


Clearly, if l'(T) = Ø then a-Weyl’s theorem holds for T. In the following 
theorem we shall exclude the trivial case l'(T) = @. As usual, y (T) denotes the 
reduced minimal modulus of T. 


Theorem 6.70 Let T € L(X). Then the following statements are equivalent: 


(i) T satisfies a-Weyl’s theorem; 
(ii) T satisfies a-Browder's theorem and Poo 0D) = Moo (T); 
Gii) Ag(T) is a discrete set, i.e., all points of Aqa(T) are isolated, and zoo (T) C 
pst(T); 
(iv) a-Browder’s theorem holds for T and (XI — T )(X) is closed for all à € TyTN 
(v) the map X — y (àI — T) is not continuous at every à € Ta (T). 
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Proof (i) < (ii) The implication (i) = (ii) is clear, from Theorem 6.69. The 
implication (ii) > (i) follows immediately from Theorem 5.26. 

(ii) = (iii) Evidently, z99(T) = pog(T) = o (T) \ ouv(T) € psr(T), while, by 
Theorem 5.31, Aa (T) € iso osp (T), thus A,(T) is discrete. 

(iii) > (ii) Let A € m6) (T). Then AJ — T € +(X) and, since 4 is isolated in 
Oap(T), the ascent p(AI — T) is finite, by Theorem 2.97. From Theorem 1.22 it then 
follows that «(A47 — T) < (àI — T), from which we obtain AJ — T € ^, (X). 
Consequently, 47 — T is upper semi-Browder, and hence A € pg(T). The reverse 
inclusion po9(T) € (7) holds for every operator, hence zj9(T) = pog(T). 
To show a-Weyl’s theorem for T it suffices to prove that T satisfies a-Browder's 
theorem, or equivalently, by Theorem 5.31, Ag(T) € iso oap(T). Let Ag € Ag(T). 
Then, by Lemma 5.25, AogI — T € W(X) and hence, for some 6; > 0, we have 
AI — T € W(X) for all à € D(Ao, 61). In particular, AJ — T has closed range for 
all à € D(Ao, 61). But, by Lemma 5.25, we have 


Aa(T) = [pgp (T) U pw(T)] N op (T), 


from which the assumption that A,(T) is discrete yields that there exists a 0? > 0 
for which «(A71 — T) = 0 for A € D(Ao, 52). If ô :— min{ô1, 52} then AJ — T is 
bounded below for every X € D(Ao, ô), A # Ao. Thus, Ao € iso oap (T ). 

(i) => (v) If T satisfies a-Weyl’s theorem then T obeys a-Browder's theorem. 
Furthermore, Too (T) = Poo (T) by Theorem 6.69, so AZ — T € B(X) for all 
A € ztgg (T), and hence (A907 — T)(X) is closed. 

(iv) = (i) The condition (A97 — T)(X) closed for all A € zoo (T) entails that 
for these values of A we have AJ — T € ®,(X). Now, T has the SVEP at every 
isolated point of oap(T ), and in particular T has the SVEP at every point of zoo (T ). 
By Theorem 2.97 it then follows that p(AI — T) < œœ for all à € 799 (T). from 
which we deduce that zd, (T) = pog(T). 

(i) > (v) By Theorem 6.69 we have that [,(7) = A&q(T) and T satisfies a- 
Browder's theorem, hence, by Theorem 5.31, the map A — y(XI — T) is not 
continuous at every A € Ty (T). 

(v) > (iv) Suppose that A — y (AI — T) is not continuous at every A € T'g(T) = 
Aq(T) Uztgg (T). The discontinuity at the points of A, (T) entails, by Theorem 5.31, 
that T satisfies a-Browder's theorem. We show now that the discontinuity at a point 
Ao of zo, (T) implies that (4907 — T)(X) is closed. In fact, if Ao € z(T) then 
ào € 180 Oap(T) and 0 < a(Agl — T) < oo. Clearly, AJ — T is injective in an open 
punctured disc D centered at Ag. Take 0 Æ x € ker(AoJ — T). If A € D then 


QI-T)s AL — T)x|| — Al — TI 
d $ ist @, kQ) qui 
= | AL — T)x — (Aol — T)x|| 


= |à — dol. 
Ix || 
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From this estimate it follows that 


lim yI — T) 20 z y Qul — T), 
À—A0 


so (o7 — T)(X) is closed. [| 


From Theorems 5.31 and 6.70 we see that a-Browder’s theorem and a-Weyl’s 
theorem are equivalent to the discontinuity of the mapping à — y (àI — T) at the 
points of the two sets A4 (T) and L'; (T), respectively, where I'; (T) is larger than 
Aq(T). Comparing Theorems 6.70 and 5.31 one might expect that the discontinuity 
of the mapping A — ker(AJ — T) at every A € Ty(T) = Ag(T) U zg(T) is 
equivalent to a-Weyl’s theorem for T. This does not work. In fact, by definition of 
zoo (T) the map A — ker(AJ — T) is not continuous at every A € zoo (7) for all 
operators T € L(X), since every à € (T) is an isolated point of oap(T). From 
this it obviously follows that the discontinuity of the mapping à — ker(A7 — T) at 
every A € L4 (T) is equivalent to a-Browder's theorem for T. 

Analogously, the inclusion l';(T) € oap(T) is equivalent to a-Browder's 
theorem for T, since the inclusion TT) C isooap(T) holds by definition of 
zo (D). 


Theorem 6.71 Let T € L(X) and let N be a nilpotent operator commuting with 
T. If a-Weyl’s theorem holds for T, then it also holds for T + N. 


Proof First we prove that zj9(T) = m4 )(T + N). It is enough to prove that 0 € 
79g (T) if and only if 0 € zo5(T +N). Suppose that 0 € z o9 (T), so 0 < a(T) < oo. 
We prove that a(T + N) « oo. Let x € ker(T + N). Then (T + N)x = 0, so 
Tx — —Nx, and hence 


T*x = (-D*N*x for n EN. 
Let v be such that N” = 0. Then x € ker T”, and hence ker (T + N) C ker T”. 
From a(T") < oo we then have a(T + N) < co. We prove that «(T + N) > 0. 
Since a (T) > 0, there exists an x 4 0 such that Tx = 0. Then (T + N)"x = 0, so 
x € ker(T + N)” and a(T + N)” > 0. This, obviously, implies that «(T + N) > 0. 
Hence 0 € zoo (T + N), thus 
zgo(T) € ngg(T +N). 


The reverse inclusion follows by symmetry. To show that a-Weyl’s theorem holds 
for T + N, observe that 


nA (T + N) = n (T) = es (T) Vous (T) = oap(T + N) Vous (T. +N), 


so a-Weyl’s theorem holds for T + N. a 


In the sequel we shall need the following elementary lemma 
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Lemma 6.72 Let Q € L(X) be a quasi-nilpotent operator having finite- 
dimensional kernel. If R € L(X) is a Riesz operator that commutes with Q 
then Q + R has a finite spectrum. 


Proof Suppose on the contrary that there exists a sequence {àn} of distinct numbers 
in o(Q + R) \ {0}. Then 44,7 — Q is invertible for all n € N, and since R 
commutes with Q we have, by Theorem 3.8, that 447 — (Q + R) is Browder. 
Therefore, ker (A, Z — (Q + R)) is a non-zero finite-dimensional subspace, because 
Àn I —(Q+R) is non-invertible and hence the restriction of Q to ker (A, 7—(Q+ R)) 
is nilpotent. Consequently, ker (A, 7 — (Q + R)) A ker Q is non-trivial and contains 
a non-zero element xn. Every x, is an eigenvector of Q + R associated to A, and the 
numbers àn are mutually distinct, and it is easily seen that {x,} consists of linearly 
independent vectors of ker Q. Hence ker Q has infinite dimension, a contradiction. 

a 


For a bounded operator T € L(X) we set 
m¢(T) := {A € Oap(T) : a(AI — T) < oo]. 
Evidently, 
Poo(T) € moo(T) € x4 (T). 


Theorem 6.73 [fT € L(X) and R € L(X) is a Riesz operator that commutes with 
T, then 


n'*(T + R) Oap(T) € iso oap (T). 


Proof Let à € me (T + R). Then there exists a deleted neighborhood U of X such 
that uI — (T + R) is bounded below for all u € U. In particular, uJ — (T + R) is 
upper semi-Browder and hence jzJ — T is also upper semi-Browder, by Theorem 3.8. 
By Theorem 2.97 it then follows that Ho(ul — T) O K(uI — T) = (0) for all 
u € U. On the other hand, the closed subspaces Ho(ul — T) + K(uI — T) = 
Ho(u1 — T)G K (ul — T) are constant on U, by Corollary 2.121. Let Z denote one 
of them and set 7o :— T|Z and Ro := R|Z. We claim that A is not an accumulation 
point of Tọ. To see this, let u € U. Since the restriction (uJ — T)|K (uI — T) is 
invertible, then the restriction (ul — (T + R))|K(ulI — T) is Browder, again by 
Theorem 3.8, and hence uI — (To + Ro) is also Browder, since Ho(ulI — T) is 
finite-dimensional. Moreover, uI — (T + R) is injective, from which we deduce that 
uI — (To + Ro) is invertible and this shows that à ¢ acc (To + Ro). Consequently, 


Z = Ho(AI — (To + Ro)) 6 K (AI — (To + Ro)). (6.17) 
Now, write To = T14- T) and Ro = Rı+ R2 with respect to the decomposition (6.17). 


Since AJ — (Ti + R1) is a quasi-nilpotent operator having a finite-dimensional 
kernel, from Lemma 6.72 we obtain that o (T1) is finite, hence there exists a deleted 
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neighborhood V; of à such that Vi N o (Tj) = Ø. Moreover, since AJ — (T5 + R2) 
is invertible, AJ — T» is Browder, by Theorem 3.8, and hence A is an isolated point 
of o (T2), so there exists a deleted neighborhood V2 of à such that V2 N o (T5) = Ø. 
Set V := Vin V2 A U. Clearly, V o (To) = Ø. Finally, since 


ker (uI — T) € Ho(u1 — T) CZ, 
we have 
ker (ul — T) = ker (uI — To) = (0) for e V. 


But uI — T is semi-Fredholm, hence uI — T is bounded below. This completes the 
proof. [| 


Theorem 6.74 Suppose that T € L(X) is a-isoloid and that it satisfies a-Weyl's 
theorem. If K € L(X) is an operator that commutes with T and such that there 
exists an n € N such that K" is a finite rank operator then a-Weyl's theorem holds 
for T 4- K. 


Proof Since K is a Riesz operator and T satisfies a-Browder's theorem, T + K 
satisfies a-Browder's theorem, by Corollary 5.29. By Theorem 6.70 it suffices to 
prove the equality poo (T + K) = zt9o9(T + K). Let A € mg9(T + K) be arbitrarily 
given. If AJ — T is bounded below, in particular upper semi-Browder, then AJ — 
(T + K) is upper semi-Browder, by Theorem 3.8, so à € pgg(T + K). Consider the 
other case that A € oap (T). By Theorem 6.73, A € iso oap (T ). Since the restriction 
of the operator AJ — (T + K) to ker (AI — T) has both finite-dimensional range 
and kernel, ker (AJ — T) is also finite-dimensional, so that A € m99(T), since T is 
a-isoloid. On the other hand, a-Weyl’s theorem for T entails that zio9(T) = zto9(T ). 
so ztog (T) N ous (T) = Ø. Consequently, AJ — T is upper semi-Browder, and hence 
AI — (T + K) is also upper semi-Browder, by Theorem 3.8, from which we conclude 
that A € poo(T +K). This shows the inclusion zjo(T +K) € pog(T +K) and since 
the opposite inclusion is trivial we then conclude that zj9(T + K) = pgg(T + K), 
so the proof is complete. 


Notice that in the preceding result it is essential to require that T is a-isoloid. 
Indeed, we have: 


Theorem 6.75 Let T € L(X) and suppose that there exists a finite rank operator 
commuting with T which is not nilpotent. If a-Weyl’s theorem holds for T + K for 
every finite rank operator which commutes with T, then T is a-isoloid. 


Proof Assume that T is not a-isoloid and let à € iso os, (7) such that AJ — T is 
injective. By hypothesis there exists a finite rank operator K that is not nilpotent 
and commutes with T. The operator K cannot be quasi-nilpotent, otherwise its 
restriction K|K(X) is nilpotent and hence K is also nilpotent. The spectrum of 
K is finite and contains 0, so X = Ho(T) ® K(T), by Theorem 2.45. Since K 
is not quasi-nilpotent and the restriction K | K (T) is an invertible operator of finite 
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rank, it then follows that K (T) is a non-zero subspace of X having finite dimension. 
Represent T = Ti ® T» with respect to the decomposition X = X; Q X2, where 
X4 = Ho(K) and X» is the analytic core of K. Since K is not quasi-nilpotent then 
K|X» is an invertible operator having finite rank, and this implies that X is a non- 
zero subspace of finite dimension. Let T :— Ti ® T with respect to X = X, Q X», 
and let u € C such that A — u € o (T5). Clearly, à — u is an eigenvalue of 75. The 
operator S :— 0 @ wl is a finite-rank operator which commutes with T and 


Oap(T +S) = Oap(T1) U Gap (ul +D). 


Since À € isO og5 (7T) and àZ — T is injective we then have A ¢ oap(T2) and A € 
iso oap (Tj) € iso aap(T + S). Moreover, 


ker (AJ — T + S) = ker ((A — WI — T?) 


is a non-trivial subspace having finite dimension, so A € s(T + S). On the 
other hand, A ¢ pgg(T), so AI — T is not upper semi-Browder, and hence 
AI — T + S is not upper semi-Browder, by Theorem 3.8, and this implies that à ¢ 
Poo(T + S). Consequently, T + S does not satisfy a-Weyl's theorem, contradicting 
our assumptions. [| 


Theorem 6.76 Let T € L(X) bea finite a-isoloid operator which satisfies a- Weyl's 
theorem. If R € L(X) is a Riesz operator that commutes with T then T + R satisfies 
a-Weyl’s theorem. 


Proof Since T satisfies a-Browder's theorem, T + R satisfies a-Browder's theorem, 
by Corollary 5.29, so it suffices to prove, by Theorem 6.70, the equality pgg(T + 
R) = ngg(T + R). Let à € zQg9(T + R). If AI — T is bounded below then AJ — 
(T + R) is upper semi-Browder and hence A € pgg(T + R). If A € osp(T) then, 
by Theorem 6.73, A € iso oap (T), and since T is finite a-isoloid it then follows that 
À € njg(T). But a-Weyl’s theorem for T entails that zo, (T) Now (T) = Ø, therefore 
AI — T is upper semi-Browder and hence à € pog(T + R). The other inclusion is 
trivial, so T + R satisfies a-Weyl’s theorem. [| 


The proof of the following theorem is omitted, since it is very similar to the proof 
of Theorem 6.49, just take into account Theorem 6.70 and that oup (T) is invariant 
under Riesz commuting perturbations. 


Theorem 6.77 Let T € L(X) be an operator which satisfies a-Weyl’s theorem 
and let R € L(X) be a Riesz operator that commutes with T. Then the following 
conditions are equivalent: 


G) T +R satisfies a-Weyl’s theorem; 
(ii) z99(T +R) = P(T + R) 
(ili) §9(T + R) n oap (T) € noT). 


An obvious consequence of that for a finite a-isoloid operator T € L(X) a- 
Weyl’s theorem from T is transmitted to T + Q, where Q € L(X) isa 
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quasi-nilpotent operator which commutes with T. We now show that this result 
remains true if we suppose only the following weaker condition 


Op(T) N iso oap (T) € z9o(T). 


Theorem 6.78 Let T € L(X) be such that op(T) N iso oap (T) € ztoo(1). If T 
satisfies a-Weyl's theorem and Q € L(X) is a quasi-nilpotent operator which 
commutes with T, then T + Q satisfies a-Weyl’s theorem. 


Proof We already know that oap(T + Q) = Gap(T) and op(T) = op(T + Q) 
so pgo(T) = pQgg(T + Q). Since pg (T) = G(T), it then suffices to prove 
the equality zo9(T) = mp(T + Q). Let à € noT) = p00"(T). Then 
AI — T is upper semi-Browder and hence A € isOdap(T) = isooap(T + Q). 
Theorem 3.8 then entails that AJ — (T + Q) is upper semi-Browder, and hence A € 
Ty(T + Q). 

Conversely, suppose that à € m§,)(T + Q). Since Q is quasi-nilpotent and 
commutes with T, the restriction of AJ — T to the finite-dimensional subspace 
ker (AI — (T + Q) is not invertible, hence ker (AJ — T) is non-trivial. Therefore, 
à € oy (T) N iso oap(T) € zog (T), which completes the proof. a 


In the sequel we need the following lemma. 


Lemma 6.79 For every T € L(X), X a Banach space, and f € H(a(T)) we have 


GapC F(T) \ tog (f (T) €. f (oap (T) \ rog (T) - (6.18) 


Furthermore, if T is a-isoloid then 


Gap Cf (T)) V gg CF (T)) = f (oup (T) V tgo (T)) - (6.19) 


Proof Suppose that A € oap(f(T)) V mo(f(T)) € f(ap(T)). We consider three 
cases. 


Case (I) Suppose that A ¢ iso f(o;5 (T)). Then there is a sequence (n) which 
converges to a scalar Ho € oap(T) such that f (un) — A. Hence, à = f(uo) € 
f (Cap(T) \ xé (T)). 

Case (II) Suppose that à € iso f (oap(T)) and A is not an eigenvalue of f (T). Write 


XI — f(T) = (mI — T): +- al — T)g(T), (6.20) 


where [41 € Oap(T), u2, .... Un € 0 (T), and g(T) is invertible. Obviously, the 
operators on the right-hand side of (6.20) mutually commute. Since À is not an 
eigenvalue of f(T), none of the scalars 4, ..., 4n can be an eigenvalue of T. 
Hence à = f (ui) € f (ap(T) \ ng (T)) - 

Case (III) Suppose that A is an eigenvalue of f(T) having infinite multiplicity. 
According to the equality (6.20) there exists some u; such that u; is an 
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eigenvalue of T having infinite multiplicity. Then u; € oap(T) V mg9(T) and 
Ae f (cap (T) \ zog (1)). 


To show the equality (6.19), let 
A € f (Gap(T) \ zgo(T)) € f Cap(T)) = oap Cf (T)). 


Suppose that A € zog CF (T)). Then A € iso oapCf (T)) and, in the equality (6.20), 
we see that if some u; belongs to oap(T ), then u; is isolated in ogp(T), and hence an 
eigenvalue of T. Since A is an eigenvalue of finite multiplicity, then all u; € o4(T) 
are eigenvalues of T of finite multiplicity. Therefore all u; € cap(T) are in zoo (T) 
and this contradicts our assumption that A € f (egt T)N nat). 


Theorem 6.80 Let T € L(X) be a-isoloid and suppose that either T or T* has 
the SVEP. If T satisfies a-Weyl's theorem then f (T) satisfies a-Weyl's theorem f € 
H(o(T)). 


Proof If T or T* has the SVEP then the spectral mapping theorem holds for duw(T), 
by Corollary 3.120. Since T satisfies a-Weyl’s theorem we have ous (T) = Gap(T) \ 
zog (T). By Lemma 6.79 we then have 


Puy CF (T)) = f(Gus (T) = fap(T) \ 99 (T)) = eap f(T) \ tog CF (D). 


thus a-Weyl’s theorem holds for f(T). [| 
a-Weyl’s theorem also admits a generalization in the sense of B-Fredholm theory. 
Define first 
E" (T) := (4 € isoo,(T) : 0 < a(Al — T)}, 


and recall that by AS(T) we denote the set Oap(T) \ dubw (T). 


Definition 6.81 An operator T € L(X) is said to satisfy the generalized a-Weyl's 
theorem if AS (T) = E4(T). 


The generalized a-Weyl’s theorem entails a-Weyl’s theorem and the generalized 
Weyl’s theorem: 


Theorem 6.82 Suppose that T € L(X) satisfies the generalized a-Weyl’s theorem. 
Then we have: 


(i) T satisfies a-Weyl’s theorem. 
(i) T satisfies the generalized Weyl’s theorem. 


Proof 


(i) Because T satisfies the generalized a-Weyl’s theorem we have oap(T) \ 
Oubw(T) = E4(T). Let à € oap (T) \ opw(T). Then AJ — T is not upper semi B- 
Weyl and hence A € oap(T) V oww(T) = Ea(T). Since a(Al — T) < oo, 
we have A € 7§,(T). Conversely, suppose that A € ;rj(T). Obviously, 
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A € EQ(T) = oap(T) NV Gubw(T), so AL — T is upper semi B-Weyl. Since 
a(Al — T) < oo, AI — T is upper semi-Weyl, by Theorem 1.114, hence 
A € Oap(T) \ ouw (T). Therefore, o35 (T) V ous (T) = xg (T), and T satisfies 
a-Weyl’s theorem. 

(ii) Suppose that A € o (T) V os, (T). Then A7 — T is B-Weyl, in particular upper 
semi B-Weyl, and A € o (T). Observe that à € oap(T), otherwise if AJ — T 
were bounded below we would have, by Theorem 1.143, p(41 — T) = q (ÀI — 
T) = 0, hence 4 ¢ o (T), a contradiction. Therefore, A € oap(T) \ ousw(T) = 
E4(T) and consequently u7 — T is injective in a deleted neighborhood U1 
of A € Oap(T). Since ÀI — T is B-Weyl, by Theorem 1.117 then uI — T is 
Weyl in a deleted neighborhood U2 of A. If U =:= U1 N U2 then wl — T is 
invertible for all u € U, so A € isoo(T). Consequently, A € E(T) and hence 
o (T) \ opw(T) € E(T). 


Conversely, if A € E(T) then å is an isolated point of oap (T), since the boundary 
of the spectrum belongs to the approximate-point spectrum. Hence, A € E,(T) = 
Oap(T) \ Oubw(T) and AJ — T is upper semi B-Weyl. Because A € iso c (T), both 
T and T* have the SVEP at A, so, by Theorems 2.97 and 2.98, AI — T is Drazin 
invertible. By Theorem 1.141 it then follows that A ¢ og, (T), so o (T) \ opw(T) = 
E(T), as desired. | 


We show now that in general, a-Weyl’s theorem does not imply the generalized 
Weyl’s theorem, nor does it imply the generalized a-Weyl’s theorem. 


Example 6.83 Let S € L(X) as in Example 6.61. Then zog (5) = oap( S) Vouw (S) = 
Ø, so S satisfies a-Weyl’s theorem, but does not satisfy the generalized Weyl’s 
theorem. Furthermore, by Theorem 6.82, S does not satisfy the generalized a-Weyl’s 
theorem. 


Recall that A(T) = Oap(T) V Gub (T). Define 
AS(T) := Aa(T) U Eq(T). 


By Theorem 6.82, the generalized a-Weyl’s theorem entails a-Weyl’s theorem 
and hence a-Browder’s theorem, or equivalently, the generalized a-Browder’s 
theorem. The exact relationship between the generalized a-Weyl’s theorem and the 
generalized a-Browder’s theorem is described in the following theorem. 


Theorem 6.84 For a bounded operator T € L(X) the following statements are 
equivalent: 


(i) T satisfies the generalized a-Weyl’s theorem; 
(ii) T satisfies the generalized a-Browder’s theorem and E4(T) = Ma(T); 
(iii) For every A € AS(T) there exists a p :— p(X) € N such that Ho(4I — T) = 
ker (AI — T)? and (AI — T)” (X) is closed for all n > p. 
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Proof (i) > (ii) We have only to show the equality E,(T) = q(T). Suppose that 
A(T) = E,(T). To prove the equality E,(T) = II4(T) it suffices to prove the 
inclusion E,(T) C II4(T). 

Let à € E,(T). Clearly, T has the SVEP at A, because A € isooa(T). 
Since oap (T) V ou (T) = Ea(T), AI — T is upper semi B-Weyl and hence, 
by Theorem 2.97, AI — T is left Drazin invertible, i.e., A € II4;(T). Therefore, 
E4(T) = II4CP). 

(ii) > (i) The generalized a-Browder’s theorem entails that AS(T) = TIT) = 
E,(T), so T satisfies the generalized a-Weyl’s theorem. 

(ii) => (iii) If T satisfies the generalized a-Browder's theorem then AS(T) — 
II; (T) and from the assumption E;(T) = q(T) we have AS(T) = A,(T) = 
II;(T). Leta € ASCP). From Theorem 5.42 there exists an m € N such that 
Ho(AI — T) = ker (A41 — T)". Clearly, p :— p(AI — T) is finite, and H9(A1 — 
T) = ker (A1 — T)". Since à € II4(T) then AJ — T is left Drazin invertible, thus 
(AI — T)?*! (X) is closed and hence, by Corollary 1.101, (AJ — T)” (X) is closed 
for all n 7 p. 

(iii) > (ii) Since AZ(T) € AS(T), from Theorem 5.42 we know that T satisfies 
the generalized a-Browder's theorem. To show that E;(T) = II4(T) it suffices to 
prove that E;(T) € II4(T). Suppose that A € Ea(T). Then there exists av € N 
such that Ho(AJ — T) = ker (AI — T)" and this implies that AJ — T has ascent 
p = p(AI — T) € v. Thus, from our assumption, we obtain that AJ — T)?+!(X) is 
closed and hence à € II4(T). | 


Corollary 6.85 Suppose that T is left polaroid and either T or T* has the SVEP. 
Then T satisfies the generalized a-Weyl’s theorem. 


Proof T satisfies the generalized a-Browder’s theorem and the left polaroid condi- 
tion entails that E,(T) = N,(T). | 


Theorem 6.86 If T* has the SVEP then the generalized a-Weyl’s theorem holds for 
T if and only if the generalized Weyl’s theorem holds for T. 


Proof Suppose that T satisfies the generalized Weyl’s theorem. Since T* has 
the SVEP, by Theorem 2.68 o(T) = oap(T), and hence E(T) = E,(T). By 
Theorem 3.44 we also have oypbw(T) = Opw(T), so that 

E(T) = o (T) \ Opw(T) = Oap(T) Vou (T) = E° (T), 


and hence the generalized a-Weyl’s theorem holds for T. [| 


6.5 Property (œ) 


The following variant of Weyl’s theorem was introduced by Rakočević in a short 
note [261] and studied extensively by Aiena and Pefia in [22]. Evidently, for any 
operator T € L(X) we have A(T) € {A € ao (T) :0 < a(AI — T) < oo). 
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Definition 6.87 A bounded operator T € L(X) is said to satisfy property (c) if 
Aad(T) = noo(T) = {A €isoo (T) :0 < a(AI — T) < oo. 


Property (c) entails a-Browder's theorem: 


Theorem 6.88 Suppose that T € L(X) satisfies property (w). Then a-Browder's 
holds for T and 


Oap(T) = ou (T) U iso oap(T). 


Proof By Theorem 5.27 it suffices to show that T has the SVEP at every A ¢ 
Ouw(T). Let A € ouw(T). If X ¢ Oap(T) then T has the SVEP at A, while if 
À € Oap(T) then A € AG(T) = moo(T) and hence A is an isolated point of o (T), so 
also in this case T has the SVEP at A. 

The inclusion euy(T) U iso oap(T) C oap(T) holds for every operator, since 
Ouw(T) € Oap(T). To show the opposite implication, suppose that A € oap(T). If 
À € ow (T) then A € Oap(T) \Ouw(T) = Aa(T) = ztoo(T) and hence À € isoc (T), 
in particular À € iso oap(7), since every isolated point of the spectrum belongs 
to the approximate point spectrum. Therefore, o35p(T) € Ouw(T) U iso cap(T)), as 
desired. | 


The next result shows that, roughly speaking, property (R) may be thought of as 
half of the property (@): 


Theorem 6.89 /f T € L(X) the following statements are equivalent: 


(i) T satisfies property (œ); 
(ii) a-Browder's theorem holds for T and T has property (R). 


Proof (i) = (ii) Suppose that T has property (w). By Theorem 6.88 we need only 
to show that property (R) holds for T, i.e. Poo CD) = moo(T). If A € moo(T) = 
Oap(T) V ou (T) then A € isoo (T) and AJ — T is upper semi-Weyl. The SVEP for 
T at A is equivalent to saying that p(AJ — T) < ov, by Theorem 2.97. Therefore 
XI — T is upper semi-Browder and hence A € pj, (T). This shows the inclusion 
zoo(T) € pog (T). 

To show the opposite inclusion, suppose that A € pĝọ(T). Since T satisfies 
a-Browder's theorem, by Theorem 6.88, then oyp(T) = Ouw(T), and hence A € 
Oap(T) \ Guw (T) = 7too(T)), so the equality Poo (I) = moo(T ) is proved. 

(ii) > G) If A € Ag(T) = oap (T) \ ouw (1T), a-Browder’s theorem entails that 
À € og (T) Vou (T) = Poo (D). Since T has property (R), it then follows that 
à € ztoo(T), so Ag(T) C xoo(T). On the other hand, if à € zoo(T) then property 
(R) entails that à € Poo (D) = Oap(T) Vous (T) = ogp(T) \ ou (T). Therefore, 
Aa(T) = mo (T). E 

It is not surprising that without the SVEP the equivalence observed in the 


previous theorem fails. Indeed, the next example shows that property (R) is weaker 
than property (w). 


460 6 Weyl-Type Theorems 


Example 6.90 Let R € LG? (N)) denote the classical unilateral right shift, let Q 
denote a quasi-nilpotent operator. Define T := R ® R' @ Q, R’ the Hilbert adjoint 
of R. It is well-known that R’ is a unilateral left shift. Clearly, Oap(T) = ou (T) = 
D(0, 1), where D(0, 1) denotes the closed unit disc. Since zo9(T) = Ø, T satisfies 
property (R), while T does not satisfy property (o), since oy (T) = F U {0}, where 
T denotes the unit circle of C, so o35 (T) V ouw(T) A Ø = ztoo(T). 


Property (w) entails Weyl's theorem: 
Theorem 6.91 [fT € L(X) satisfies property (w) then Weyl’s theorem holds for T. 


Proof T satisfies a-Browder's theorem by Theorem 6.88, and hence Browder's 
theorem. To show Weyl’s theorem holds for T it suffices to prove that zo9(T) = 
Poo(T). If A € moo(T) then A € oap(T), since a(A47 — T) > 0, and from 
à € isoc (T) we know that both T and 7* have the SVEP at A. Since z9o(T) = 
Oap(T) \ Ouw(T), AI — T is upper semi- Weyl] and hence, by Theorems 2.97 and 2.98, 
we have p(AI — T) = q(AI — T) < oo. Since «(àI — T) < oo, from Theorem 1.22 
we then obtain that AJ — T is Browder, i.e. 4 € poo(T). Hence, ztoo(T) € poo(T) 
and since the reverse inclusion holds for every operator we conclude that zoo(T) = 
poo(T ). E 


The following examples show that property (c) is not intermediate between 
Weyl’s theorem and a-Weyl’s theorem. The first example provides an operator 
satisfying property (w) but not a-Weyl’s theorem. 


Example 6.92 Let T € L(£2(N)) denote the unilateral right shift and Q € L(€2(N)) 
the quasi-nilpotent operator defined as 


X2 X3 


Das oss = (=. e J for all (xy) € £2(N). 

Consider on X :— £2 (N) Q £2(N) the operator S := T ® Q. Then o (S) = ow(S) = 
D(0, 1), while oap(S) = ouw(S) = T U {0}, T the unit circle. Moreover, 7998) = 
(0) and since z99(S) = Ø we then see that cap(S) \ ouw (S) = 7roo(S), so S satisfies 
property (c). On the other hand, oap(S) V ouw(S) = Ø # mG, (S) = {0}, so S does 
not satisfy a-Weyl’s theorem. 


The following example provides an operator that satisfies a-Weyl theorem but 
not property (w). 


Example 6.93 Let R € £? (N) be the unilateral right shift and 
U(xi,X2,...) = (0,32, X3, --) forall (xn) € (N). 


If T := R@U then o(T) = D(0,1) so isoo(T) = zoo(T) = Ø. Moreover, 
Oap(T) = T U {0} and oyw(T) = PI, from which we see that T does not satisfy 
property (c), since A,(T) = {0}. On the other hand, we also have Moo (T) = {0}, 
so T satisfies a-Weyl’s theorem. 
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Define 
A(T) := {A € A«(T) : ind (AI — T) < 0). 
Clearly, 
A«(T) = A(T)UA(T) and A(T) ACT) =ð. (6.21) 


The next result relates Weyl’s theorem and property (w). 


Theorem 6.94 If T € L(X) satisfies property (w) then A(T) = Ø. Furthermore, 
the following statements are equivalent: 


(i) T satisfies property (w); 
(ii) T satisfies Weyl’s theorem and A(T) = @; 
(ii) T satisfies Weyl’s theorem and ^4(T) C isoo (T); 
Gv) T satisfies Weyl's theorem and Ag(T) C da(T), 9c(T) the topological 
boundary of o (T). 


Proof Suppose that T satisfies property (w) and that A(T) is non-empty. Let A € 
A(T). Then A € Ag(T) = zoo(T), so A € isoc (T) and hence T* has the SVEP 
at A. Since A € ouy(T), AI — T is upper semi-Weyl, so ind(AJ — T) < 0. By 
Corollary 2.106 the SVEP for T* implies that ind (AJ — T) > 0, hence ind (AJ — 
T) = 0, and this contradicts our assumption that A € A(T). 

To show the equivalence (i) & (ii) observe first that the implication (1) — (ii) is 
clear from the first part of the proof and from Theorem 6.91. Conversely, if A(T) — 
Ø and T satisfies Weyl’s theorem then Ag(T) = A(T) = zo0(T), so property (c) 
holds. 

(iii) > (ii) Suppose that T satisfies Weyl’s theorem. If A;(T) C isoc (T) then 
both T and T* have the SVEP at A and, as above, this implies that ind (AJ — T) = 0 
for every à € Aq(T), so A(T) = Ø. Hence property (w) holds for T. 

(i) > (iii) If property (w) holds then A4 (T) = zoo(T) € isoo (T). 

(iii) = (iv) Obvious. 

(iv) > (ii) Both T and T* have the SVEP at the points A € ø (T) = ðo (T*). If 
A € A4(T) then, by Corollary 2.106, ind (AJ — T) = 0, hence A(T) = Ø. | 


We give now two sufficient conditions under which a-Weyl’s theorem for T 
(respectively, T*) implies property (c) for T (respectively, T*). Observe that these 
conditions, see Theorem 5.48, are a bit stronger than the assumption that T satisfies 
a-Browder's theorem. 


Theorem 6.95 [fT € L(X) then the following statements hold: 


(i) If T has property (b) and T satisfies a-Weyl’s theorem then property (w) holds 
for T. 

(ii) If T* has property (b) and T* satisfies a-Weyl's theorem then property (w) 
holds for T*. 
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Proof 


(i) If T has property (b) then A;(T) C iso o (T), by Theorem 5.45. Consequently, 
Aa(T) € Oap(T). Leta € Aa(T). Then AJ — T is upper semi-Weyl, so a(AI — 
T) < oo and AJ — T has closed range. Since A € os (T) it then follows that 
«(AI — T) > 0,so à € z90(T). To show the inclusion zoo(T) € Ag(T) it 
suffices to observe that z99(T) C 799 (T) = Aq(T), since T satisfies a-Weyl’s 
theorem. Hence, z9o(T) = A(T). 

(ii) If T* has property (b) then 


As(T) = as(T) Vo (T) € isoo(T) = iso o (T*), 


again by Theorem 5.45, from which we easily obtain that A;,(T) C o,(T). Let 
à € As(T) = Ag(T*). Then B(AI — T) = a(4I — T*) > 0 and since AJ — T 
is lower semi-Weyl we also have B(AI — T) = æa (àI — T*) < co. Therefore, 
À € z9o(T*). To show the reverse inclusion zoo(T*) C Ag(T*), observe that 
since T* satisfies a-Weyl’s theorem then z9o(T*) C zjg(T*) = Aa(T*), so 
Aq(T*) = ngg(T*), as desired. [| 


Theorem 6.96 [fT € L(X), then the following equivalences holds: 


(i) If T* has the SVEP, property (c) holds for T if and only if Weyl’s theorem holds 
for T, and this is the case if and only if a-Weyl’s theorem holds for T. 

(ii) If T has the SVEP, property (w) holds for T* if and only if Weyl's theorem holds 
for T*, and this is the case if and only if a-Weyl's theorem holds for T*. 


Proof 


(i) We know that if T* has the SVEP then property (b) holds for T, by Corol- 
lary 5.46. From part (1) of Theorems 6.95 and 6.91, the following implications 
hold for T: 


a-Weyl > (œ) > Weyl. (6.22) 


Assume now that T satisfies Weyl’s theorem. The SVEP for T* implies, by 
Theorem 2.68, that o (T) = oap(T), so zoo (T) = m00(T) = o (T) \ ow(T). By 
Theorem 3.44 we also have that oy(T) = ow (T), from which we obtain that 


ToT) = Oap(T) Vou (T) = Poo (T). 


Since the SVEP for T* entails a-Browder's theorem for T, by Theorem 5.27, 
then a-Weyl’s theorem holds for T, by Theorem 6.70. 

(ii) The argument is similar to that used in the proof of part (1). If T has the SVEP, 
the implications (6.22) hold for T*, again by Theorems 6.95 and 6.91. If T has 
the SVEP then c(T*) = oap(T*), by Theorem 2.68, and hence zjg(T*) = 
790(T *). By Theorem 3.44 we also have that ow(T*) = ow(T) = ow(T) = 
Oub (T^), from which it easily follows that zj9(T*) = po (T*). The SVEP 
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for T also implies that T* satisfies a-Browder's theorem, by Theorem 5.27, so 
a-Weyl's theorem holds for T*, by Theorem 6.70. a 


Theorem 6.97 Suppose that T € L(H), H a Hilbert space. Then property (c) 
holds for T* if and only if property (w) holds for the Hilbert adjoint T”. 


Proof From Theorem 3.1 we have ouy(T^) = ouw(T*), so 


Gap( T^) \ Ouw(T") = Oap(T*) \ Ouw(T*) = Oap(T*) \ Ouw(T*) 


= xoo(T*) = mo00(T"), 


so T” satisfies property (c). The opposite implication follows in a similar way. Nl 


Remark 6.98 The operator T considered in Example 6.92 shows that in the 
statement (i) of Theorem 6.96 the SVEP for T* cannot be replaced by the SVEP 
for T. Indeed, S = T & Q has the SVEP, since every right shift operator has the 
SVEP and Q has the SVEP, since it is quasi-nilpotent. But S satisfies property (w) 
while a-Weyl’s theorem does not hold for S. 

Analogously, in the statements (ii) of Theorem 6.96 the assumption that T has 
the SVEP cannot be replaced by the assumption that T* has the SVEP. Indeed, let us 
consider the left shift L € L(£?(N)), and let U’ be the adjoint of the quasi-nilpotent 
operator U defined in Example 6.93. We have L' — R, R the unilateral right shift. 
If we define S :— L Q U’ then, as observed in Example 6.93, the Hilbert adjoint 
S = T = RQU has the SVEP (and hence the dual S* has the SVEP). We also 
know that o (S) = o(S’) = D(0, 1), and S’ = T does not have property (c), or 
equivalently, S* does not have property (w). 


Theorem 6.99 Suppose that T is a-polaroid. Then a-Weyl's theorem holds for T if 
and only if T satisfies property (c). 


Proof If T is a-polaroid then zog (T) = poo(T). Indeed, if A € mg9(T) then 
AI — T has both ascent and descent finite. Since a(AJ — T) < oo then, by 
Theorem 1.22, AJ — T is Browder, and hence A € poo(T). The reverse inclusion 
is obvious, so 7§,(7) = poo(T). Now, if T satisfies a-Weyl’s theorem then 
Aa(T) = nmgy(T) = poo(T). Moreover, since a-Weyl’s theorem entails Weyl’s 
theorem, by Theorem 6.40 we then have poo(T) = zoo0(T), thus Ag(T) = zoo(T), 
and hence T has property (o). 

Conversely, if T has property (w) then A4(T) = moo0(T). Property (œw) entails 
that T satisfies Weyl’s theorem. By Theorem 6.40 then poo(T) = xoo(T) = zgg(T), 
thus T satisfies a-Weyl’s theorem. [| 


The operator defined in Example 6.30 shows that a similar result to that of 
Theorem 6.99 does not hold for polaroid operators, i.e. if T € L(X) is polaroid 
Weyl’s theorem for T and property (w) for T in general are not equivalent. 
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Theorem 6.100 Suppose that T € L(X) is polaroid. Then the following statements 
hold: 


(i) If T* has the SVEP then f (T) has property (c) for all f € Hne(o(T)). 
(ii) If T has the SVEP then f (T*) has property (c) for all f € Hne(o(T)). 


Proof 


(i) If T is polaroid then f(T) is polaroid, by Theorem 4.19 and f (T*) = (f(T))* 
has the SVEP, by Theorem 2.86. From Theorem 4.15 then f(T) is a-polaroid. 
Since, by Theorem 6.43, f(T) satisfies Weyl’s theorem it then follows, by 
Theorem 6.96, that f (T) has property (o). 

(ii) The proof is analogous: f (T) is polaroid and hence if f(T* is polaroid. The 
SVEP for T is transmitted to f (T), so f (T^) is a-polaroid. By Theorem 6.43 
then f(T*) satisfies Weyl’s theorem and hence, by Theorem 6.96, f(T*) 
satisfies property (c). [| 


We consider now the transmission of property (w) from T € L(X) to T + K, 
where K is a suitable commuting perturbation. 


Theorem 6.101 Suppose that T € L(X) is isoloid and property (c) holds for T. 
Let K € L(X) be such that TK — KT and K" is a finite rank operator for some 
n € N. /fisoogy(T) = isoogp(T + K) then T + K has property (c). 


Proof By Theorem 3.27 we have oap(T) = Oap(T + K). Suppose that T 
has property (w). Then T satisfies a-Browder's theorem and property (R). By 
Theorem 6.14 T + K has property (R) and a-Browder's theorem holds for T + K, 
by Corollary 5.29. Hence, T + K has property (o). a 


Generally, property (w) is not transmitted from T to a quasi-nilpotent perturba- 
tion T + Q. In fact, if Q € L((N)) is defined by 
X2 X3 


Qi xis =o) for all (xn) € €2(N), 


then Q is quasi-nilpotent and 


{0} = m00(Q) F Fap(Q) Vous (Q) = 0. 


Take T = 0. Clearly, T satisfies property (w) but T + Q = Q fails this property. 
Note that Q is not injective. 


Theorem 6.102 Suppose that for T € L(X) there exists an injective quasi- 
nilpotent Q operator commuting with T. Then both T and T + Q satisfy property 
(o), a-Weyl's and Weyl’s theorem. 


Proof We show first property (c) for T. It is evident, by Lemma 6.32, that zroo(T) 
is empty. 

Suppose that oap (T) V euw (T) is not empty and let A € oap(T) V ouw(T). Since 
AI — T € W(X), a(Al — T) < œ and AJ — T has closed range. Since AJ — T 
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commutes with Q it then follows, by Lemma 2.189, that AJ — T is injective, so 
À € oap (1), a contradiction. Hence oa (T) V Cuw(T) is also empty, and property (w) 
holds for T. 

To show that a-Weyl’s theorem holds for T observe that by Lemma 6.32, zo (T) 
is also empty, hence 


Oap(T) \ ouw (T) = Too (T) = 6. 


Analogously, a-Weyl’s theorem also holds for T + Q, since the operator T + Q 
commutes with Q. Weyl’s theorem is obvious: property (œw), as well as a-Weyl’s 
theorem, entails Weyl’s theorem. Property (w), as well as a-Weyl’s theorem and 
Weyl’s theorem, for T + Q is clear, since T + Q commutes with Q. a 


Obviously, by Theorem 6.102 any injective quasi-nilpotent operator satisfies 
property (œw). 


Example 6.103 In Theorem 6.102 the condition quasi-nilpotent cannot be replaced 
by the condition of being compact. For example, consider the following operators 
T := U & I and K := V @ Q on £2(N) © £2(N), where, Q € L(£2(N)) is an 
injective compact quasi-nilpotent operator, 


X2 x3 


Ux:= (Gea 


Je oim Cn)nat2,.. € £2), 


and 


X X 
le ee J 0X 19 Onna... € 2). 


Vx =( 2 3 


The operator U is compact, so T = U @/ and T* have the SVEP since both 


operator have discrete spectrum. Consequently, by Theorem 2.68, o3; (T) = o (T) 
and ou (T) = ow(T) = (0, 1}. Clearly, 


1 
Oap(T) \ Ouw(T) = o (T) \ ow(T) = mo0(T) = IE :n=2,3,... | , 


thus property (w) holds for T. Note that K is an injective compact operator, TK = 
KT and 


o(T + K)=o0,(T7+ K) 2(0,1) and zoo(T + K) = {1}. (6.23) 
Clearly, T* + K* has the SVEP, since it has finite spectrum. Moreover, 
o(T+K)=op(T+K) and ow(T + K) = ow(T + K), 


from which we deduce that property (w) does not hold for T + K. 
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From Lemma 2.189 we deduce that if 0 < o(T) < oo then there exists no 
injective quasi-nilpotent operator Q which commutes with T. Theorem 6.102 has 
the following interesting consequence: 


Corollary 6.104 Suppose that T does not satisfy Browder’s theorem. Then there 
exists no injective quasi-nilpotent operator commuting with T. 


Proof If T does not satisfy Browder’s theorem then T does not satisfy Weyl’s 
theorem, so the assertion follows from Theorem 1.70. E 


Remark 6.105 For a finite rank operator K and any T € L(X), it is known that 
a (T) = œ if and only if a(T + K) = oo. 

Theorem 6.106 Suppose that Q € L(X) is quasi-nilpotent and K € L(X) isa 
finite rank operator commuting with Q. If Q satisfies property (w) then Q + K 
satisfies property (w). 

Proof If Q is injective then Q-- K satisfies property (w) by Theorem 6.102. Suppose 
that Q is non-injective and satisfies property (w). Clearly, {0} = ouw(Q) = oap (Q) 
since both ouw(Q) and oap(Q) are non-empty, and from Corollary 6.120 and 
Theorem 3.17, we know that 


{0} = eu (Q) = ouw(Q + K) 


and cap (Q + K) = oap(K), so oap(Q + K) \ ouw( Q + K) is the set of all non-zero 
eigenvalues of K. Say A1, ..., Àn. 

We show that zt990(Q + K) = {à1,..., àn}. Since Q satisfies property (œw) we 
have 


Ø = eap (Q) \ ouw (Q) = 7t00(Q). 


and since a(Q) > 0 this implies that «(Q) = oo. As observed in Remark 6.105, 
this implies that «(Q + K) = oo, so that 0 ¢ ztoo(Q + K). Therefore, 


m00(Q + K) € ox (Q + K) = og (K)V {0} = {A1,---5 An}. 


We show the opposite inclusion. For every i = 1,...,n the operators à; — Q 
are invertible, in particular Fredholm operators, so 4;7 — (Q + K) is a Fredholm 
operator. Therefore, w(A; J — (Q + K)) < oo and å; I — (Q + K) has closed range. 

Now, suppose that œ (à; I — (Q + K)) = 0. Then A; ¢ oap(Q + K) = oap (K), 
hence à; — K is injective. Since K is a finite-rank operator it then follows that 


gÜI—XK)sBQl-XK)sU, 


i.e. A; é o (K), a contradiction. Therefore A; € zr9o(Q + K), and consequently 
property (c) holds for Q 4- K. a 


Property (@) may also be extended in the sense of B-Fredholm theory. 
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Definition 6.107 An operator T € L(X) is said to satisfy the generalized property 
(o), in symbols (gw), if A7 = E(T). 


Property (gq) is stronger than property (w): 
Theorem 6.108 /f T € L(X) has property (go) then T has property (o). 


Proof Assume property (gw) for T and let à € Ag(T) = E(T). Clearly, à € 
A&(T), because oybw(T) C ou (T), hence 0 < a(Al — T) and since AI — T is 
Weyl we then have a(AJ — T) < oo, so À € zto(T). 

Conversely, if A € zoo(T) then à € E(T) = AE (T) and hence AI — T is upper 
semi B-Fredholm. But a(AJ — T) < oo and this implies, by Theorem 1.114, that 
AI — T is upper semi-Fredholm. Therefore, A € oap(T) V ouy(T) = AG(T). Thus, 
property (c) holds for T. [| 


The next example shows that the converse of the previous theorem does not hold 
in general. 


Example 6.109 Denote by Q any quasi-nilpotent operator, acting on an infinite- 
dimensional Banach space, for which all the ranges Q"(X) are non-closed for all 
n € N. Let T := 0 9 Q. Since T"(X) = Q"(X) is non-closed for all n € N, T 
is not semi B-Fredholm, so oup, (T) = {0}. Since o3; (T) = {0} and E(T = {0}, 
T does not satisfy property (gw), while, since zoo(T) = Ø and ou, (T) = {0}, T 
satisfies property (o). 


Property (gw) is related to the generalized Weyl’s theorem as follows: 


Theorem 6.110 Let T € L(X). Then the following statements are equivalent: 


(i) T satisfies property (gw); 
(i) T satisfies the generalized Weyl’s theorem and ind (ÀI — T) = O for all x € 
AS (T). 


Proof (i) = (ii) Suppose that T satisfies property (gw) and let A € A?(T) = 
o(T) NV opw(T). Then A ¢ oww(T). If «(A41 — T) = 0 then Al — T is invertible, 
and this is impossible. Hence a(AJ — T) > Oand A € oap(T). Since T has property 
(gc) it then follows that A € E(T), from which we obtain that A£ (T) C E(T). To 
show the converse inclusion, let A € E(T) be arbitrary. Since T has property (go), 
à € Oubw(T) and hence ind (AJ — T) < 0. On the other hand, since A € E(T) then 
à € isoc (T), hence T* has the SVEP at A and, consequently, ind (AJ — T) > 0, 
from which we obtain ind (AJ — T) = 0 and à ¢ opw(T). Hence AS(T) = E(T) 
and ind (AJ — T) = 0 for all A € A(T). 

(ii) = (i) Conversely, assume that T satisfies the generalized Weyl’s theorem 
ind (Al — T) = 0 for all A € A(T) and ind (AJ — T) = 0 forall A € AZ(T). If 
à € AS(T), then AI — T is upper semi B-Weyl, and since ind (AJ — T) = 0 we 
then have that AJ — T is B-Weyl. But T satisfies the generalized Weyl’s theorem, so 
à € E(T) and hence A(T) C E(T). To show the reverse inclusion, let 4 € E(T). 
Then AJ — T is B-Weyl and «(AI — T) > 0, since A € c (T). Thus à € AS(T), and 
consequently T satisfies property (go). a 
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In the following theorem we give the exact relationship between property (œw) 
and property (go). 


Theorem 6.111 Let T € L(X). Then the following statements are equivalent: 


(i) T satisfies property (go); 
Qi) T satisfies property (w) and has property (g R); 
(iii) T satisfies Weyl’s theorem and has property (gR); 
(v) T satisfies Browder's theorem holds and has property (g R). 


Proof (i) = (ii) Assume that T has property (gw). By Theorem 6.108 T has 
property (w) and, by Theorem 6.110, T satisfies the generalized Weyl’s theorem. 
Hence E(T) = II(T). If A € II; (T) then AI — T is left Drazin invertible and since 
T* has the SVEP at A it then follows that q(AI — T) < oo, by Theorem 2.98, so 
à € I(T). This shows that II(7) C II;(T) and hence II;(7) = E(T), i.e., T has 
property (g R). 

(ii) > (iii) Clear, since property (w) entails Weyl’s theorem for T, by Theo- 
rem 6.91. 

(iii) > (iv) Clear: indeed Weyl’s theorem entails Browder's theorem. 

(iv) = (i) Suppose that T satisfies Browder's theorem, or equivalently the 
generalized Browder’s theorem, and suppose that II;(T) = E(T). Then A,(T) = 
II; (T) = E(T), so T has property (go). [| 


Theorem 6.112 Let T € L(X). If T* has the SVEP then the following statements 
are equivalent. 


G) T has property (gw); 
(i) T satisfies the generalized a-Weyl’s theorem; 
(iii) T satisfies the generalized Weyl's theorem. 
Dually, if T has the SVEP then the following statements are equivalent. 
(iv) T* has property (go); 
(v) T* satisfies the generalized Weyl's theorem; 
(vi) T* satisfies the generalized a-Weyl's theorem. 


Proof The implications (i) => (ii) is clear, by Theorem 6.110. To show that (ii) © 
(iii), observe first that, by Theorem 2.68, the SVEP for T* entails that o (T) = 
Oap(T), so Eg(T) = E(T). By Theorem 3.53 we also have opw(T) = oubw(T), 
hence AZ(T) = A£ (T), so the statements (ii) and (iii) are equivalent. To show the 
implication (ii) > (i), suppose that T satisfies the generalized Weyl’s theorem and 
let us consider A € AZ(T). Then AI — T is upper semi B-Weyl, so ind (AJ — T) < 0. 
On the other hand, the SVEP for T* ensures, by Theorem 2.98, that q (àI — T) < oo 
and hence, by Theorem 1.22, ind (AJ — T) > 0. Therefore, ind (AJ — T) = 0 for all 
X € AS(T). By Theorem 6.110 then T has property (gc). 

The proof of the equivalences (iv) < (v) < (vi) is analogous, just use 
Theorem 2.97 instead of Theorem 2.98. a 
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Theorem 6.113 Let T € L(X) be polaroid and f € Hnc(o(T)). 


(i) If T* has the SVEP, then f (T) has property (go). 
(ii) If T has the SVEP, then f (T*) has property (go). 


Proof 


(i) f(T*)hasthe SVEP, by Theorem 2.86, and f (T) is polaroid by Theorem 4.19. 
The SVEP for f(T*) entails that Browder's theorem, or equivalently the 
generalized Browder's theorem, holds for f(T). Since f (T) is polaroid then 
E(f(T)) = I(f(T)), so f(T) satisfies the generalized Weyl’s theorem. By 
Theorem 6.112 we then conclude that f (T) satisfies property (go). 

Since T* has the SVEP, Browder's theorem holds for T, or equivalently 
the generalized Browder's theorem holds for T, by Theorem 5.15. Since T is 
polaroid, E(T) = II(T), so T satisfies the generalized Weyl’s theorem. Since 
T* has the SVEP, by Theorem 6.112 then property (gc) holds for T. 

(ii) The proof is analogous to the proof of part (1), taking into account that 7' is 
polaroid if and only if T* is polaroid. a 


Recall that, by Theorem 3.78, if K € L(X) commutes with T € L(X) and K" is 
a finite rank operator for some n € N then oypw(T + K) = oupw(T). 


Theorem 6.114 Suppose that T € L(X) is polaroid and that K € L(X) is such 
that TK — KT and K" is a finite rank operator for some n € N. If T satisfies 
property (gw) then T + K satisfies property (go) if and only if Ila (T + K) € 
BET +K). 


Proof Assume that T has property (gw) and II;(T + K) € E(T + K). Property 
(go) entails property (w) and hence a-Browder's theorem. Then T + K satisfies 
a-Browder’s theorem, by Corollary 5.29, or equivalently, T satisfies the generalized 
a-Browder’s theorem by Theorem 5.38. Hence AS(T) = IH4(T + K), and from 
the assumption we then have AZ(T) C E(T + K). Conversely, suppose that A € 
E(T + K). Then A € isoc (T + K), and since T + K is polaroid, by Theorem 4.24, 
we then have 


à c I(T + K) c IL,(T +K) = AG). 


Thus, AZ(T) = E(T + K) and hence T + K has property (go). 
Conversely, if T + K has property (go) then AS(T + K) = E(T + K). Since 
IL,(T + K) € A§(T + K), we have II,(T + K) € E(T +K). a 


We consider now the special case of nilpotent perturbations. Recall that oup, (T + 
N) = oww(N) for every nilpotent operator N that commutes with T. 


Theorem 6.115 Suppose that T € L(X) is polaroid and that N € L(X) isa 
nilpotent operator that commutes with T. If T satisfies property (gw) then T + N 
satisfies property (gw). 
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Proof First note that 
A5(T) = Oap(T) \ Gub (T) = Oap(T + N) \ oubw(T + N) = AS(T + N). 


Now, if A € E(T) then a € isoo(T) = isoc (T + N), and since T + N is polaroid, 
by Theorem 4.24, then A is a pole of the resolvent of T + N. In particular, A € 
E(T + N). This shows that E(T) € E(T + N) and the converse of this inclusion 
may be obtained by a symmetric argument. Hence E(T) = E(T + N). Finally, 
since T satisfies (go), 


A(T + N) = AK(T) = E(T) = E(T +N), 


so T + N has property (go). a 


Lemma 6.116 Suppose that for a bounded operator T € L(X) there exists aro € 
C such that K (491 — T) = {0} and ker (AgI — T) = {0}. Then oy (T) = Ø. 


Proof For all complex à ~ Ao we have ker(AJ — T) € K(Aol — T), so that 
ker AJ — T) = {0} for all à € C. | 


Theorem 6.117 Let T € L(X) be such that there exists a X9 € C such that 
K(Aol —T) = {0} and ker (Aol — T) = {0}. (6.24) 


Then property (gw) holds for f (T) for all f € (of (T)). 


Proof We know from Lemma 6.116 that o; (T) = Ø, so T has the SVEP. We show 
that also op(f(T)) = Ø. Let u € o (f (T)) and write u— f(A) = p()g (à), where g 
is analytic on an open neighborhood // containing o (T) and without zeros in o (T), 
p à polynomial of the form p(A) = Ig; (Ax — 4)"*, with distinct roots A1, ... , An 
lying in c (T). Then 


pl — f(T) = Il 4041 — T)" g(T). 


Since g(T) is invertible, op(T) = Ø implies that ker (u7 — f(T)) = {0} for 
all u € C, hence op(f(T)) = Ø and, consequently, f (T) has the SVEP. This 
implies that a-Browder's theorem holds for f (T), or equivalently, the generalized 
a-Browder's theorem holds for f(T), i.e., oup (f(T)) = oia Cf (T)). Clearly, 
Eq(f(T)) = E(f (T)) = Ø. Now, suppose that à ¢ ouswCf (T)), so Al — f(T) is 
upper semi B-Weyl. Since a(AJ — f (T)) = 0 then, by Corollary 1.115, 47 — f(T) 
is bounded below, so A ¢ o4(f(T)). Therefore, oa(f(T)) € ouwCf (T)), and 
since the opposite inclusion holds for every operator, we then have oap( f (T)) = 
OubwCf (T)), so AS (T) = Ø. Hence f (T) has property (gw). 


In the last part of this section we show that Weyl-type theorems are transferred 
from a Drazin invertible operator to its Drazin inverse. 
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Lemma 6.118 Let R € L(X) be Drazin invertible with Drazin inverse S. Then we 
have: 


(i) 0 € zoo(R) & 0 € mo0(S). If A Æ 0 then X € ztoo(R) > 
(ii) 0€ zoo CR) 0e 7995). If  zZ0thenX € 799 CR) e 


Proof 


€ zt9o( S). 
€ ng (S). 


pM 


(i) Suppose first that O € zoo(R). Then 0 € isoo(R), and this implies 0 € 
iso o (S). Obviously, with respect to the usual decomposition X = Y © Z, 
R = Ri È R2 we have a(R) = a(Rj) +a(R2) = a(Ri), since Ro is invertible. 
Since a(R) < oo, a(R1) < oo and hence a(R) < oo, where R} = 0. But 
ker Ri = Y, so Y is finite-dimensional. 
On the other hand, ker (S) = ker 0 @ ker $5 = Y @ {0}, thus a($) < oo. It 
remains to prove that 0 < a(S). By assumption we have a(R) = a(R) > 0, 
so a(R}) = dim Y > 0, since ker Rj € ker Ry and hence a(S) = dim Y > 0. 
Therefore, 0 € zr9o(S). Analogous arguments show the reverse implication. 
The second assertion follows from the equality ker (AJ — R) = ker GI — 8S). 
(i) If 0 € zoo (R) then 0 € iso o4 (R) and hence 0 € iso o,(S). To show that 
0 < a(S) < oo, proceed as in the proof part (i). An analogous reasoning shows 
that if 0 € TCS) then 0 € T(P. The second assertion follows from the 


equality ker (AJ — R) = ker (11 — S). | 
Theorem 6.119 Let R € L(X) be Drazin invertible with Drazin inverse S. Then 


G) R satisfies Weyl’s theorem if and only if S satisfies Weyl’s theorem. 
(i) R satisfies a-Weyl’s theorem if and only if S satisfies a-Weyl’s theorem. 
(iii) R satisfies property (œ) if and only if S satisfies property (o). 


Proof 


(i) Suppose that R satisfies Weyl’s theorem. Then R satisfies Browder’s theorem 
and hence, by part (i) of Theorem 5.109, Browder’s theorem holds for S. Let 
À € zoo(S). If A = 0 then, by Lemma 6.118, 0 € zo9(R) = poo(R), hence, 
by Lemma 5.111, 0 € poo(S). If A Æ O then i € z9o(R) = poo(R), hence 
à € poo(S). Therefore, zt990(S) C poo(S) and since the opposite inclusion 
holds for every operator we then conclude that zoo(S) = poo(S), thus, by 
Theorem 6.40 S satisfies Weyl’s theorem. In a similar way Weyl’s theorem for 
S implies Weyl’s theorem for R. 

(i) If R satisfies a-Weyl’s theorem, then R satisfies a-Browder’s theorem and 
Poo (R) = ngo (R). From part (ii) of Theorem 5.109 we know that a-Browder's 
theorem holds for S. To show that S satisfies a- Weyl's theorem then it suffices, 
by Theorem 6.40, to prove that z55(S) = poo S). 

Let à € zt9,(S). If A = 0 then, by Lemma 6.118, 0 € z99(R) = pggCR). 
Hence, by Lemma 5.111, 0 € pgg(S). If A # 0 then, by Lemma 6.118, 


1 € zoo (R) = pog CR). and hence, by Lemma 5.111, we have à € p§)(S). 


Therefore, z55,(S) € po9 (S). The opposite inclusion holds for every operator, 
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SO mools) = poo (S), thus S satisfies a-Weyl’s theorem. In a similar way a- 
Weyl’s theorem for S implies a-Weyl’s theorem for R. 

(iii) If R satisfies property (o), then, by Theorem 6.89, R satisfies a-Browder's 
theorem and pog (R) = zoo (R). By part (ii) of Theorem 5.109, a- Browder's 
theorem holds for S, so, in order to show property (w) for S, it suffices to prove, 
by Theorem 6.89, that z990(S) = p69 CS). 


Let A € ztoo(S). If A = 0 then, by Lemma 6.118,0 € zo9(R) = Poo CR). Hence, 
by Lemma 5.111, 0 € pg, (S). Suppose the other case, à 4 0. Then i € zoo(R) = 
Poo CR). and hence à € pg4(S). Therefore, ztoo(S) € p99(S). It remains to prove that 
Poo(S) € 7to0(S). Let A € pog(S). If A = 0 then S is Browder, see Lemma 5.111, 
so 0 is an isolated point of o (S). Clearly, 0 < a(T), since 0 is an eigenvalue and 
S(X) is closed. Moreover, a(S) < oo, so 0 € ztoo(S). 

If A Æ 0 then, again by Lemma 6.118, i € pog CR) = xoo(R), and hence, by 
Lemma 5.111, X € z00(S), from which we conclude that zo9(S) = Poo (S). thus 
S satisfies property (c). In a similar way, property (w) for S implies property (w) 
for R. | 


6.6 Weyl-Type Theorems for Polaroid Operators 


We have seen that assuming the SVEP for T* (respectively, for T) the Weyl-type 
theorems are equivalent for T (respectively, for T*). In this section we show that 
also assuming polaroid-type conditions then some of the Weyl-type theorems are 
equivalent. 

In the following diagram we resume the relationships between all Weyl-type 
theorems, generalized or not, proved in the previous section. We shall use the 
symbols (W) and (gW) for Weyl’s theorem and the generalized Weyl’s theorem, 
respectively. By (aW) and (gaW) we shall denote a-Weyl’s theorem and the 
generalized a-Weyl’s theorem, respectively. We have 


(go) => (we) => (W) 

(gaW) => (aW) > (W). 
Furthermore, 

(go) = (gW) > (W) 


(gaW) => (W) => (W). 
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Theorem 6.120 Let T € L(X). Then we have: 


(i) 
i) 


If T is left-polaroid then (aW) and (gaW) for T are equivalent. If T is right- 


polaroid then (aW) and (gaW) for T* are equivalent. 


If T is polaroid then (W) and (gW) for T are equivalent. Analogously, (W) 
and (gW) for T* are equivalent. 


Proof 


(i) 


Qi) 


We know that (ga W) entails property (aW) without any assumption on T. To 
show the converse, suppose that property (aW) holds for T, i.e., Ag(T) = 
Oap(T) Vous (T) = zog (T). We have only to prove that og5 (T) \ Oubw(T) = 
E,(T). We show first that the inclusion o; (T)Nousw (T) € Ea(T) holds without 
any assumption on T. 

Leta € oap (T)Noubw (T). We can suppose that à = 0. Therefore, 0 € oap (T) 
and T is upper semi B-Weyl. By Theorem 1.117, there exists an € > 0 such 
that uI — T is upper semi-Weyl for all 0 < |u| < £e. We claim that T has the 
SVEP at every u. If u € Oap(T) this is obvious. Suppose that y € osp(T). 
Then u € Oap(T) V ow (T) = 799 (T), so u is an isolated point of oap(T) 
and hence T has the SVEP at u. The following argument shows that T has the 
SVEP at 0. Let f : Dg — X be an analytic function defined on an open disc 
Jo centered at O for which the equation (AJ — T) f(A) = 0 for all A € Do. 
Take 0 Z u € Do and let D, be an open disc centered at u contained in 
The SVEP of T at u implies that f = 0 on D, and hence, from the rema 
theorem for analytic functions, it then follows that f = 0 on Do, so T has 
the SVEP at 0. But T is upper semi B-Fredholm, so, by Theorem 2.97, 0 € 
iso oap (T ). 

Suppose that a(T) = 0. By Theorem 1.114 then T € 4,(X), so 
the range T(X) is closed and, consequently, 0 & o5 (T), a contradiction. 
Therefore a(T) > 0, from which we conclude that 0 € E,(T) and hence 
Oap(T) \ Oubw(T) € E4(T). 

Suppose now that T is left polaroid and let A € E,(T). Then A is an 
isolated point of o;5 (T), and hence by the left polaroid condition A is a left 
pole of T. In particular, AJ — T is left Drazin invertible. Since oup, (T) C 
eja(T) we then have A € oap(T) \ oia(T) € oap(T) \ eub (T). Therefore, 
Oap(T) \ Cubw(T) = Ea(T), and the generalized a-Weyl’s theorem holds for 
T 


The assertion concerning right-polaroid operators is obvious by Theo- 
rem 1.144. 
We have only to show that Weyl’s theorem entails the generalized Weyl’s 
theorem. Suppose first that Ay € E(T). Since T is polaroid then Ao is a pole 
of T, hence 0 < p(Aol — T) = q(Aol — T) < co. Therefore, Aol — T 
is Drazin invertible or equivalently, by Theorem 3.47, ào — T is B-Browder 
and hence B-Weyl. Consequently, Ap € c (T) \ og, (T) and hence E(T) C 
e (T) Voss (T). 
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Conversely, assume that ào € o(T) NV opw(T). Then Aol — T is B-Weyl 
and hence, again by Theorem 1.117, there exists an € > 0 such that AJ — T 
is Weyl for all 0 < |A — Ao| < £. By Theorem 1.118 we know that AJ — 
T is semi-regular in a punctured open disc centered at Ao, so we can assume 
that 


ker (AI — T) C NV (AI — T) GC (AI — T)?(X) forallO < |A — Ao| < €. 


Since Weyl’s theorem for T entails Browder's theorem for T, we have 
Ow(T) = oy(T). Therefore, A7 — T is Browder for all 0 < |à — Ao| < £ and, 
consequently, p(AI — T) = q(AI — T) < œ. By Lemma 1.19 we then have 


ker (AJ — T) = ker (AI — T) (AI — T)™(X) = {0}, 


thus «(AI — T) = 0 and since AJ — T is Wey] we then conclude that also 8 (àI — 
T) = 0, so AI — T is invertible for all 0 < |à — Ao| and hence Ao € isoo (T). 

To show that Ag € E(T) it remains to prove that «(A97 — T) > 0. Suppose 
that (A97 — T) = 0. Since Aol — T is B-Weyl then, by Lemma 1.114, 497 — T 
is Weyl and since a(Ag/ — T) = 0 it then follows that Ao/ — T is invertible, 
a contradiction since Ag € o (T). Therefore, 49 € E(T), so the generalized 
Weyl’s theorem holds for T. 

The last assertion is clear: T* is also polaroid. a 


Corollary 6.121 If T € L(X) is a-polaroid then (aW), (gaW), (c), (gw) for T 
are equivalent. 


Proof Every a-polaroid operator is left polaroid so, by part (1) of Theorem 6.120, 
(aW) and (gaW) are equivalent. Property (w) and (aW) are equivalent, since 
xoo(T) = mgg(T). We also have E(T) = E,(T), from which it easily follows 
that (ga W) and (go) are equivalent. | 


In the following example we show that the result of Corollary 6.121 does not 
hold if we replace the condition of being a-polaroid by the weaker conditions of 
being left polaroid or polaroid. 


Example 6.122 Let R and U be defined as in Example 6.30. As observed before 
T := R QU is both left polaroid and polaroid. Moreover, oap (T) = F U (0), F the 
unit circle, and iso o (T) = m00(T) = Ø, so Gap(T) V ouw(T) = {0} Æ mo0(T), i.e., 
T does not satisfy property (w). On the other hand, we have Moo (T) = {0}, hence T 
satisfies a-Weyl’s theorem. 


In the following result we show that if T is polaroid and T* has the SVEP, 
(respectively, T has the SVEP), we can say much more: all Weyl-type theorems, 
generalized or not, are equivalent and hold for T , (respectively, for T*). 
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Theorem 6.123 Let T € L(X) be polaroid. Then we have 


(i) If T* has the SVEP then (W), (aW), (c), (gW), (aW) and (gw) hold for T. 
Moreover, T* satisfies (gW). 

(ii) If T has the SVEP then (W), (aW), (c), (gW), (gaW) and (go) hold for T*. 
Moreover, T satisfies (gW). 


Proof 


(i) T satisfies (W) by Theorem 6.44. The first statement is then proved if we 
show that (W) is equivalent to each one of the other Weyl-type theorems for 
T, generalized or not. The SVEP for T* ensures, by Theorem 6.96, that (W) 
and (aW) for T are equivalent. By Theorem 4.15 T is a-polaroid hence, by 
Theorem 6.29, (aW), (aW), (œw), (gw) for T are equivalent. Finally, from part 
(ii) of Theorem 6.120, (W) and (gW) for T are equivalent. By Theorem 6.44 
T* satisfies (W) and since T* is polaroid then, by part (ii) of Theorem 6.120, 
(gW) holds for T*. 

(ii) T* satisfies (W) by Theorem 6.44, so it suffices to prove for T* that (W) is 
equivalent to each one of the other Weyl-type theorems, generalized or not. 
Because, by Theorem 4.15, T* is a-polaroid, by Theorem 6.29 it then follows 
that (aW), (gaW), (w), (gw) are equivalent for T*. The SVEP for T entails, 
by Theorem 6.96, that (W) and (aW) are equivalent for T*, while (W) and 
(gW) for T* are equivalent by part (ii) of Theorem 6.120. By Theorem 6.44 T 
satisfies (W) and since T is polaroid this is equivalent to (gW) for T, by part 
(ii) of Theorem 6.120. 


The result of Theorem 6.123 may be considerably extended as follows 


Theorem 6.124 Let T € L(X) be polaroid and suppose that f € H(o(T)) is not 
constant on each of the components of its domain. Then we have 


(i) If T* has the SVEP then (W), (aW), (cw), (gW), (gaW) and (go) hold for 


fT). 
Gi) If T has the SVEP then (W), (aW), (vo), (W), (gaW) and (go) hold for 


für). 
Proof 


(i) If T* has the SVEP then f(T)* = f(T*) has the SVEP, by Theorem 2.86. 
Moreover, T is left polaroid by Theorem 4.15, so f(T) is left polaroid, as 
observed after Theorem 4.19. Again by Theorem 4.19, f(T) is polaroid, hence 
Theorem 6.123 applies to f(T). 

(ii) Argue as in the proof of part (i), just replace T with T*. L| 


Remark 6.125 Obviously, in the case of Hilbert space operators, the condition that 
T* has the SVEP in Theorem 6.124 may be replaced by the SVEP of the Hilbert 
adjoint T". 


Theorem 6.126 Suppose that T € L(X) has the SVEP and f € Hnc(a(T)). Then 
we have 
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(i) IfT € L(X) is left-polaroid, then (aW) holds for f (T), or equivalently (gaW) 
holds for f (T). 

(i) If T € L(X) is polaroid, then (W) holds for f (T), or equivalently (gW) holds 
for f(T). 

Proof 


(i) As observed above, if T is left polaroid then f(T) is left polaroid. Since f(T) 
has the SVEP, by Theorem 2.86, then Corollary 6.85 applies to f(T). The 
equivalence of (aW) and (gaW) follows from Theorem 6.120. 

(ii) If T is polaroid then f(T) is polaroid and has the SVEP, so Theorem 6.44 
applies to f(T). The equivalence of (W) and (gW) follows from Theo- 
rem 6.120. | 


We now apply the results obtained in this section in order to produce a general 
framework for establishing Weyl type theorems for perturbations of hereditarily 
polaroid operators 


Theorem 6.127 Suppose K € L(X) is an algebraic operator commuting with T € 
L(X) and let f € Hne(o (T + K)). Then we have 


(i) If T is hereditarily polaroid then f (T + K) satisfies (gW), while f (T* + K*) 
satisfies every Weyl-type theorem (generalized or not). 

(ii) If T* is hereditarily polaroid then f (T* + K*) satisfies (gW), while f (T + K) 
satisfies every Weyl-type theorem (generalized or not). 


Proof 


(i) Every hereditarily polaroid has the SVEP, by Theorem 4.31. Then T + K has 
the SVEP by Theorem 2.145, and hence f (T + K) also has the SVEP, by The- 
orem 2.86. Moreover, by Theorem 4.32, T + K is polaroid, and consequently, 
f (T -- K) is polaroid, by Theorem 4.19. From Theorem 6.43 it then follows that 
f (T + K) satisfies Weyl’s theorem and this, by Theorem 6.126, is equivalent 
to the generalized Weyl’s theorem. 

To show the second assertion, observe that the SVEP for T + K entails, 
by Theorem 4.15, that T* + K* is a-polaroid, in particular left polaroid. 
According to Remark 4.20 then f (T* + K*) is left polaroid. By Theorem 6.126 
it then follows that (gaW) holds for f(T* + K*) and this, by part (ii) of 
Theorem 6.120, is equivalent to property (gc). 

(ii) The proof is analogous. [| 


6.7 Weyl-Type Theorems Under Compact Perturbations 


In this section we study Browder-type and Weyl-type theorems for operators T + K, 
where K € L(X) is a (not necessarily commuting) compact operator. We have 
already seen that in general, Weyl-type theorems, such as Weyl’s theorem, a-Weyl’s 
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theorem and property (w), are not preserved under compact, also commuting, 
perturbations K. In Theorems 6.45, 6.74 and 6.101 we have seen that this happens 
only under some special conditions on T, or on K. Thus, it is not surprising that 
the permanence of Weyl-type theorems under compact perturbations requires some 
rather restrictive conditions. 


Lemma 6.128 [fT € L(X), X a Banach space, then iso o (T) € ost(T) U poo(T ). 


Proof Let à € iso o (T). Then either A € os(T) or A € osr(T). If A d osr(T) then 
AI — T € +(X), and since both T and T* have the SVEP at A, AJ — T is Browder, 
by Theorem 2.100, so à € poo(T) = o (T) \ op(T). | 


Recall that given a compact set o C C, a hole of o is a bounded component of 
the complement C X c. Since C V ø always has an unbounded component, C \ o is 
connected precisely when o has no holes. 


Lemma 6.129 Let T € L(X). 


(i) If ow (T) is connected then py(T) = p(T) U poo(T). Furthermore, A(T) = 
Poo(T). 

(ii) If Puw(T) is connected then pyw(T) = Pap(T)U pio (T). Furthermore, A4(T) = 
Poo (D). 

Proof 


(i) Let Q be the unique component of py (T). Clearly, Q D> p(T). Since py(T) € 
Pst(T) there is a component &2; of o,r(T) which contains Q and hence py (T). 
Now, Qı contains the resolvent p(T). Trivially both T and T* have the SVEP 
at every point of p(T), so, see Remark 2.119, both T and T* have the SVEP at 
every point of €2;, and in particular have the SVEP at every point of Q. Now, 
let à € py(T), so AI — T € W(X). The SVEP of T and T* at X implies, 
see Theorems 2.97 and 2.98, that pAI — T) = q(AI — T) < oo. We have 
either à ¢ p(T) or 4 ¢ p(T). If A € p(T) then à € c (T) and hence A € 
o (T) \œ(T) = poo(T). Therefore, the equality A(T) = poo(T) holds. 

(ii) The proof is analogous to that of part (i): let Q be the unique component of 
Puw(T). Clearly pap(T) € Q. Since puw(T) € psr(T) there is a component 
Qı of ps(T) which contains Q. Obviously, T has the SVEP at every point 
of Q2, by Remark 2.119. Suppose that A € pyy(T). The SVEP at à entails, 
by Theorem 2.97, that p(AI — T) < co, i.e., A ¢ oye (T). We have either A € 
Pap(T) ord € pap(T). If A € pap(T) then à € oap(T), so A € Oap(T)\ouw(T) = 
Poo (T). B 


From Lemma 6.129 we see that if o4, (T) is connected then T satisfies Browder's 
theorem, and, analogously, if Puw(T) is connected then T satisfies a-Browder's 
theorem. Set p;5 (T) =: C \ oap(T). 


Theorem 6.130 Let T € L(X). Then 


(i) Pw(T) is connected if and only if p(T) is connected and T satisfies Browder's 
theorem. 
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(ii) Puw(T) is connected if and only if pap(T) is connected and T satisfies a- 
Browder's theorem. 


Proof 


(i) Suppose that oy (T) is connected. By Lemma 6.129 then T satisfies Browder's 
theorem. Suppose that o(T) is not connected. Then there is a hole of o (T), 
i.e. a bounded component Q of p(T). On the other hand, o, (T) has a unique 
(unbounded) component. Since Q C py(T) we have a contradiction. Therefore, 
p(T) is connected. 

Conversely, assume that o(T') is connected and that T satisfies Browder's 
theorem. Suppose that p,(7) is not connected. Then there is a bounded 
component Q of ov (T). Then either Q C c (T) or QNVo(T) 4 0.If Q C o(T) 
then Q € o(T) NVow(T) € isoa(T), where the last inclusion follows since 
T satisfies Browder's theorem, and this is impossible. If Q \ o (T) z @, then 
there exists a Ao € Q such that Ao ¢ o (T). Since Ao € o(T) then there exists a 
component Qo of p(T) such that Ag € Qo. The set Qo is an open connected set 
contained in o, (T). Furthermore, Q and Qo has a common point, so Qo C Q. 
Consequently, Qo is a bounded component of p(T), i.e. o(T) is not connected, 
a contradiction. 

(ii) The proof is similar to that of part (1). Replace in the proof of part (1) the set 
p (T) by pap(T). 


In the sequel by K(X) we shall denote the two-sided ideal of all compact 
operators in L(X). 


Corollary 6.131 Let T € L(X) be such that pw (T) is connected and int o (T) = 
f). Then both T + K and T* + K* have SVEP for all K € K(X). 


Proof pw(T + K) = pw(T* + K*) = ps (T) is connected, so both T + K and T* 
satisfy Browder's theorem. Since int oy (7) = intow(T + K) = intoy(T* + K*) = 
Ø, then, by Theorem 5.6, T + K and T* + K* have SVEP forall K € K(X). WM 


Lemma 6.132 If T € L(X) and pyy(T) is connected then py(T) = Puw(T). 


Proof We know that puw(T) = p(T) U puw(T) and both sets p(T) and puw(T) 
are open subsets of C. Since puw(T) is non-empty and p(T) puw(T) = f), the 


assumption that pu (T) is connected entails p.c (T) = Ø. Thus, ow(T) = puw(T). 
a 


We now state a result for Hilbert space operators. The proof involves some rather 
technical result on Hilbert spaces. For a proof we refer to [188, Proposition 3.2]. 


Lemma 6.133 Let T € L(A), H a Hilbert space. If Q is a bounded component of 
ost(T) then there exists a K € K(H) such that €2 C og(T + K). 


The condition that o, (T) is connected entails Browder's theorem for T, by part 
(i) of Theorem 6.130. The converse is true for Hilbert space operators: 
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Theorem 6.134 Let T € L(X) be such that py(T) is connected. Then T + K 
satisfies Browder's theorem for all K € K(X). 

Furthermore, if T € L(H), H a Hilbert space, then the following statements are 
equivalent: 


(i) pw(T) is connected; 
(ii) Browder's theorem holds for T + K for every K € K(H). 


Proof (i) > (ii) Let S := T + K, with K € K(X) arbitrarily given, and suppose 
that py(7) is connected. To show that Browder's theorem holds for S we need to 
prove the equality A(S) — poo(S). Observe first that 


pw(T) = C\ ow(T) = C\ ow(T + K) = pw(S). 


Thus, py(S) is connected. By Lemma 6.129 we then have A(S) = poo(S), so 
Browder’s theorem holds for S = T + K. 

To show (ii) > (i), suppose that T € L(A), and pw(T) is not connected. Then 
Pw(T ) has a bounded component Q, and by Lemma 6.133 there exists a K € K(H) 
for which 2 € oy (T + K). Then 


Q C A(T -- K) 2 0(T + K)\ow(T +K), 


and hence A(T + K) cannot be contained in isoo (T + K). Consequently, by 
Theorem 5.10, T 4- K does not satisfy Browder's theorem. This shows that 
(i) 2 (i). | 


An analogous result holds for property (5): 


Theorem 6.135 Let T € L(X). If Puw(T) is connected then property (b) holds for 
T + K for every K € K(X). 


Proof Let K € K(X) be arbitrarily given and set S :— T + K. To prove 
Aa(S) = poo(S) it suffices to prove the inclusion A4(S) C poo(S), since the 
opposite inclusion is true for every operator. Let Ag € Ag(S) = Oap(S) V ouw(S). 
Then Ag € C V oap(S) = puw (S). By Lemmas 6.132 and 6.129 we have puw(S) = 
pPw(S) = p(S) U poo(S). Therefore, either 49 € p(S) or Ao € poo(S). But 
Ao € p(S) is impossible, since Ao € o (S). Hence Ao € poo(S), and consequently 
Aa(S) € poo(S). a 


In the case of Hilbert space operators the result of Theorem 6.135 may be 
reversed: 


Theorem 6.136 Let T € L(H), H a Hilbert space. Then the following statements 
are equivalent: 


(i) Puw(T) is connected; 
(ii) a-Browder’s theorem holds for T + K for every K € K(H); 
(ii) property (b) holds for T + K for every K € K(H). 
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Proof (i) = (iii) has been proved in Theorem 6.135. The implication (iii) — (ii) 
holds, because property (b) for T entails that T satisfies a-Browder's theorem. It 
suffices to prove the implication (ii) => (i). Suppose that pyy(T) is not connected, 
so there exists a bounded component Q of py, (T) and obviously, $2 C pst(T). By 
Lemma 6.133, there exists a K € K(H) such that Q C oy(T + K), and Q C 
pst(T + K). Hence, 


QC p(T + K)NopT+ K)=Ad(T+K), 


and hence A, (T + K) is not contained in oap(T + K), so a-Browder's theorem does 
not hold for T + K. | 


Remark 6.137 The proof of the equivalence of (i), (ii) and (iii) in Theorem 6.136 
is based on Lemma 6.133. In the absence of a similar result for perturbed Banach 
space operators, a corresponding result does not seem to be possible for Banach 
space operators. 


Lemma 6.138 Let T € L(X), X a Banach space. 


(i) Ifisoow(T) = Ø then z9o(T) € pst(T) and poo(T) = zoo(T). 
(ii) Jfisoou (T) = Ø then x&(T) € ps(T) and p&(T) = z&T). 


Proof 


(i) If Ao € xoo(T) then A € isoc (T). Suppose that ào ¢ pst(T). Then Ao € 
ost(T) € ow(T), hence Ao € iso ow(T) Æ Ø, a contradiction. 

To show the equality poo(T) = xoo(T), it suffices to show that zoo(T) € 
Poo(T). Let A € zoo(T). Then (àI — T) < oo, à € iso(T), anda € p(T) 
by the first part, so AJ — T € ©4(X). By Theorems 2.97 and 2.98 we have 
pal — T) 2 q(AI — T) < œ and hence «(àI — T) = (AI — T) < oo, by 
Theorem 1.22. Thus, A € poo(T). 

(ii) If Ao € zx, (T) then Ao € iso oap(T), so there exists a ô > O such that AJ — T 
is bounded below for all 0 < |A| < ô, in particular AJ — T € W(X) for all 
0 < |A| < ô. Suppose that Ao € pst(T). Then Ao € osr(T) € ous (T), hence 
Ao € 180 ous (T) Æ Ø, a contradiction. 

To show the equality pg9 (T) = 74 9(T), it suffices to show that zo) (T) € 
Poo (1). Let A € zo, (7). Then a(AI—T) < o0, A € iso oap (T), and A € pst(T), 
so AI — T € o, (X). By Theorem 2.97 we then have p(AJ — T) < co, thus 
à € pgo(T). | 


We now state another result for Hilbert space operators. Its proof depends upon 
the following lemma, whose rather technical proof may be found in [188]. 


Lemma 6.139 Let T € L(A), H a Hilbert space. 


(i) [fA € isoo«(T) then there exists a compact operator K € K(H) for which 
À € ztoo(T + K). 

(ii) If 4 € isoouw(T) then there exists a compact operator K € K(H) for which 
À € noo(T + K). 
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Theorem 6.140 Let T € L(X), X a Banach space, be such that py, (T) is connected 
and iso ow(T) = Ø. Then T + K satisfies Weyl’s theorem for every K € K(X). 

Furthermore, if T € L(H), H a Hilbert space, then the following statements are 
equivalent: 


(i) Pw(T) is connected and iso o (T) = Ø; 
(i) Weyl's theorem holds for T + K for every K € K(H). 


Proof Suppose that py(T) is connected and isooy(T) = Ø. Let S :— T + K, 
where K € K(X) is arbitrarily given. Since oy(T) = ow(S), pw(T) = pw(S) 
is connected, so, by Lemmas 6.129 and 5.25, A(S) — poo(S). On the other hand 
isoow(T + K) = isooy(T) = Ø, so by Lemma 6.138, we also have mo9(S) = 
Poo(S) = ACS). Thus, Weyl’s theorem holds for $ = T + K. 

We show now that if T € L(A), H a Hilbert space, then (ii) > (i). Suppose that 
Weyl’s theorem holds for T + K for every K € K(H). Then 


moo(T +K) = poo(T +K) forall K € K(H). (6.25) 


Assume that iso ow(T) 0 and choose à € isooy(T). By Lemma 6.139 there 
exists a Ko € K(H) such that à € moo(T + Ko), and hence à € isoo (T + Ko). 
Since A € isooy (T), by Theorem 3.58 we have A € oyse(T), and since oysr(T)) is 
stable under compact perturbations, A € oysr(T + Ko) € op(T + Ko). Consequently, 


à € c (T + Ko) Voy(T + Ko) = poo(T + Ko). 


Therefore mo9(T + Ko) 4 poo(T + Ko), contradicting the equality (6.25). Thus, 
iso ow(T) = Ø for every K € K(H). 

On the other hand, assume that pw(T) is not connected, and let Q be a bounded 
component of py(T). Evidently, & is also a bounded component of pst(T) and 
by Lemma 6.133 there exists a Ko € K(H) such that Q C op(T). Then Q € 
A(T + Ko), and since Weyl’s theorem for T + Ko entails that T + Ko satisfies 
Browder's theorem, by Theorem 5.10 we then have Q C isoo(T + Ko), which is 
impossible. Thus o, (T) is connected. | 


Lemma 6.141 /fisoow(T) = Ø then T is polaroid and hence isoloid. 


Proof Let à € isoo(T). Then either A € ow(T) or à ¢ oy(T). If 4 € ow(T) then 
à € iso oy (T) and this is impossible. Therefore, A ¢ ow(T), so AJ — T is Weyl and, 
since both T and T* have the SVEP at every isolated point of the spectrum, it then 
follows, from Theorem 2.100, that p(AJ — T) = q(AI — T) < œ, i.e., A is a pole 
of the resolvent. a 


Trivially, by Theorem 6.140, if py(T) is connected and iso ow(T) = Ø then T 
satisfies Weyl’s theorem. Assuming SVEP and KT = T K, the condition that py (T) 
is connected may be omitted: 
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Corollary 6.142 Assume that T or T* has the SVEP. If isoow(T) = Ø then f(T) 
satisfies Weyl’s theorem for every f € Hnc(o(T)). Additionally, if KT = TK, 
K € K(X), then Weyl's theorem holds for f (T + K) for every f € Hnc(o (T + K)). 


Proof As observed above the condition iso ow(T) = Ø entails that T is polaroid 
and hence f(T) is polaroid for every f € Hnc(o(T)), by Theorem 4.19. The SVEP 
for T or T* entails the SVEP for f (T), or f (T*), by Theorem 2.86. Hence, by 
Theorem 6.43, Weyl’s theorem holds for f(T). 

Additionally, assuming TK = KT, if T has the SVEP then T + K has the SVEP, 
by Theorem 2.129, and, by Lemma 6.141, T + K is polaroid since iso ow(T + K) = 
iso ow(T) = f). Then f (T + K) is polaroid for every f € Hnc(o(T + K)), again 
by Theorem 4.19, and hence, again by Theorem 6.43, Weyl’s theorem holds for 
f (T + K) for every f € Hnc(o(T + K)). | 


Theorem 6.143 Let T € L(X) X a Banach space, be such that puw(T) is 
connected and iso Oyww(T) = Ø. Then T + K satisfies both property (w) and a- 
Weyl's theorem, for every K € K(X). 

If T € L(A), H a Hilbert space, then the following statements are equivalent: 


(i) pw(T) is connected and iso ox (T) = Ø; 
(ii) property (w) holds for T + K for every K € K(H); 
(iii) a-Weyl's theorem holds for T + K for every K € K(H). 


Proof Let S := T + K, where K € K(X). The condition that pyw(T) is 
connected entails a-Browder's theorem, by Theorem 6.136, so, to show property 
(c) for S it suffices to prove zt9,(S) = poo(S). Since poo(S) € mG9(S) holds for 
every operator, it suffices to prove the inclusion z99 (5$) € poo(S). Observe that 
isoow(S) = isooy(T) = Ø, so, by Lemma 6.138, we have TCS) C ps(S). If 
ào € Tols) then Ag € isooap(T) and Aol — S € +(X). By Theorem 2.97 we 
have p(AoI — T) < oo and hence a(Agl — T) < B(Aol — T), by Theorem 1.22. 
This implies Ag — S € (X) and ind (ào — T) < 0, so Ao € puw (T). 

By Lemma 6.132 we have pyw(S) = pw(S), and from Lemma 6.129, it then 
follows that ou (S) = po(S) U poo(S). Since A ¢ p(S), we then conclude that 
ào € poo(S), hence z99(S) € poo(S). Therefore, zj9(S) = poo(S) and hence 
property (c) holds for S. 

To show that a-Weyl’s theorem holds for S, note that még (S) = poo(S) € pog CS), 
by Lemma 5.25. Since the inclusion po9(S) C 76o(S) holds for every operator, 
it then follows that p95 (S) = m9(S) and taking into account that a-Browder's 
theorem holds for S it then follows, from Theorem 6.70, that a-Weyl’s theorem 
holds for S. 

(ii) > (i) Suppose that T € L(A) and property (w) holds for T + K for every 
K € K(H). In particular, by Theorem 6.89 property (R) holds for T + K, i.e., 


Moo(T + K) = poo(T + K) for every K € K(H). (6.26) 


We show that if one of the conditions (i) is not satisfied then there exists a compact 
operator Ko € K(H) such that T + Ko does not satisfy property (c). If ou (T ) is 
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not connected then, by Theorem 6.136, there exists a Ko € K (H) such that T + Ko 
does not satisfy a-Browder's theorem and hence property (w) does not hold for 
T + Ko, since property (w) entails a-Browder's theorem. Suppose the other case, 
iso Ouw(T) 4 Ø, and choose A € isoou« (T). Then, by Lemma 6.139 there exists 
a Ko € K(A) such that A € Tog (T + Ko). Evidently, A € isoouw(T + Ko) = 
Iso Oyw(T). From Theorem 3.58, we know that à € oysp(T + Ko) € op(T + Ko), so 


à é o(T + Ko) \ op(T + Ko) = poo(T + Ko), 


contradicting (6.26). Thus iso ouv (T) = Ø. 

(i) => (iii) follows by the first part of the proof. 

(iii) => (1) Proceed as before: Suppose that a-Weyl’s theorem holds for T + K 
for every K € K(H). If puw(T) is not connected then, by Theorem 6.136, there 
exists a Ko € K(H) such that T + Ko does not satisfy a-Browder's theorem and 
hence a-Weyl’s theorem does not hold for T + Ko, a contradiction. Hence pu (T) 
is connected, so property (5) holds for every T + K, by Theorem 6.136, and hence 


A«(T + K) = poo(T + K) forall K € K(H). 
Now, if isoouw (T) Æ Ø then, as above, there exists a Ko € K(H) such that 
7gg(T + Ko) 4 poo(T + Ko) = Aa(T + Ko), 


so a-Weyl’s theorem does not hold for T + Ko [| 


Lemma 6.144 Every operator T € L(X) for which iso ouw,(T) = Ø is both left 
polaroid and finite a-isoloid. 


Proof Suppose that Ag € iso cap(T') is arbitrary. Then there is an € > O such that 
A1 — T is bounded below for all 0 < |A—Ag| < e, and hence A7 — T € W(X) for all 
0 < |A—Ao| < £. Now, we have either Ao € Ouw(T) or ào É Ouw(T). If Ao € ou (T) 
then we would have Ao € iso ouw (T) Z Ø, a contradiction. Therefore, Ao ¢ Ouw(T), 
Le. Aol — T € W4(X). Since T has the SVEP at every isolated point of oap (T), it 
then follows, by Theorem 2.97, that p(Agl — T) < oo, hence ApJ — T € Bi (X), 
SO Ag is a left pole of the resolvent, hence T is left polaroid. Since (49/7 — T)(X) is 
closed, the condition Ao € oap (7) entails that «(A97 — T) > 0, thus T is a-isoloid. 
But æ (A97 — T) < oo, since ào — T € B4 (X), so T is finite a-isoloid. a 


Assuming that a Riesz operator R commutes with T, the result of Theorem 6.143 
may be extended to Riesz operators: 


Corollary 6.145 Let T €  L(X) and suppose puw(T) is connected and 
iso Ouw(T) = Ø. Then T + R satisfies a-Weyl’s theorem, or equivalently T + R 
satisfies the generalized a-Weyl's theorem, for every Riesz operator R which 
commutes with T. 
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Proof By Corollary 3.18 ou, (T + R) = ouw(T) is connected and 
iso Oyw(T + R) = iso ouw (T) = Ø, 


so a-Weyl’s theorem holds for T + R, and this is equivalent, by Theorem 6.120, to 
T + R satisfying the generalized a-Weyl’s theorem. a 


Theorem 6.146 Let T € L(X) be such that pyw(T) is connected and iso ou, (T) = 
Ø. If K € K(X) we have: 


(i) The generalized a-Weyl’s theorem holds for T + K. 
(ii) If T or T* has the SVEP, R is a Riesz operator for which RT = TR, and 
f € «4 (o(T + R)), where f is injective and non-constant on the components 
of o (T + R), then the generalized a-Weyl’s theorem holds for f (T + R). 
(ii) If T* has the SVEP, R a Riesz operator for which RT = TR, and f € 
?1(o (T + R)) is injective and non-constant on the components of o (T + R), 
then generalized property (w) holds for f (T + R). 


Proof 


(i) By Theorem 6.143, T + K satisfies a-Weyl’s theorem for all K € K(X). 
According to Lemma 6.144, the condition iso ou (T) = iso Ouw(T + K) = Ø 
implies that T + K is left polaroid. This implies, by Theorem 6.120, that a- 
Weyl’s theorem holds for T+ K if and only if the generalized a-Weyl’s theorem 
holds for T + K. 

(ii) The SVEP for T or T* is extended to T + R or T* + R*, by Theorem 2.129. 
This ensures that the spectral mapping theorem holds for oyw(T + R), by 
Corollary 3.120, and that a-Browder’s theorem holds for T as well as for 7+ R, 
by Corollary 5.5. Thus 


iso ouw(T + R) = iso ow (T + R) = iso ow (T) = iso oyw(T) = Ø 


and analogously puw(T + R) is connected. Thus T + R is a-isoloid, by 
Lemma 6.144, and T + R satisfies a-Weyl’s theorem, by Theorem 6.145. 
By Theorem 6.80, f(T + R) satisfies a-Weyl’s theorem. Since T + R is left 
polaroid f (T + R) is also left polaroid, by Theorem 4.21. Therefore, as in part 
(i), the generalized a-Weyl’s theorem holds for f(T + R). 

(ii) T +R is polaroid and has the SVEP, so the generalized property (w) for f (T + 
R), by Theorem 6.100. a 


6.8 Weyl’s Theorem for Toeplitz Operators 


The results of the previous section apply in particular to Toeplitz analytic operators 
on Hardy spaces. As observed in Chap. 3, if @ € C(T), ow(Tg) consists of T := 
Q (T) and every Toeplitz operator with continuous symbol is polaroid. The Toeplitz 
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operators defined in Example 4.101 shows that the SVEP may fail for both Tọ and 
Ty, so the result of Theorem 6.43 cannot be applied to deduce Weyl’s theorem 
for Ty. However, we know, see Corollary 4.98, that o (Tẹ) = ow(Ty), and hence 
A(T) = o (T9) Now(T4) = Ø. Moreover, if is non-constant, by Theorem 4.99 we 
have iso o (T3) = iso ow (7g) and hence zoo(T) = Ø. 


Theorem 6.147 /f € C(T) is non-constant then Tg satisfies Weyl's theorem. 


The next Example 6.154 provides an example of a Toeplitz operator Ty which 
satisfies Weyl’s theorem, but whose symbol ¢ is not continuous. 

We also know that oy (T5) consists of T and those holes with respect to which 
the winding number of $ is nonzero, while cyw (75) consists of F and those holes 
with respect to which the winding number of $ is negative. Therefore, py (Ty) is 
connected (respectively, ouw (T5) is connected) precisely when the winding number 
of $ with respect to each hole of F is nonzero (respectively, the winding number of $ 
with respect to each hole of F is negative). From Theorems 6.134, 6.136, and 6.140 
we then obtain: 


Theorem 6.148 Let 0 + ¢ € C(T), and Ty be the corresponding Toeplitz operator 
on L*(T). Then we have 


(i) Tg+K satisfies Browder's theorem for any compact operator K on L?(T) if and 
only if the winding number of $ with respect to each hole of $ (T) is nonzero. 
To + K satisfies Weyl's theorem, for any compact operator K on L?(T), if and 
only if @ is non-constant and the winding number of $ with respect to each hole 
of (T) is nonzero. 

(i) Ty + K satisfies a-Browder's theorem for any compact operator K on 
L?(T) if and only if the winding number of à with respect to each hole 
of (T) is negative. Ty + K satisfies both a-Weyl’s theorem and property 
(w), for any compact operator K on L?(T), if and only if $ is non-constant 
and the winding number of $ with respect to each hole of Q(T) is nega- 
tive. 


We now consider the special case when $ € H™(T). 


Theorem 6.149 If ó € H*?(T) then Weyl's theorem holds for f (Tg), for every 
f € H(o(Ty)). If K is an algebraic operator on L^(T) which commutes with Tọ, 
then Weyl's theorem holds for f (T + K) for every f € ac(o (Tg + K)). 


Proof If $ € H®(T) then, by Theorem 4.91 Ty is hereditarily polaroid and has the 
SVEP. By Corollary 6.44 then Weyl’s theorem holds for f (Tẹ). The last assertion 
follows from Theorem 6.127. a 


In the case when o € C(T) the argument used in the proof of Theorem 6.149 
does not work, since, as already noted, both Ty and T, may fail SVEP. However, if 
¢ satisfies condition (1) of Theorem 4.100, or the condition of Theorem 4.102, then 
Ty has the SVEP and is also polaroid. From Corollary 6.44 we then conclude that 
Weyl’s theorem holds for f (Tg). 
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Lemma 6.150 Let 6 € C(T) and let f € H(o(Ty)). Then Tgog — f (Ta) is 
compact. 


Proof We know that Tọ is invertible if and only if Tọ is Fredholm. Therefore, for 
every A € c (T3) both the functions 9 — A and $ — A are invertible in C(T) and 
(o — xy? € C(T). Using this fact and Theorem 4.93 we have, for y € L% (T) and 
A,nec 


nci Trh — Ts y (6-3)-1 € KC (T) whenever A ¢ o (Tọ). 


The argument used above also works for rational functions to yield: If r is any 
rational function with all its poles outside of o (Ty), then r (Tọ) — Tog is compact 
on L*(T). Suppose that f € ?1(c (T3)). By Runge's theorem (see Appendix A) 
there exists a sequence of rational functions r, for which the poles of each r, lie 
outside of o (Tọ), and rn — f uniformly on o (Tọ). Thus, ra (Tọ) — f(Tọ) in 
the norm topology of L(L?(T)). Since rn o $ > f o $ uniformly, it then follows 
that 7,,,.6 converges to Ty.g. Therefore Ty.g — f (Ty) is the limit of the compact 
operators T,, o4 — rj; (15), hence is a compact operator. a 


Corollary 6.151 If € C(T) and f € (o (Ts)), then 
Ow ( f (T3)) = o (T fod). 


Proof The Weyl spectrum is stable under compact perturbations, so, by 
Lemma 6.150 


ow f (T9)) = Ow(T foo) = o (Trog). 
a 
We now characterize the operators Tọ for which f (Ty) satisfies Weyl's theorem. 
Theorem 6.152 Let $ € C(T) and f € H(o(Tg)). Then 
9 (Trop) € f(a (T3). 
f (Ty) satisfies Weyl's theorem if and only if o(T foo) = f (o (Ty)). 
Proof By Corollary 6.151 we have 
9 (Tfo9) € awCf (Tg) € a (f (To) = f(o (Tp). 


Since o (T4) is connected, f(o(Ty)) =  f(o(T3)) is connected. Therefore, 
7990 Cf(Ta9)) = Ø. By Corollary 6.151 we then have ow(f(Tọ) = 6 (Tro). 
Consequently, o (f (Ty)) \ ow(f (Zg)) = @ if and only if o(Ty.g) = f (o (Tọ)). M 
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We now show that there exists a continuous function for which 9 (152) Æ 
[c (T3) 7. 
Example 6.153 Let @ be defined as in Example 4.101. We know that o (75) = 
conv $ (T) and o.(Ty) = (T). A straightforward calculation shows that p(T) is 
the cardioid I having equation p = 2(1 + cos0). In particular, p(T) traverses 
T once in a counterclockwise direction, and then traverses I’ once in clockwise 
direction. Thus, wn($?, à) = 0 for each A in the hole of $^ (T). This shows that 
9 (T2) is the cardioid I’, and since 


[o (Tg) = conv (T) = ((o,0) : p < 2(1 + cos6)], 


it then follows that a (752) # [o (T). 


The Toeplitz operator defined in the previous example satisfies Weyl’s theorem, 
while, by Theorem 6.152, T? does not satisfy Weyl’s theorem. 


Example 6.154 If $ is not continuous it is possible that Weyl’s theorem holds for 
f (Ty) without o (Tyo) being equal to f(o (Ty )). Define 


$ (e?) = em, where 0x0 <2z. 


Evidently, $ is a piecewise continuous function. The operator Tọ is invertible, while 
Tpz is not invertible, so 0 € 9 (T2) \ [o (T4). However, we have o (Ty) = ow(T), 
see the following figure: 


o(Tg) = ow(To) 


Because the set 7zt99(T3) is empty, Weyl’s theorem holds for Tọ.Note that the 
equality c (T3) = ow(T;) is still true, see the following figure, 
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o(T3) = ow(T5) 


and since 700 (07) is also empty it then follows that Weyl’s theorem holds for T. 


Corollary 6.155 Let o € C(T) and suppose that either Ty or Td! has the 
SVEP. Then Weyl's theorem holds for f (Ty) and fO for every f € (o (T3)). 
Furthermore, o(T fog) = f (c (1T4)) for every f € (o (T3)). 


Proof Tg is polaroid and either Ty or Td’ has the SVEP. By Corollary 6.44, 
Weyl’s theorem holds for f (Tọ) for every f € H(o(Ty)). By Theorem 6.152 then 
o (Too) = f (o (T3)) for every f € ?t(o (To)). B 


Since for $ € H™(T), T; has the SVEP, since it is hyponormal, we also have: 


Corollary 6.156 If à € H®(T) then o(Tfop) = f(o(T4)) for every f € 
Ho (T3)). 


In particular, by Theorem 4.100 the result of Corollary 6.155 applies to the case 
where the orientation of the curve ¢(T) traced out by $ is counterclockwise or 
clockwise. 


Remark 6.157 If @ is not continuous it is possible that Weyl’s theorem holds for 
some f (T5) without o (T fog) being equal to f (o (T5)). 


Example 6.158 Let $ have the form p + bz), where a,b € R and p(z) is any 
polynomial. Then Weyl’s theorem holds for f (Ty) for every f € ?1(o (T9)). Indeed, 
if a = b then Tọ is self-adjoint and the assertion is evident, since Tọ has the SVEP. 
If a # b set Y = £ + bz. Then 


u 2 v 2 
Y(T) = wec: (1) +=) =I}, 


which is a circle or an ellipse. Then 


$(T) = (p o V)(T) = p(y) (7), 
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and hence $(T) has no holes, or exactly one hole (in this case it is oriented 
counterclockwise), because polynomials map continuous curves onto continuous 
curves and open sets onto open sets. Therefore, Weyl's theorem holds for f (Ty) for 
every f € (o (19)). 


Theorem 6.159 [fd € C(T) is such that o (T4) has planar Lebesgue measure zero 
then Weyl’s theorem holds for f (Tg) and f(T) for every f € H(o (Tọ). 


Proof Tg is polaroid and has the SVEP, by Theorem 4.102, so Theorem 6.43 
applies. a 


It should be noted that if $ € C(T) has planar Lebesgue measure zero then Ty 
is the sum of a normal operator and a compact operator. Indeed, Ty is essentially 
normal, and as observed after Theorem 4.93, T; is the sum of a normal operator and 
a compact operator since À — T is Weyl for every A ¢ oe(Tọ). 


6.9 Weyl’s Theorem for Isometries and Weighted Shift 
Operators 


In this section we exhibit some other classes of operators for which the resolvent 
sets ow (T) and puw(T) are connected, and iso ow(T) = Ø, or iso Ouw(T) = Ø. 

(a) Let T € L(X), X an infinite-dimensional Banach space, be non-invertible 
and i (T) = r(T), where r(T) denotes the spectral radius of T and 


i(T):— lim. kr" 


has been defined in Chap. 3. 
We have seen in Chap.3 that o (T) = ow(T) = D(O,r(T)), while ogp(T) = 
ost(T) = dD(O, r(T)). Since 


ost(T) € ow (T) € Oap(T), 


it then follows that ou, (7) = 9D(0, r(T)). Suppose that T is not quasi-nilpotent, 
ie.r(T) > 0. Then o, (T) is connected and iso o, (T) = Ø, so by Theorem 6.140, 
T + K satisfies Weyl’s theorem for all K € K(H). The condition i(T) = r(T) 
entails that T has the SVEP, so, by Corollary 6.142, f (T) satisfies Weyl’s theorem 
for all f € ?1(c (T)). The SVEP for T also entails that a-Browder's theorem holds 
for T. Since Ag(T) = zoo (T) = Ø, T satisfies a-Weyl’s theorem. Of course, if T 
is a Hilbert space operator, since pu, (T) = CX dD(O, r(T)) is not connected, there 
exists a K € K(H) for which T + K does not satisfy a-Weyl’s theorem. 

(b) Weyl-type theorems for isometries Let T € L(X) be an isometry on a 
Banach space X. Then i(T) = r(T) = 1, and by Corollary 4.71, T always has 
the SVEP, so T satisfies Browder’s theorem. Suppose first that T is non-invertible. 
By Theorem 4.72, every non-invertible isometry is a-polaroid, and, by part (ii) of 
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Theorem 4.68, o (T) = D(0, 1), and oap(T) = I, T the unit circle of C. Therefore 
p(T) = C \ D(0, 1) is connected, and by part (ii) of Theorem 6.130 we deduce 
that o (T) is connected. Actually, we have oy (T) = D(0, 1). Indeed, suppose that 
à € ox (T) and à € o (T). Then AJ — T € W(X), and the SVEP for T implies, by 
Theorem 2.97, that p(AI — T) < oo and hence, by Theorem 1.22, q(A1 — T) < oo, 
so A is a pole of T, in particular an isolated point of o (T), and this is impossible. 
Therefore iso ow(T) = Ø. Combining Theorem 6.140, part (ii) of Theorem 6.126, 
and part (11) of Theorem 6.123, we then obtain: 


Theorem 6.160 [fT isa non-invertible isometry on a Banach space X then T + K 
satisfies Weyl’s theorem for all K € K(X). Moreover, for every f € Hnc(o(T)), we 
have: 


(i) The generalized Weyl’s theorem holds for f (T). 
(ii) The generalized a-Weyl's theorem and the generalized property (w) hold for 
JG 


Consider the case when T € L(X) is an invertible isometry. As observed in 
Theorem 4.72, T is hereditarily polaroid. From Theorem 6.127 we then have: 


Theorem 6.161 Suppose that T is an invertible isometry on a Banach space X and 
K e K(X) is an algebraic operator which commutes with T. If f € Hnce(o(T)), 
then f (T + K) satisfies the generalized Weyl's theorem, while f (T* + K*) satisfies 
every Weyl-type theorem (generalized or not), 


In the case of invertible isometries for which o (T) = I, the unit circle, the 
result of Theorem 6.140 cannot be applied to compact perturbations T + K. In fact, 
in this case p(T) is not connected, T has the SVEP and hence Browder’s theorem 
holds for T. By Theorem 6.130, o, (T) is not connected. Therefore, for Hilbert 
space invertible isometries T € L(H), there exist a compact operator K € K(H) 
for which Weyl’s theorem fails. 

(c) Weyl-type theorems for weighted shift operators We first consider the case 
of weighted right shift operators T defined on £P(N). Recall that o3p (T) is the 
possibly degenerate annulus {A € C : i(T) < |A| < r(T)}, while, by Theorems 4.79 
and 4.83, we have o, (T) = D(0, r(T)). 


Theorem 6.162 Let T be a non-quasinilpotent weighted right shift operators T on 
£P (N). Then we have: 


(i) f(T) and f (T*) satisfy Weyl’s theorem for all f € Hne(o(T)). 
(i) T + K satisfies Weyl's theorem for all compact operators K € K (£P (N)). 


Proof 


(i) Obviously, T is polaroid, since iso o (T) = @, and has the SVEP. Then f(T) is 
polaroid, by Theorem 4.19, and f(T) has the SVEP, by Theorem 2.88. From 
Theorem 6.43 we then conclude that both f(T) and f(T*) satisfy Weyl's 
theorem. 
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(ii) ow(T) = C D(0, r(T)) is connected and isooy(T) = Ø, so the assertion 
follows from Theorem 6.140. [| 


Concerning a-Weyl’s theorem, or property (w), we distinguish the two situations 
i(T) = O0 and i(T) > O. 


Theorem 6.163 Let T be a non-quasinilpotent unilateral weighted right shift on 
£P(N), 1 < p x œ. Then we have: 


Q) If i(T) = 0 then f(T) satisfies the generalized a-Weyl's theorem for every 
f € fiio (T). 
(i) If i(T) = 0, T + K satisfies Weyl's theorem for all compact operators K in 
£P (N). 
(ii) If i(T) > 0, for p = 2 there exists a compact operator K in £P (N) for which 
a-Weyl’s theorem does not hold. 


Proof 


(i) We have oap (T) = o (T) = D(0, r(T), so T is left polaroid, since iso op (T) = 
Ø, and hence f(T) is left polaroid, by Theorem 4.21. Moreover, T has the 
SVEP, hence f (T) has the SVEP, by Theorem 2.88. From Corollary 6.85 it 
then follows that f(T) satisfies the generalized a-Weyl’s theorem. 

(ii) Since T has the SVEP and p(T) is connected then pw(T) is connected. 
Moreover, it is easily seen that o,(T) = D(0,r(T)). Indeed, if A ¢ 
ow(T) and à € D(0,r(T)), then AY — T € W(X). The SVEP for T 
at A implies, by Theorem 2.97, that p(AI — T) < oo and hence, by 
Theorem 1.22, gal — T) < oo, so A is an isolated point of D(0, r(T)), 
a contradiction. Therefore, isooy(T) = Ø, so the assertion follows from 
Theorem 6.140. 

(ii) If i(T) > O then pap(T) is disconnected, so puw(T) is disconnected, 
by Theorem 6.130. Since p = 2, the assertion follows from Theo- 
rem 6.143. 

L| 


We conclude this section with some remarks on the classical bilateral shift T 
on £?(Z). It is well-known that c (T) is the unit circle T. This implies that both T 
and T* have the SVEP. Furthermore, ow (T) = T. This follows by using the same 
argument as part (ii) of Theorem 6.163. Hence o, (T) is not connected. 


Theorem 6.164 Let T be a bilateral shift on ^ (Z). Then, both f(T) and f(T*) 
satisfy all generalized Weyl-type theorems for every f € Hnc(o(T)). Moreover, 
there exists a compact operator on (Z) such that Weyl's theorem fails for 
T t K. 


Proof Since isoo (T) = Ø, T is polaroid and hence f (T) is polaroid. Since T and 
T* have the SVEP, f (T) and f (T)* also have the SVEP. By Theorem 6.113 it then 
follows that the generalized property (c) holds for f(T) and f(T*), and this is 
equivalent to saying that f (T) and f (T) satisfy the generalized a-Weyl’s theorem, 
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by Theorem 6.112. The last assertion is clear from Theorem 6.140, since pw(T) is 
not connected. a 


(d) Weyl’s theorem for H (p)-operators Let T € L(X) be a H(p)-operator, i.e. 
Ho(AI — T) = ker(Al — T)? for all A € C and some p € N. By Theorem 4.37, T 
is a hereditarily polaroid operator, so, by Theorem 6.127, we have: 


Theorem 6.165 Let T € L(X) be an H(p)-operator and K € K(X) an algebraic 
operator which commutes with T. If f € Hnc(o(T)), then f (T + K) satisfies the 
generalized Weyl's theorem, while f (T* + K*) satisfies every Weyl-type theorem 
(generalized or not). 


In particular, Theorem 6.165 applies to convolution operators T,, on the group 
algebra L'(G), G a locally compact abelian group, and more generally to every 
multiplier defined on a commutative semi-simple Banach algebra, since these 
are H(l)-operators. Since every paranormal operator is hereditarily polaroid, 
by Theorem 4.56, another consequence of Theorem 6.127 is the following 
result: 


Theorem 6.166 Let T € L(X) be paranormal and K € K(X) an algebraic 
operator which commutes with T. If f € Hnc(o(T)), then f (T + K) satisfies the 
generalized Weyl's theorem, while f(T* + K*) satisfies every Weyl-type theorem 
(generalized or not). 


(e) Weyl’s theorem for operators reduced by each of its finite-dimensional 
eigenspaces We outline in this section some results due to Berberian [60]. Let T € 
L(A), H a Hilbert space, and suppose that T is reduced by each of its finite-dimen- 
sional eigenspaces. If mof = {A € C: 0 < a(Al — T) < oo], set 


M := V ker (AI — T). 


AENOF 


It is easily seen that M reduces T. Set T, := T|M and T; := T|M+. Then we 
have, see [60, Proposition 4.1]: 


(i) Tj is normal with pure point spectrum (this means that the space M is the 
closed linear span of the eigenvalues of T). 
Gi) xo(Tı) = 709y(T), where zo(T1) is the set of all eigenvalues of infinite 
multiplicity. 
(ii) e (Tj) = op(T1). 
(iv) z9(12) = zo(T) \ tor = zto(T). 


In this case, Berberian [60, Definition 5.4] defined the set t(T) := o (Tp) U 
79f(T) and showed that t(T) is a non-empty compact subset of o (T). The set 
t (T) is called the Berberian spectrum of T. Berberian has also shown that if T is 
reduced by each of its finite-dimensional subspaces then t(T) = oy(T) = op(T), 
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so T satisfies Browder's theorem, see also Lee [223]. 
o (T) Now(T) = o (T) Nos(T) € zoo(T). (6.27) 


The inclusion (6.27) easily implies that if isoo (T) = @ and T is reduced by each 
of its finite-dimensional subspaces then Weyl’s theorem holds for T, as well as for 
T*, and o (T) = ow(T). The following result was proved in [60]. 


Theorem 6.167 If T € L(H) is reduced by each of its finite-dimensional 
subspaces and every restriction of T to any reducing subspace is isoloid then Weyl's 
theorem holds for T. 


Theorem 6.167 applies to hyponormal operators and p-hyponormal operators, 
since these are reduced by each of its finite-dimensional subspaces, see Curto 
[104]. We can say much more: hyponormal operators and p-hyponormal operators 
are H(p)-operators, hence have the SVEP and are hereditarily polaroid. From 
Theorem 6.44, f (T) and f (T*) satisfies Weyl’s theorem for every f € ?1(o (T)). 
Since, by Theorem 4.15, the SVEP for T entails that (aW), (c), (eW), (aW) and 
(gc) hold for f (T*). 

An operator T € L(X) is said to have property (G1) if 


=: -1 pa SP 
ete) | S Gaa.o): 


Note that the right-hand side of the inequality above is equal to the spectral radius 
of (AI — T)-!, so that we actually have equality, thus, T satisfies (G1) if and 
only if (AJ — T)~! is normaloid for all A € c (T). In [288] Stampfli showed that 
the condition (G1) entails that T is isoloid. In [183] Istratescy proved that if the 
restriction of T to any invariant subspace satisfies property (G1) and each point of 
o (T) is a bare point (that is, it lies on the circumference of some closed disc that 
contains o (T )), then Weyl’s theorem holds for T. Berberian in [60] has shown that 
if T is reduced by each of its finite-dimensional eigenspaces and the restriction of 
T to any reducing subspace has property (G1) then Weyl’s theorem holds for T. 

(f) Weyl’s theorem for Cesaro operators Let C, denote the Cesàro operator 
on the Hardy space HP (ID) for 1 < p < co, defined as 


À 
(CAA) = JI IW ay forall f € HP (D) A € 
À 0 l-p 


The spectral properties of Cesaro operators have been studied by Siskasis [286]. 
In [240] Miller et al. proved that C, has property (8) whenever 1 « p < oo. In 
particular, Cp has the SVEP for 1 < p < oo. The spectrum of C, is connected and 
has no isolated points, since 


o(Cp) = fiec: a- i4 Fh. 
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Furthermore, o3p (C5) = da (Cp), so Pap(T) is not connected. From Theorem 6.130 
we then deduce that ou, (T) is not connected. Therefore, Weyl’s theorem holds for 
Cp + K for every compact operator on H (ID), while this is not true for a-Weyl’s 
theorem, or property (c). 


6.10 Weyl’s Theorem for Symmetrizable Operators 


Let X be a complex infinite-dimensional Banach space and suppose that X is a 
subspace of another Banach space Y. Assume that the embedding of X into Y is 
continuous, i.e. there is a constant k > O such that 


Ixlly < kllxix forallx e X. 


Let T € L(X) and denote by T € L(Y) an extension of T to Y. In general, very 
few things can be said concerning the relationship between the spectral theory and 
Fredholm theory of T and T, see Example 1 and Example 2 of Barnes [56]. The 
spectral theory and Fredholm theory of T and T are almost the same if we assume: 


A) X is dense in Y and T(Y) C X. 
In [220] some aspects of Fredholm theory have been studied where we 
assume: 


B) Y is a Hilbert space and T is symmetrizable (see later for the definition). 


In this section we are mainly concerned with the transmission of Weyl-type 
theorems from T to T in both cases (A) and (B). In the sequel we always assume that 
X and Y are Banach spaces with X a proper subspace of Y. Suppose that T € L(X) 
admits an extension T € L(Y) and set 


M(X) := {T € LOO : T(Y) € X). 


It is easily seen that M (X) is a left ideal of L(X), i.e., if T € M and S € L(X) then 
ST e M(X). If T € M(X), c (T) and c (T) may differ only by 0. More precisely, 
we have: 


Theorem 6.168 Jf T € M(X) then 


(i) ker(AI — T) 2 ker(41 — T) forall X £0. 
Gi) o (T) V {0} = o (T) \ {0}. 
(ii) ow(T) \ {0} = ow(T) \ {0}. 
(iv) op(T) \ {0} = œ(T) V {0}. 


Proof To show (i), note first that ker (47 — T) = ker QJ — T)n X forall à e C. 
Suppose that A Æ 0 and y € ker (AJ — T). Then y = iTy € T(Y) C X, which 
proves assertion (i). A direct proof of the assertions (ii) and (iii) can be found in 
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[55], but it is possible to prove these by using an argument of [56]. Let S € L(X, Y) 
denote the canonical embedding of X into Y and define R € L(Y, X) by Ry :— 
Ty for all y € Y. Then T = RS and T = SR, and hence the assertions (ii) 
and (iii) follow from [56, Theorem 6], while (iv) follows from [56, Theorem 6 and 
Proposition 10]. a 


Remark 6.169 Note that since X is dense in Y, T € M(X) if and only if there 
exists ac > O such that ||Tx||x <c|lx|ly for all x € X [62]. 


Remark 6.170 Since in the notation of the proof of Theorem 6.168 we have T = 
RS and T = SR, T has the SVEP if and only if T has the SVEP, by Lemma 2.158. 


Theorem 6.171 Suppose that X is dense in Y and T € M(X). Then0 € oy(T)N 
ow(T) Co(T)N o(T). Consequently, o (T) = c (T) and ow(T) = ow(T). 


Proof Suppose that 0 ¢ ow (T). Then T € ®(Y), so T(Y) has finite codimension in 
Y and hence has finite codimension in X. Therefore there exists a finite-dimensional 
subspace Z such that X = T (Y) @ Z. But T(Y) is closed in Y, hence X is a closed 
subspace of Y. Since X is assumed to be dense in Y, it then follows that X = X = Y, 
contradicting our assumption that X is a proper subspace of Y. 

Suppose now that 0 d oy (T). Then T € W(X), hence there exists an invertible 
operator U € L(X) and a finite-dimensional operator K € L(X) such that T — 


U — K € M(X), see Theorem 3.35. From this we obtain 
U-'(U—K)=1-U!K = I — Ko € M(X), 


where Ko :— UT!K is a finite-dimensional operator. By Remark 6.170 then ker Ko 
is closed in Y. Since ker Kọ has finite codimension in X, there is a finite-dimensional 
subspace N such that X = ker Ko @ N. Therefore X is closed in Y and this implies 
X = Y, again contradicting the assumption that X is a proper subspace of Y. 

The last assertion is clear by Theorem 6.168. a 


Corollary 6.172 Suppose that X is dense in Y and T € M(X). Then T satisfies 
Browder's theorem if and only if T satisfies Browder's theorem. 


Proof By Theorem 6.171 we have 0 € ow(T) Now (T) € op(T)Nop(L). Therefore, 
by Theorem 6.168, og (T) = op(T), and hence o (T) = op(T) if and only if 
ow(T) = oy(T). | 


The equivalence of Weyl’s theorem for T and T requires a very special condition 
on the range of T. 


Theorem 6.173 Suppose that X is dense in Y, T € M(X) and T(X) is closed 
in X. Then T satisfies Weyl's theorem if and only if T satisfies Weyl's theorem. In 
particular, this equivalence holds if B(T) « oo. 


Proof Suppose that Weyl’s theorem holds for T. By Theorem 6.171 then 0 ¢ o(T)\ 
Ow(T) = noo(T). If A € xoo(T) then A Æ O so, by part (i) of Theorem 6.171, we 
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have a(Al — T) = a(Al — T). Since à € iso ø (T) = iso o (T), it then follows that 
à € m00(T). Therefore, z9o9(T) € mo0(T). 

We now show that the reverse inclusion also holds. We claim that a(T) = oo. 
To see this, suppose a(T) < oo. Then ker T is complemented, since it is finite- 
dimensional, so there exists a closed subspace M of X such that X = ker T © 
M. The restriction T|M : M — T(X) admits an inverse (T|M)~!. Define V € 
L(X) by 


V:xeX-(TM)'!rxex, 
Clearly, V (ker T) = {0} and Vm = m for all m € M. Consequently, J — V is finite- 
dimensional. We show that V € M(X). Since T € M(X) there exists a c > 0 such 


that || Tx||x < cl|[x|| x. Therefore, 


ITIM) !Txlx < ICT IM) HET xx 
cl CTUM) xlv 


| Vxllx 


A 


from which we conclude that V € M(X). Now, ker (J — V) is closed in Y. Indeed, 
let (xn) be a sequence of elements of ker (J — V) C X such that ||x, — xolly > 0 
for some xo € Y. Then 


l&n — xmllx = IV Gm — xm)ILx < cTM — x — xmlly > 0. 


SO (xn) is a Cauchy sequence in X. Since X is a Banach space, there exists a z € X 
such that ||x, — z||x — 0. Therefore, for some c’ > 0 we have 


lx» — zllv < c'llxs — zilx > 0, 


and z = xo. Consequently, |x, — xol|x — 0 which shows that ker (J — V) is closed 
in Y, as desired. 
Since I — V is finite-dimensional, we have X = ker (J — V) 6 N, with N finite- 
dimensional, and hence X is closed in Y. Hence X = X = Y, a contradiction. 
Therefore, «(T) = oo and hence 0 £ 7roo(T). Consequently, by part (i) of 
Theorem 6.168, we have a(AJ — T) = a(Al — T) for all A € z0(T), so 
moo(T) € mo0(T). Therefore, z99(T) = m00(T). Finally 


o (T) \ ow(T) = o (T) \ ow(T) = zoo(T) = zoo(T), 


so T satisfies Weyl’s theorem. 

Suppose that T satisfies Weyl’s theorem. Then 0 ¢ c (T) \ ow(T) = zoo(T) and 
hence ztoo(T) C ztoo(T). Suppose that a(T) < co. Then a(T) < oo and as it has 
been proved before this is impossible. Therefore, v (T) = oo and hence 0 ¢ zroo(T ). 
As above, it then follows that zto9(T) = moo(T) and hence o (T) Vow(T) = ztoo(T ). 

The last assertion is obvious: every finite codimensionalsubspaceisclosed. Mi 
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In the next corollary we consider the case when X is a dense subspace of a Hilbert 
space. 


Corollary 6.174 Suppose that X is dense in a Hilbert space H and let T € M(X) 
be such that T(X) is closed in X. If T is self-adjoint then T satisfies a-Weyl’s 
theorem. 


Proof If T is self-adjoint then T is decomposable, hence the dual T (or equiv- 
alently, the Hilbert adjoint of T) has the SVEP. In the notation of the proof of 
Theorem 6.168 we have T^ = R*S* and T* = S*R*, and this implies that T* 
also has the SVEP. By Theorem 6.173 we know that T' satisfies Weyl's theorem and 
the SVEP of T* implies that a-Weyl’s theorem also holds for T, while T* satisfies 
the generalized Weyl’s theorem. L| 


Note that instead of assuming that T is self-adjoint we can assume that T is 
generalized scalar. Indeed, every generalized scalar operator is decomposable and 
hence its dual has the SVEP, so the argument of Corollary 6.174 still works. 


Theorem 6.175 Suppose that X is dense in Y and T € M(X). 


(i) If T is polaroid and T satisfies Weyl's theorem then T satisfies the generalized 
Weyl’s theorem. 

(ii) If T is polaroid and T satisfies Weyl's theorem then T satisfies the generalized 
Weyl’s theorem. 


Proof 


(i) Proceeding as in the first part of the proof of Theorem 6.173 we see that 
zoo(T) € zt9o(T). The polaroid condition on T entails that O ¢ zo0(T). Indeed 
if O € zo0(T) then 0 is a pole of the resolvent and hence p(T) = q(T) < co. 
By definition of z9o(T) we also have a(T) < oo, so (T) = a(T), hence 0 ¢ 
Ow(T), which is impossible by Theorem 6.171. By part (i) of Theorem 6.168 
we then conclude that zjo0(T) C xoo(T). Therefore, zoo(T) = ztoo(T ) and as in 
the proof of Theorem 6.171 this implies that T satisfies Weyl’s theorem. Since 
T is polaroid, T satisfies the generalized Weyl’s theorem, by Theorem 6.44. 

(ii) The proof is analogous to that of part (1). | 


We now show that Weyl’s theorem holds for symmetrizable operators. Indeed, 
in this very special situation the assumptions of Corollary 6.174 can be simplified. 
To see this, assume that the Banach space X is a subspace of a Hilbert space H 
and assume that the embedding of X into H is continuous and X is dense in H. 
Following Lax [220] T € L(X) is said to be symmetrizable if T is symmetric with 
respect to the inner product (-, -) induced by H on X, i.e., 


(Tx,y)—- (x,Ty) forallx, y e X. 


Note that every quasi-hermitian operator in the sense of Dieudonné [109] is 
symmetrizable (a bounded operator T on a Hilbert space is said to be quasi- 
hermitian if it satisfies a relation of the form ST = T*S, where S is a metric 
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operator, i.e., a strictly positive self-adjoint operator, see for further information 
also Antoine and Trapani [50]). Applications of symmetrizable operators to partial 
differential equations may be found in Lax [220] and Gohkberg and Zambitski 
[154]. 

The proof of the following important properties of symmetrizable operators T € 
L(X) may be found in Lax [220]: 


(a) T is bounded with respect to the Hilbert norm. Moreover, the natural extension 
T of T to H is a bounded self-adjoint operator. 

(b) e (T) € e(T). Clearly, since Tisa self-adjoint operator then c (T) C R. This 
inclusion may be strict, since o (T) may contain non-real points, see the next 
Example 6.180. 

(c) IFAI — T € W(X) then A1 — T e W(H). In this case ker (AJ — T) = ker (AI — 
T). Moreover, ow (T) € ow(T). 


Lemma 6.176 If T is symmetrizable and Xo is an eigenvalue of T then Ag € R. 
Furthermore, if Ao is an isolated eigenvalue of T then Xo is an isolated eigenvalue 
of T. 

Proof Clearly, every eigenvalue A of T is an eigenvalue of T. Since T is self-adjoint 
then à € R. If Ao is an isolated eigenvalue of T then there exists a punctured open 
disc Do centered at Ao such that à ¢ o (T) of all A € D \ {Ao}, and hence by (b) we 
have A ¢ o (T), from which we deduce that Ao is an isolated eigenvalue of T. W 


Lemma 6.177 Every symmetrizable operator T has the SVEP. 


Proof Observe first that since T is self-adjoint then T has the SVEP. This entails 
that T also has the SVEP. In fact, let A € C be arbitrarily given. Since every analytic 
function f : U — X defined on an open disc U centered at à remains analytic 
when considered as a function from U to H, it is clear that T inherits the SVEP 
at A. Observe that the SVEP is also an immediate consequence of Theorem 6.176, 
since op (T) has an empty interior. a 


Theorem 6.178 [fT € L(X) is symmetrizable then Weyl’s theorem holds for T. 


Proof Since T has the SVEP, T satisfies Browder’s theorem. By Theorem 6.40, in 
order to prove that T satisfies Weyl’s theorem, it suffices to show that mo9(7T) = 
Poo(T). For this suppose that Ag € zroo(T). Then Ao is an isolated eigenvalue of 
finite multiplicity in c (T) and hence, by Lemma 6.176, it follows that Ao is also 
an isolated eigenvalue of T. Since T is self-adjoint, Ao is a pole of first order of the 
resolvent of T, see [179, Proposition 70.5]. Therefore, p(AoI -T)- q(Xol -T) = 


1. If Po denotes the spectral projection of T associated with Ao, then, by (c), 
Hool — T) = Po(H) = ker(AoI — T) = ker(AoI — T). 
Therefore, (497 — T) Pox = 0 for all x € H. 


On the other hand, the restriction of Py to X coincides with the spectral 
projection of T associated with the isolated point Ao of o (T). For all x € X then 
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(Aol — T) Pox = 0, which implies 
Ho(Aol — T) = R(Po|X) € ker (Aol — T), 


where R(Po|X) is the range of Po| X. This implies that H9(A907 — T) = ker (401 — T) 
for all à € zroo(T ). From the decomposition 


X = Hool — T) 6 K (ol — T) = ker (Agi — T) 6 K Qol — T), 


we then deduce that (AJ — T)(X) = K(AI — T), so X = ker (ào? — T) $e (AI — 
T)(X) and this implies, by Theorem 1.35, that p(Ag/ — T) = q(Aol — T) = 1. 
By the definition of z99(T) we know that «(ào — T) < oo and this implies by 
Theorem 1.22 that B(AgI — T) is also finite. Since Ag J — T has both ascent and 
descent finite then A97 — T is Browder, so A9 € poo(T) and hence zoo(T) C 
Poo(T ). Since the opposite inclusion holds for every operator we then conclude that 
Poo(T) = ztoo(T). E 
In the sequel we need the following elementary lemma: 


Lemma 6.179 Let X and Y be vector spaces and T a linear injective mapping from 
x onto Y. If M is a linear subspace of X for which Y / T (M) is finite-dimensional 
then X/M is also finite-dimensional, with dim (Y / T (M)) = dim (X/M). 

Proof Let € := x + M and define $ : X/M — Y/T(M) by $(X) := Tx + T(M), 
where x € 5. Clearly, since Y/ T (M) is finite-dimensional and $ maps in a one-to- 
one way X/M onto Y/ T (M), the two quotients X/M and Y/ T (M) have the same 
dimension. L| 


Example 6.180 Let R and L denote the right shift and the left shift in £? (N), 1 < 
p > co, respectively. Let U € L(£? (N)) be defined as 
U :=aR+bI+cL, a,b,ceR. (6.28) 

Some spectral properties of U have been described by Gohkberg and Zambitski in 
[154]. In particular, 
1) If |a| < |c| then o (U) = {A = x + iy} inside and on the ellipse having equation 

(x — b? y. un 

(acc) (a=) - 

If à belongs to the interior of this ellipse then (AJ — U)(X) is closed and 


Lif lal > lcl, 


àI — U) := 
e ) Dos lal < Icl, 
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and 


Oif |a| > |c|, 

AI — U) := 
Á( ) t if ja| < |c]. 
2) When a = c, c (U) is the closed interval [—2c + b, 2|c| + b]. 
3) In the case a = —c, o (U) = {à = in + b: —2|c| € u x 2lcl). 

Furthermore, in the case (2) and (3) we have a(AJ — U) = 0 and (AJ — U) (x) = 
£P (N). 

Let now X be the space of all complex sequences x :— (x1, x2, ..., Xn, ...) for 
which 209 2/|xj| < oo. The space X provided with the norm 


n 
llxllx = > 2/|xj| 
j=1 


is a Banach space which is dense in the Hilbert space ¢7(N), and ||x|l2 < |Ix||x. 
Define a map V : X — £! by 


P(x) = (2x1, 2415, 425 35). 


Evidently, V is an isometry from X onto £! (N). Let S be a bounded operator in 
£! (N) defined by S := iaR + bI 4- 2cL and U defined in X as in (6.28). Then 


W(U(x)) = S(W(x) forallx € X. 


In particular, o (U) = o (S). 
Let us take H :— LN) and T := R + 21 + L. Then T is symmetrizable over 
X. Indeed, T is a bounded linear operator on X, and 


(Tx, y) = (x,Ty) forallx,y e X, 


where (-, -) is the inner product in £2 (N). Therefore, T satisfies Weyl’s theorem. We 
can say much more: 


(i) ow(T) = o (T) = [0,4]. 
(ii) ow(T) = o(T) consists of the points à :— x + iy which lie inside or on the 
ellipse I having equation 


a V y 
25 
n 


In particular, oy (T) is connected 
(iii) G(T) = ogp(T) — T. 
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To show (i), consider above the case a = c. Then c (T) = [0, 4]. On the other 
hand, since the only points A for which ind (AJ — T) are the points in the resolvent 
of T, oy(T) = o (T). To prove (ii) and (iii) observe that o (T) coincides with the 
spectrum of S = jaR + bI + 2cL on £! (N), which according to part (1) above, 
consists of all A = x + iy inside and on the ellipse I. Furthermore, for A € o (S) 
inside the ellipse I we have a(AJ — S) = 0 and (àZ — S) = 1. Using the fact that 
the mapping V defined above is an injective linear map from X onto £! (N) with 
(AI — S£!) = w[(AI — T)(X)], one obtains by Lemma 6.179, 


a(Al — T) = 0 and 8(AI — T) = 1, for any A inside the ellipse I. 


The following argument shows that oe (T) = I’. The inclusion oe (T) C T is clear, 
since inside the ellipse AJ — T is Fredholm. 

Let à € T and suppose that A ¢ oe(T). Then AJ — T is Fredholm and since 
T is the border of c (T) then both T and T* have the SVEP at A. This implies, 
by Theorems 2.97 and 2.98, that p(AI — T) = ql — T) < co, hence, by 
Theorem 1.22, AJ — T is Weyl. Consequently, there exists an open disc D(A, 5) 
centered at A for which uI — T is Weyl for all u € D(A, ô), and this is impossible, 
since ind (ul — T) = —1 inside I. Therefore, oe(T) = I. Evidently, AJ — T € 
W(X) inside T, so oy, (7) € T. The opposite inclusion is also true, since, as 
above, for every A € Il we cannot have AJ — T € W(X), otherwise from the SVEP 
for T and T* at à we would obtain ind (u7 — T) = 0 in an open disc centered at A. 
From oyy(T) € Gap(T) € T we then obtain o5 (T) = ouw(T) = I, in particular 
we see that ouw (T) is not connected. 


The operator T defined in Example 6.180 is polaroid, since isoo (T) = % and 
has the SVEP, so by Theorem 6.44 both f(T) and f(T*) satisfy Weyl’s theorem 
for every f € H(o(T)). Since T has the SVEP, f (T*) satisfies a-Weyl’s theorem 
and property (w). Moreover, since py(T) is connected and iso ow(T) = Ø, from 
Theorem 6.140 we then deduce that T + K satisfies Weyl’s theorem for every 
compact operator K € K(X). Since puw(T) is not connected there exists a 
K € K(H) such that a-Weyl’s theorem does not hold for T + K. 

The results above may be improved as follows. 


Definition 6.181 Let T € L(X), X a Banach space with norm || - ||. A linear 
operator K is said to be T-compact if for any sequence {xn} satisfying ||x,|] + 
IT x,|| € c, where c > 0, the sequence {K x) has a convergent subsequence. 


Clearly, every compact operator is 7-compact for any T € L(X) and each T- 
compact operator is bounded. This can be shown by establishing first the inequality 
||Kx|| x M(||x|| + ||Tx||) and then using the boundedness of T. 


Corollary 6.182 Let T € L(X) be symmetrizable on X and suppose that K isa 
T -compact operator in X, symmetric with respect to the inner product induced by 
the Hilbert space H on X. Then Weyl’s theorem holds for T + K. 
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Proof Since K is bounded, K is symmetrizable, and hence T + K too. By 
Theorem 6.178 then T + K satisfies Weyl’s theorem. [| 


Example 6.183 Let Q be a compact set of IR", and C (Q) be the Banach space of all 


continuous function on Q. Let T be the following convolution operator 


mno: | —f0) ay 0coacn,n»2. 
ale yl? 


T is abounded linear operator on C (2). This follows from the fact that if f € C(Q), 
then Tf € C(Q) (see the section on equations of elliptic type in Hellwig [176]), and 


Since the integral 
Q |x y | 


is bounded. Taking X = C(Q) and H = L? (2), we see that T is symmetric with 
respect to the inner product 


TE [ fered 


Therefore, T satisfies Weyl’s theorem. 


6.11 Quasi-THAN Operators 


In this section, in order to give a general framework for Weyl-type theorems, we 
introduce a new class of operators which properly contain the class 7 HN of all 
totally hereditarily normaloid operators, already studied in Chap. 3. 


Remark 6.184 It is rather easy to see that if T € L(X) is THN and M isa T- 
invariant closed subspace of X, then the restriction T |M is also THN. 


Definition 6.185 An operator T € L(X), X a Banach space, is said to be k-quasi 
totally hereditarily normaloid, k a nonnegative integer, if the restriction T |T^ (X) is 


THN. 


Evidently, every THN -operator is quasi-THN, and if T^(X) is dense in X 
then a quasi-7 HN operator T is THN. In the sequel by Y we denote the closure 
of Y C X. 


Lemma 6.186 If T € L(X) is quasi-THN and M is a closed T-invariant 
subspace of X, then T|M is quasi-THN. 


Proof Let k be a nonnegative integer such that T; := T|T*(X) is THN. Let Ty 
denote the restriction T'| M. Clearly, Tu (M) € T*(X), so Ty“ (M) is T-invariant 
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subspace of T^ (X). By Remark 6.184 it then follows that 
Tu Tu (M) = TTu (M) 


is a THN-operator. | 


We recall now some elementary algebraic facts. Suppose that T € L(X) and 
X = M È N, with M and N closed subspaces of X, M invariant under T. With 
respect to this decomposition of X it is known that T may be represented by an 


upper triangular operator matrix ( 0 2 , where A € L(M), C e L(N) and B € 


L(N, M). It is easily seen that for every x — (z) € M we have Tx = Ax, so 


A = T|M. Let us consider now the case of operators T acting on a Hilbert space 
H, and suppose that T^(H) is not dense in H. In this case we can consider the 
nontrivial orthogonal decomposition 


H=T*(H)® THA) (6.29) 


T T 
where Tk(H) = ker(T*)*, T’ the adjoint of T. Note that the subspace T^(H) is 
T -invariant, since 


T(T*(H)) € T(T*(H)) = T! (H) € T*(H). 


Thus we can represent, with respect to the decomposition (6.29), T as an upper 


triangular operator matrix 
T T5 
, 6.30 
( 0 2) i 


2 ——— 

where Tj = T|T*(H). Moreover, T3 is nilpotent. Indeed, if x € T^(X) , an 

easy computation yields T^x = T (2) = 13x. Hence T3‘x = 0, since 
x 


L 
T'x € T*(H) UT*(H) = {0}. Therefore we have: 


Theorem 6.187 Suppose that T € L(H) and T*(H) non-dense in H. Then, 
Ti 2) is quasi-T H N if and only if 


according to the decomposition (6.29), T — ( 
Tı is THN. Furthermore, 


o(T) = o (Tı) U o (T3) = a (T1) U {0}. 
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Proof The first assertion is clear, since T) = T|T*(H). The second assertion 
follows from the following general result: if T := b. $ is an upper triangular 


operator matrix acting on some direct sum of Banach spaces and o (A) N o (B) has 
no interior points, then c (T) = c (A) U o (B); see [222] for details. | 


Paranormal operators, and in particular hyponormal operators, are obvious 
examples of quasi-7 HN operators, since, as has been observed in Chap. 3, these 
operators are THN. In the sequel we give some other examples of operators which 
are quasi totally hereditarily normaloid, that generalize these classes. 

(iv) The class of quasi-paranormal operators may be extended as follows: T € 
L(H) is said to be (n, k)-quasiparanormal if 


1 n 
IT x] < IT ery T xr forall x € H. 


The class of (1, k)-quasiparanormal operators has been studied in [238]. The 
(1, 1)-quasiparanormal operators have been studied in Cao et al. [86]. If T*(H) 
is not dense then, in the triangulation T = [o F Tı = T|T*(H) is n- 
3 

quasiparanormal, and hence THM, see Yuan and Ji [299]. 

(v) An extension of class A operators is given by the class of all k-quasiclass A 
operators, where T € L(H), H a separable infinite-dimensional Hilbert space, is 
said to be a k-quasiclass A operator if 


rr? -rpyr* 2-9. 


Every k-quasiclass A operator is quasi-7 HN. Indeed, if T has dense range then T 
is a class A operator and hence paranormal. If T does not have dense range then 
T with respect the decomposition H = T*(H) © ker pss may be represented as 
Ti T) 
0 75 
THN, see Tanahashi [290] . 

As has been observed in Duggal and Jeon [135, Example 0.2], a quasi-class A 
operator (i.e. k = 1), need not be normaloid. This shows that, in general, a quasi- 
THN operator is not normaloid, so the class of quasi-7 HN operators properly 
contains the class of THN operators. 

(vi) An operator T € L(H), H a separable infinite-dimensional Hilbert space, is 
said to be k-quasi *-paranormal, k € N, if 


a matrix T — , where T; :— T|T*(H) isa class A operator, and hence 


lr*T*xj? < pr ?xplT^x|| for all unit vectors x € H. 


This class of operators contains the class of all quasi- *-paranormal operators 
(which corresponds to the value k = 1). Every k-quasi *-paranormal operator 
is quasi-7 HN. Indeed, if T^ has dense range then T is *-paranormal and hence 
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THN. If T* does not have dense range then T may be decomposed, according the 


decomposition H = TŁ (H) Gker T**, as T = a 4 , where Tj = T|T*(H) is 
3 


x-paranormal, hence THN, see [239, Lemma 2.1]. 

(vii) An extension of p-quasi-hyponormal operators is defined as follows: an 
operator T € L(H) is said to be (p, k)-quasihyponormal for some 0 < p < 1 and 
keN,if 


gpl < Pe TIPTE. 


Every (p, k)-quasihyponormal operator T with respect to the decomposition H = 
Th 
0 0 
T|T*(H) is k-hyponormal (hence paranormal) and consequently THN, see Kim 
[198]. 

The next result generalizes the result of Theorem 4.60. 


T*(H) 6 ker T** may be represented as a matrix T = ( ) , where T) := 


Theorem 6.188 Suppose that T € L(H), H a Hilbert space, is analytically quasi- 
THN and quasi-nilpotent. Then T is nilpotent. 


Proof Suppose first that T is quasi-nilpotent and k-quasi THN. If T*(H) is dense 

then T is THN, so T is nilpotent by Theorem 4.60. Suppose that T^(H) is not 

S ] , where Tı is THN, T5* = 0, and o (T) = o (T1) U 
3 

{0}. Since o (T) = {0} and o (T1) is not empty, we then have o (Tj) = {0}, thus T; 


is a quasi-nilpotent J HN operator and hence T, = 0. Therefore T = b J . An 


dense and write T = ( 


0 T3 
easy computation yields that 


k+1 k+1 
Tz 0 T» E 0 DT; o 
0 T3 iy os 


so that T is nilpotent. 

Finally, suppose that T is quasi-nilpotent and analytically k-quasi THM. Let 
h € Hnc(o(T)) be such that A(T) is quasi-THN. We claim that A(T) is nilpotent. 
If h(T)* has dense range then A(T) is THN and hence, by Theorem 4.60, A(T) is 
nilpotent. Suppose that A(T)* does not have dense range. Then with respect to the 


————————— M 
decomposition X = h(T)‘(H) Gh(T)'(H) ,the operator A(T) has a triangulation 


A(T) = T e) such that A = A(T)|h(T)* (H) is THN and 


o (h(T)) = o (A) U (0). 
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By the spectral mapping theorem we have 
o (h(T)) = h(a (T)) = (h(0)j. 


Consequently, 0 € (A(0)), i.e. h(O) = 0, and therefore A(T) is quasi-nilpotent. 
Since A(T) is quasi-7 HN, by the first part of the proof it then follows that A(T) is 
nilpotent. Now, A(0) = 0 so we can write 


h(a) = wa" | [O - T" 20). 


i=l 


where g(à) has no zeros in o(T) and A; # O are the other zeros of g with 
multiplicity n;. Hence 


h(T) = u T" | [G1 — T)" 8T), 
{=} 


where all A;J — T and g(T) are invertible. Since h(T) is nilpotent, T is also 
nilpotent. [| 


Theorem 6.189 Jf T € L(H) is an analytically quasi THN operator, then T is 
polaroid. 


Proof We show that for every isolated point A of c (T) we have p(AI — T) = 
q(XAI — T) < co. Let A be an isolated point of o (T), and denote by P, the spectral 
projection associated with {A}. Then M := K(AI—T) = ker P, and N := Ho(AI1 — 
T) = P,(X), and H = Ho(AI — T) Q K (AI — T), see Theorem 2.45. Furthermore, 
the restriction AJ — T|N is quasi-nilpotent, while AJ — T'|M is invertible. Since 
AI — T|N is analytically quasi THA’, Lemma 6.188 implies that AZ — T|N is 
nilpotent. In other words, AJ — T is an operator of Kato Type, and hence has uniform 
topological descent by Theorem 1.83. 

Now, both T and the dual T* have the SVEP at A, since À is isolated in o (T) = 
c (T^), and this implies, by Theorems 2.97 and 2.98, that both p(AJ — T) and 
q(XI — T) are finite. Therefore, À is a pole of the resolvent. [| 


Theorem 6.190 /f T € L(A) is analytically quasi THN, then T is hereditarily 
polaroid and hence has the SVEP. 


Proof Let f € Hne(o(T)) such that f(T) is quasi THN. If M is a closed T- 
invariant subspace of X, we know that f (T)|M is quasi THN, by Lemma 6.186, 
and f(T)|M = f(T|M), so f(T|M) is polaroid, by Theorem 6.189, and 
consequently, T|M is polaroid, by Theorem 4.19. L| 


Corollary 6.191 /f T € L(A) is the direct sum T = S @ N, where S is THN and 
N is nilpotent, then T is hereditarily polaroid. 
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Proof If T = S & N, where S is THN and N is nilpotent, then T is quasi 
S0 


ON 
decomposition. a 


THN, since T admits a triangulation T = ( ) , with respect to a suitable 


Theorem 6.192 Let T € L(H) be an analytically quasi THN operator on a 
Hilbert space H, and let K € L(H) be an algebraic operator commuting with T. 
Then both f (T + K) and f (T! + K’) satisfy (gW) for every f € Hnc(o(T + K)). 


Proof Suppose that T € L(H) is analytically quasi THN, and let f € Hne(o(T)) 
be such that f (T) is quasi THN. Since T has the SVEP, by Theorem 4.31, f (T) 
has the SVEP. Now, by Theorem 6.190 T is hereditarily polaroid, and hence the 
results of Theorem 6.127 apply. a 


6.12 Comments 


The properties (R), (gR) were introduced by Aiena et al. in [41, 43] and [44] 
and the section concerning these properties is completely modeled after these 
papers. The crucial Theorem 6.11 is due to Oudghiri [251]. The perturbation result 
concerning hereditarily polaroid operators of Theorem 4.31 is taken from Aiena 
and Aponte [8]. The definition of Weyl’s theorem was introduced by Coburn 
[97], which started from the work of Weyl [296], which studied the spectra of 
all the compact perturbations T + K of a self-adjoint operator 7 acting on a 
Hilbert space and showed that A € C belongs to the Weyl spectrum precisely 
when A is not an isolated point of finite multiplicity in o (T). Later Coburn [97] 
extended Weyl’s theorem to Toeplitz operators, and Berberian extended Weyl’s 
theorem to some other classes of operators in [60] and [61]. Later, Weyl’s theorem 
was studied in connection with the single-valued extension property, by Curto 
and Han [105]. In particular they showed that if T or T* has the SVEP then 
the spectral theorem holds for the Weyl spectrum. Later, Weyl's theorem was 
studied and extended to other classes of operators by several authors. We cite some 
of these articles [16, 54, 57, 105, 106, 119, 129-131, 166, 168, 173, 183, 224]. 
The characterizations of Weyl’s theorem of Theorems 6.40 and 6.41 are taken 
from [10, 32, 105], and Weyl’s theorem for polaroid operators was investigated 
by Duggal et al. [138]. Lemma 6.51 and Theorem 6.52 is modeled after Oberai 
[250]. 

The generalized version of Weyl’s theorem was introduced by Berkani and 
Koliha [70] and investigated in several papers by Berkani et al. [9, 64, 65] and [69]. 
However, the characterizations of the generalized Weyl’s theorem established in 
Theorem 6.62 is taken from Aiena and Garcia [13]. Theorem 6.64 and Example 6.67 
is modeled after Zguitti [306]. 

a-Weyl’s theorem for operators was introduced by Rakočević [262] and has 
been studied by several other authors [2, 35, 105, 111, 252]. In particular, The- 
orem 6.70 is modeled after [35]. Theorems 6.73 and 6.75 are due to Oudghiri 
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[252], while Theorem 6.80 is an adaptation of a result of Djordjević and Djordjević 
[113]. 

The generalized version of a-Weyl’s theorem was introduced by Berkani and 
Koliha [70], and studied by several other authors. Theorem 6.84 may be found in 
Aiena and Miller [47]. 

Property (w) was introduced in a short article by Rakočević [261] and later 
studied in several other articles by Aiena et al. [4, 11, 22, 37, 42]. Property (gw) 
was introduced and studied by Amouch and Berkani [67, 68]. The section con- 
cerning the equivalence between Weyl-type theorems for polaroid-type operators 
is modeled after Aiena et al. [38], but pertinent results may be found in Duggal 
and Djordjević [129—133]. The section concerning Weyl-type theorems for Drazin 
invertible operators is modeled after Aiena and Triolo [28]. 

A streamlined study of Toeplitz operators may be found in [223]. The result 
that a Toeplitz operator satisfies Weyl's theorem was first established by Coburn 
[97]. The section concerning Weyl-type theorems under compact perturbations is 
modeled after Duggal and Kim [137], Aiena and Triolo [29], and Jia and Feng [188]. 
Theorems 6.150 and 6.152 and Example 6.154 are taken from Farenick and Lee 
[145]. 

The results concerning Weyl-type theorems for extensions of bounded linear 
operators and symmetrizable operators are modeled after [40] and Nieto [248], who 
first proved Theorem 6.178 by using different methods. The class of quasi THN 
operators, which give a general framework for Weyl-type theorems for operators 
on Hilbert spaces, was introduced in Aiena et al. [45]. Upper triangular operator 
matrices have been studied by many authors, see for instance Han et al. [167] and 
Cao et al. [86, 118, 305]. 


Appendix A 


In this appendix we collect some of the basic definitions and results from the 
theory of semi-Fredholm operators acting between Banach spaces, and some other 
classes of operators related to them. We are mainly concerned with the algebraic 
and topological structure of this class, as well as with some perturbation properties. 


A.1 Basic Functional Analysis 


Let M be a subset of a Banach space X. The annihilator of M is the closed subspace 
of X* defined by 


M+ := (f € X* : f(x) = 0 for every x € M}, 


while the pre-annihilator of a subset N of X* is the closed subspace of X defined 
by 


IN := (x € X: f(x) 2 0 for every f € N}. 


An application of the Hahn-Banach theorem shows that if M is a linear subspace 
of X then HMH) is the norm closure of M, so, if M is closed then (M+) = M. If 
N is a linear subspace of X*, then (+N)+ is the weak-star closure of N, see [269, 
Chap. 4]. 

The following classical result is essentially due to Kato [196, Chapter IV], its 
proof may be found in several other standard books on functional analysis: 


Theorem A.1 (Sum Theorem) Let M and N be two closed subspaces of a Banach 
space X. Then the following assertions are equivalent: 


G) M +N is closed; 
(ii) Mt + N+ is closed; 
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(iii) Mt + N+ 2(MnN); 
(iv) M +N = «M n ND). 


Let L(X, Y) denote the space of all continuous linear operators from the Banach 
space X into the Banach space Y. The following duality relationships between the 
kernels and ranges of a bounded operator T € L(X), on a Banach space X, and 
its dual T* are well known, (the reader can find the proofs, for instance, in Heuser 
[179, p. 135], or Goldberg [156]: 


ker T = IT*(X*) and ker T* — T(X), (A.1) 
and 
T(X) 2ker T* and T*(X*)cCkerT-. (A.2) 


Note that the last inclusion is, in general, strict. However, a classical consequence 
of the closed range theorem establishes that the equality holds precisely when T has 
closed range, see Kato [196, Theorem 5.13, Chapter IV]. 

In the next theorem we establish some well-known basic isomorphisms (for a 
proof, see [269]). 


Theorem A.2 (Annihilator Theorem) Let M be a closed subspace of a Banach 
space X. Then M* is isometrically isomorphic to the quotient X*/M+, while 
(X/M)* is isometrically isomorphic to M+. Moreover, if N is a weak-star closed 
linear subspace of X* then X*/N is isometrically isomorphic to (+N)* and 
(X /-N)* is isometrically isomorphic to N. 


Definition A.3 Let X be a Banach space. A subspace M of X is said to be 
paracomplete, or paraclosed, if there exists a T € L(X) such that T (X) = M. 


A subspace M of a Banach space X is paracomplete if and only if there is a complete 
norm |||-||| on M which is greater than the original norm ||- ||. Every closed subspace 
is paracomplete but the opposite is not true, see [147]. 

The following lemma due to Neubauer (see [208, Prop. 2.1.1]), gives sufficient 
conditions under which paracomplete subspaces are closed. 


Lemma A.4 (Neubauer Lemma) Let X be a Banach space, and M and N 
paracomplete subspaces of X. If M O N and M + N are closed, then both M and 
N are closed. 


Proofs of the following two basic principles of operator theory may be found in 
several standard books on functional analysis, for instance Rudin [269]. 


Theorem A.5 (Open Mapping Theorem) Let T € L(X, Y) be surjective. Then T 
is open, i.e. there is a constant c > Q such that, for every y € Y, there exists an 
element x € X for which Tx = y and ||x|| < clly|l. 
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Theorem A.6 /f T € L(X,Y), X and Y Banach spaces, is such that T(X) is of 
second category in X, then T is surjective and hence open. 


Let D bea linear subspace of X and T a linear map from D into Y. The graph of 
T is the set Gr :— ((x, Tx) : x € D). If X and Y are Banach spaces, the operator 
T is said to be closed if Gr is a closed subset of X x Y, where the product X x Y 
is provided with the norm ||(x, y)|] := ||x|] + llyll. 


Theorem A.7 (Closed Graph Theorem) Let T € L(X, Y) be closed. Then T is 
continuous. 


It is obvious that the sum M + N of two linear subspaces M and N of a vector 
space X is again a linear subspace. If MM N = {0} then this sum is called the direct 
sum of M and N and will be denoted by M © N. In this case for every z = x + y 
in M + N the components x, y are uniquely determined. If X = M & N then N 
is called an algebraic complement of M. In this case the (Hamel) basis of X is 
the union of the basis of M with the basis of N. It is obvious that every subspace 
of a vector space admits at least one algebraic complement. The codimension of 
a subspace M of X is the dimension of every algebraic complement N of M, or 
equivalently the dimension of the quotient X/M. Note that codim M = dim M+. 
Indeed, by Theorem A.2 we have: 


codim M = dim X/M = dim (X/M)* = dim MŁ. 


A particularly important class of endomorphisms are the so-called projections. If 
X—M GN and x = y +z, wit x € M and y € N, define P : X — M by 
Px :— y. The linear map P projects X onto M along N. Clearly, / — P projects X 
onto N along M and we have 


P(X) =ker(I — P) 2 M, kr P—(I—PYX)—N, with P? — P, 


ie. P is an idempotent operator. Suppose now that X is a Banach space. If X — 
M © N and the projection P is continuous then M is said to be complemented 
and N is said to be a topological complement of M. Note that each complemented 
subspace is closed, but the converse is not true, for instance co, the Banach space 
of all sequences which converge to 0, is a non-complemented closed subspace of 
Lœ, where £4, denotes the Banach space of all bounded sequences, see [246]. It is 
well known that if X = M @ N then both M and N are invariant under T (i.e. T is 
reduced by the pair (M, N)) if and only if T commutes with the projection P of X 
onto M along N. 


Definition A.8 T € L(X, Y), X a Banach space, is said to be relatively regular if 
there exists an operator S$ € L(Y, X) for which 


T=TST and STS=S. 


In this case S is called a pseudo-inverse of T. 
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There is no loss of generality if we require in the definition above only T = 
TST. In fact, if T = TST holds then the operator S’ := ST S will satisfy both the 
equalities 


T=TS'T and $'—S'TS. 


In general, a relatively regular operator admits infinite pseudo-inverses. In fact, 
if S is a pseudo-inverse then all operators of the form 


STS +U — STUTS with U € L(X) arbitrary 


are pseudo-inverses of T, see [87, Theorem 2]. We now establish a basic result. 


Theorem A.9 A bounded operator T € L(X, Y) is relatively regular if and only if 
ker T and T (X) are complemented. 


Proof If T = TST and STS = Sthen P := TS € L(Y) and Q := ST € L(X) are 
idempotents, hence projections. Indeed 


(TS =TSTS=TS and (ST)? =STST = ST. 
Moreover, from the inclusions 
T(X) = (TST)(X) € (TS)(Y) € T(X), 
and 
ker T C ker(ST) C ker(ST S) = ker T, 
we obtain P(Y) = T(X) and ker Q = (Ix — Q)(X) = ker T. 

Conversely, suppose that ker 7 and T(X) are complemented in X and Y, 
respectively. Write X = ker T © U and Y = T(X) © V and let us denote by P 
the projection of X onto ker T along U and by Qo the projection of Y onto T (X) 
along V. Define To : U > T(X) by Tox = Tx forall x € U. Clearly Tọ is bijective. 


Put S :— Ty! Qo. If we represent an arbitrary x € X in the form x = y + z, with 
y € ker T and z € U, we obtain 


STx = Ty QoT(y +z) = To! QoTz 


= To 'Tz=z=x—-—y=x-— Px. 
Similarly one obtains TS = Qo. If Q := Iy — Qo then 


ST =Ix—P and TS = ly- 0: (A.3) 
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If we multiply the first equation in (A.3) from the left by T we obtain T ST = T, 
and analogously multiplying the second equation in (A.3) from the left by S we 
obtain STS — S. a 


The left, or right, invertible operators may be characterized as follows: 
Theorem A.10 Let T € L(X, Y), X and Y Banach spaces. 


(i) T is injective and T(X) is complemented if and only if there exists an S € 
L(Y, X) such that ST — Ix. 

(i) T is surjective and ker T is complemented if and only if there exists an S € 
L(Y, X) such that T S = Ty. 


Proof 


) If S € L(Y, X) and ST — Ix then TST — T, thus T is relatively regular 
and hence has complemented range, by Theorem A.9. Clearly, T is injective. 
Conversely, if T is bounded below and P is a projection of X onto T (X), let 
So : T(X) — X be the inverse of T. If S := SoP then ST = Ix. 

(i) If TS — Iy then TST — T,so T has complemented kernel by Theorem A.9 
and, as it is easy to see, T is onto. Conversely, if T is onto and X = ker T GN 
then T|N : N — Y is bijective. Let Jy : N — X be the natural embedding 
and set $ :— Jy(T|N)~!. Clearly, TS = Iy. L| 


A.2 Compact Operators 


In this section we reassume some of the basic properties of compact linear operators. 
Many of the results of this section are classical and are contained in standard texts 
of functional analysis. For this reason, we do not give the proofs of many of these 
results. 


Definition A.11 A bounded operator 7 from a normed space X into a normed 
space Y is said to be compact if for every bounded sequence (x,) of elements of 
X the corresponding sequence (T x,) contains a convergent subsequence. This is 
equivalent to saying that the closure of T (Bx), Bx the closed unit ball of X, is a 
compact subset of Y. 


Denote by F(X, Y) the set of all continuous finite-dimensional operators, i.e. 
those operators T for which T (X) is finite-dimensional. Let K(X, Y) be the set of 
all compact operators. In the sequel we list some basic properties of these sets (see 
[179, $13]). 


Theorem A.12 Let X, Y and Z be Banach spaces. Then 


(i) F(X, Y) and K(X, Y) are linear subspaces of L(X, Y). Moreover, F(X, Y) C 
K(X, Y). 
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GD YT € F(X,Y), Se L(Y, Z), U € L(Z, X) then ST € F(X, Zi and TU € 
F(Z, Y). Analogous statements hold for T € K(X, Y). 

Gii) If (Tn) is a sequence of K(X, Y) which converges to T then T € K(X,Y). 
Consequently, K(X, Y) is a closed subspace of L(X, Y). 


Note that by Theorem A.12, part (ii), the integral operator K defined in Sect. 1.1 
is compact. A famous counter-example of Enflo [144] shows that not every compact 
operator is the limit of finite-dimensional operators. 

Note that K(X, Y) may coincide with L (X, Y). This for instance is the case when 
X = (8 or X = co, Y = £P, with 1 € p < q < co, see [155]. 

Let us now consider the case X = Y and set F(X) :— F(X, X), K(X) := 
K(X, X). Recall that a subset J of a Banach algebra A is said to be a (two-sided) 
ideal if J is a linear subspace of A and for every x € J,a € A, the products xa 
and ax lie in J. From Theorem A.12 we then deduce that F(X) as well as K(X) are 
ideals of the Banach algebra L(X). Note that if X is infinite-dimensional then J ¢ 
K (X), otherwise any bounded sequence would contain a convergent subsequence 
and by the Bolzano-Weierstrass theorem this is not possible. It is known that we 
can define on the quotient algebra L(X)/K(X) the quotient norm: 


7 || :— inf IIT], where T := T + K(X). 
Tef 


Since K(X) is closed, the quotient algebra É:- L(X)/K(X), with respect to the 
quotient norm defined above, is a Banach algebra, known in the literature as the 
Calkin algebra. Also L(X)/.F(X) is an algebra, but in general is not a Banach 
algebra. 

Compactness is preserved by duality, see Proposition 42.2, Proposition 42.3 of 
[179]: 


Theorem A.13 (Schauder's Theorem) /f T € L(X,Y), X and Y Banach spaces, 
then T is compact if and only if T* is compact. 


We now establish some important properties of compact endomorphisms. 


Theorem A.14 Let T € K(X), X a Banach space. Then a (AI — T) < oo, B(A1 — 
T) < œ and ind (Al — T) = 0 for all à Æ 0. 


Theorem A.15 [fT € K(X), X a Banach space, then p(AI—T) = q(XAI—T) < co 
for all à 0. 


Theorem A.16 If X and Y are Banach spaces and T € L(X,Y) is a compact 
operator having closed range then T is finite-dimensional. 


Proof Suppose first that T is compact and bounded below, namely T has closed 
range and is injective. Let (y,) be a bounded sequence of T (X) and let (x,) be 
a sequence of X for which Tx, = y, for all n € N. Since T is bounded below 
there exists a 6 > 0 such that ||y,|| = || Kxp|| > 4||x,|| for all n € N, so (xn) is 
bounded. The compactness of T then implies that there exists a subsequence (x;, ) 
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of (xn) such that Txn, = yn, converges as k — oo. Hence every bounded sequence 
of T (X) contains a convergent subsequence and by the Stone-Weierstrass theorem 
this implies that T (X) is finite-dimensional. 

Assume now the more general case when T € K(X, Y) has closed range. If 
To : X — T(X) is defined by Tox :— Tx for all x € X, then Tọ is a compact 
operator from X onto T (X). Therefore the dual To* : T(X)* — X* is a compact 
operator by Schauder's theorem. Moreover, To is onto, so To* is bounded below by 
Theorem 1.10. The first part of the proof then gives that 7o* is finite-dimensional, 
and hence T (X)* is finite-dimensional because it is isomorphic to the range of To*. 
From this it follows that T (X) is also finite-dimensional. [| 


If C[a, b] is the Banach space of all continuous functions on the interval [a, b], 
then an example of a compact operator is given by the classical Fredholm integral 
equation (of the second kind), 


b 
x(s) -f k(s, t)x(t)dt = y(s), 


where the kernel of the equation k(s, t) is continuous on the square [a, b]x[a, b], the 
function y is continuous on the interval [a, b], and we look for solutions x € C[a, b]. 
If we define K : C[a, b] — C[a, b] as 


b 
(K x)(s) =f k(s, t)x(t)dt 


then K is compact on C[a, b], see [179]. 


A.3 Semi-Fredholm Operators 


We now introduce some important classes of operators. 


Definition A.17 Given two Banach spaces X and Y, the set of all upper semi- 
Fredholm operators is defined by 


®, (X,Y) := (T € L(X, Y) : a(T) « oo and T(X) is closed], 
while the set of all lower semi-Fredholm operators is defined by 
o. (X, Y) := (T € L(X, Y) : B(T) < oo). 
The set of all semi-Fredholm operators is defined by 


(X, Y) := 6,(X, Y)U 6. (X, Y). 
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The class ®(X, Y) of all Fredholm operators is defined by 
o(X,Y)—90,(X,Y)no. (X,Y). 

At first glance the definitions of semi-Fredholm operators seems to be asymmet- 
ric, but this is not the case since the condition (T) < oo entails by Corollary 1.7 
that T (X) is closed. 

We shall set 

$,(X):2 6,(X, X) and d. (X):— $. (X, X), 


while 


D(X) := O(X, X) and O4(X) := o.(X, X). 


If T € $4 (X, Y) the index of T is defined by ind T := a(T) — B(T). Clearly, if T 
is bounded below then T is upper semi-Fredholm with index less than or equal to 
0, while any surjective operator is lower semi-Fredholm with index greater than or 
equal to 0. Clearly, if T € , (X, Y) is not Fredholm then ind T = —oo, while if 
T € ^. (X, Y) is not Fredholm then ind T = oo. 

Observe that in the case X = Y the class (X) is non-empty since the 
identity trivially is a Fredholm operator. This is a substantial difference from the 
case in which X and Y are different. In fact, if T € (X, Y) for some infinite- 
dimensional Banach spaces X and Y then there exist two subspaces M and N 
such that X = ker T ® M and Y = T(X) @N, with M and T(X) closed 
infinite-dimensional subspaces of X and Y, respectively. The restriction of T to 
M clearly has a bounded inverse, so the existence of a Fredholm operator from 
X into a different Banach space Y implies the existence of isomorphisms between 
some closed infinite-dimensional subspaces of X and Y. For this reason, for certain 
Banach spaces X, Y no bounded Fredholm operator from X to Y may exist, i.e., 
(X, Y) = Ø. This is, for instance, the case for X :— LP[0, 1] and Y = L^[0, 1] 
with 0 < p < q < co. Other examples may be found in Aiena [1, Chapter 7]. 

It can be proved that each finite-dimensional subspace as well as every closed 
finite-codimensional subspace is complemented, see Proposition 24.2 of Heuser 
[179]. Therefore, by Corollary 1.7 and Theorem A.9 we have 


Theorem A.18 Every Fredholm operator T € ®(X, Y) is relatively regular. 
Fredholm operators may be characterized as follows, see Heuser [179]. 


Theorem A.19 (Atkinson's Theorem) Zf T € L(X) then the following statements 
are equivalent: 


(i) T is a Fredholm operator; 
(ii) The class residue T + F(X) is invertible in L(X)/.F (X); 
(iii) The class residue T + K(X) is invertible in L(X)/K(X). 


Appendix A 517 


Theorem A.20 Suppose that X,Y and Z are Banach spaces. 


(i) fT € 6. (X, Y) and S e 6. (Y, Z) then ST € 6. (X,Z). 
Gi) If T € 6, (X, Y) and S € 6, (Y, Z) then ST € $4(X, Z). 
Gii) /fT € ®(X, Y) and S € ®(Y, Z) then ST € ®(X, Z). 
In particular, if T belongs to one of the classes 6 (X, Y), 64, (X,Y), 
o (X, Y) then T" belongs to the same class for all n € N. 


Theorem A.21 [fT € ®4(X) then p(T) = q(T*) and q(T) = p(T"). 


Theorem A.22 Suppose that X, Y and Z are Banach spaces, T € L(X, Y), and 
S € L(Y, Z). 


(i) If ST € 6 (X, Z) then S € 6 (Y, Z). 
Gi) If ST € 6,(X, Z) then T € $4 (X, Y). 
(iii) If ST € ®(X, Z) then T € 6, (X, Y) and S € 6 (Y, Z). 


Theorem A.23 Let T € o. (X, Y) and S € o. (Y, X) (or T € (X,Y) and 
S € (Y, X)), then ind (ST) = ind S + ind T. 


If T € 6, (X, Y) the range T(X) need not be complemented, and analogously 
if T e 6. (X, Y) the kernel may be not complemented. The study of the following 
two classes of operators was initiated by Atkinson [52]. 


Definition A.24 If X and Y are Banach spaces then T € L(X, Y) is said to be left 
Atkinson if T € ®4 (X,Y) and T(X) is complemented in X. The operator T € 
L(X, Y) is said to be right Atkinson if T € o. (X, Y) and ker (T) is complemented 
in Y. The class of left Atkinson operators and right Atkinson operators will be 
denoted by ®ı(X, Y) and ®,(X, Y), respectively. 


Clearly, 
P(X, Y) € P(X, Y) € O4 (X,Y), 
and 
(X,Y) C (X, Y) C o. (X, Y). 
Moreover, 


(X, Y) = D(X, Y) N (X, Y). 


Theorem A.25 Let X, Y, and Z be Banach spaces and T € L(X,Y). Then the 
following assertions are equivalent: 


G) T € D(X, Y); 
(ii) there exists an S € L(Y, X) such that Ix — ST € F(X); 
(iti) there exists an S € L(Y, X) such that Ix — ST € K(X). 
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Analogously, the following assertions are equivalent: 
(iv) T e (X,Y); 
(v) there exists an S € L(Y, X) such that ly — TS € F(Y); 
(vi) there exists an S € L(Y, X) such that ly — T S € K(Y). 


Theorem A.26 If T € L(X, Y) then the following statements are equivalent: 


(i) T e (X,Y); 
(ii) there exists an S € L(Y, X) such that Ix — ST € F(X) and Iy — TS € F(Y); 
(iii) there exists an S € L(Y, X) such that Ix — ST € K(X) and Iy — TS € K(Y). 


Theorem A.27 Suppose that T € L(X). Then 


(i) T € ®,(X) if and only if the class residue T-T + K(X) is right invertible in 
the Calkin algebra L(X)/K(X). 

(ii) T € ®ı(X) if and only if the class residue Î=T+ K(X) is left invertible in 
L(X)/K(X). 


It should be noted that if X is an infinite-dimensional complex Banach space 
then AJ — T € ®(X) for some A € C. This follows from the classical result 
that the spectrum of an arbitrary element of a complex infinite-dimensional Banach 
algebra is always non-empty. In fact, by the Atkinson characterization of Fredholm 
operators, AJ — T ¢ ®(X) if and only if T:—T + K(X) is non-invertible in the 
Calkin algebra L(X)/K (X). An analogous result holds for semi-Fredholm operators 
on infinite-dimensional Banach spaces: if X is an infinite-dimensional Banach space 
and T € L(X) then AJ — T ¢ (X) (respectively, AJ — T ¢ ®_(X)) for some 
A € C. 

In the following theorem we list some other properties of Atkinson operators, the 
proof is left to the reader, see Problems IV.13 of Lay and Taylor [221]. 


Theorem A.28 /f X, Y and Z are Banach spaces we have: 


G) If T € (X,Y) and S € (Y, Z) then ST € ®ı(X, Z). Analogously, if 
T € (X,Y) and S € (Y, Z) then ST € ®,(X, Z). The sets &1(X), ®,(X) 
and ®(X) are semi-groups in L(X). 

(ii) Suppose that T € L(X, Y), S € L(Y, Z) and ST € ®(X, Z). Then S € 
®ı(Y, Z). Analogously, suppose that T € L(X,Y), S € L(Y, Z) and ST € 
@.(X, Z). Then T € &,(X, Y). 


A.4 Some Perturbation Properties of Semi-Fredholm 
Operators 


The next theorem shows that the classes ®4 (X, Y), . (X, Y) and ®(X, Y) are 
stable under compact perturbations. 
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Theorem A.29 /f X and Y are Banach spaces the following statements hold: 
(i) If B4(X, Y) A Ø then O4(X, Y) + K(X, Y) € 64 (X, Y). 

(ii) If 6. (X, Y) # then 6 (X, Y) + K(X, Y) € 6. (X, Y). 

(ii) If D(X, Y) Z Ø then 6 (X, Y) + K(X, Y) € (X,Y). 


Theorem A.30 Let T € ®4(X,Y). Then ind(T + K) = indT for all K € 
K(X, Y). 


We show now that (X, Y) is stable under small perturbations. 


Theorem A.31 For every T € ®(X,Y), X and Y Banach spaces, there exists a 
p := p(T) > 0 such that for all S € L(X, Y) with |S|| < o then T +S € ®(X,Y) 
and ind (T + S) = ind T. The set & (X, Y) is open in L(X, Y). 


Also the classes of semi-Fredholm operators are stable under small perturbations. 
Theorem A.32 Suppose that T € L(X, Y). Then we have 


Gi) If T € 6. (X, Y) then there exists an € > 0 such that for every S € L(X,Y) 
for which |S|| < ¢ we have T + S € 6, (X, Y). Moreover, a(T + S) x a(T) 
and ind (T + S) = ind T. 

(i) If T € B_(X, Y) then there exists an € > 0 such that for every S € L(X,Y) 
for which ||S|| < € we have T + S € 6. (X, Y). Moreover, B(T + S) x B(T) 
and ind (T + S) — ind T. 


An immediate consequence of Theorem A.32 is that the sets d, (X,Y), 
o. (X, Y) and ®(X, Y) are open subsets of L(X, Y). Now, if € is a connected 
open component of P4 (X) the index function T — ind T is continuous on Q. If 
we fix Tg € Q, then the set (T € Q; ind T = ind Tọ is both open and closed so it 
coincides with Q. Hence we have: 


Theorem A.33 The sets (X, Y), 6 (X, Y) and ®(X, Y) are open subsets of 
L(X, Y). The index is constant on every connected component of $4 (X, Y). 


If the perturbation of T € $4 (X) is caused by a multiple of the identity we have: 


Theorem A.34 (Punctured Neighborhood Theorem) Let T € o,(X). Then 
there exists an & > O such that 


Qa(AI -- T) x a(T) forall|X| <€, 


and a (XI — T) is constant for all 0 < |A| < e. 
Analogously, if T € ®_(X) then there exists an € > 0 such that 


BO 3 T) € BOT). for all |A| < €, 


and B (XI + T) is constant for all 0 < |A| < €. 
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In the sequel, we establish some basic relationships between the ascent and the 
descent of a bounded operator T € L(X) on a Banach space X in the case of semi- 
Fredholm operators. 

Suppose that 7 € +(X). Then T" € ®4(X), and hence the range of T” is 
closed for all n. Analogously, T*" also has closed range, and therefore for every 
n € N, 


ker T”* = 7"(X)t+, ker T" = 1T"*(X*) = 17 *"(X"). 


Obviously these equalities imply that p(T*) = q(T) and p(T) = q(T*). Note 
that these equalities hold in the Hilbert space sense: in the case of Hilbert space 
operators T € ®4 (H) the equalities p(T*) = q(T) and p(T) = q(T*) hold for the 
adjoint T*. 


A.5 The Riesz Functional Calculus 


Let A be a complex algebra with identity u. For every a € A and every analytic 
function f : U — C defined on some open neighborhood U of the spectrum o (a), 
define 


ftus zl FO)Qu — a) dA, 
2mi r 


where T is a contour that surrounds o (a) in U (this means that I’ is a finite system of 
positively oriented closed rectifiable curves in U X o (a) such that o (a) is contained 
in the inside of T and C V U in the outside of r. By using Cauchy’s theorem and 
the Hahn-Banach theorem it can be shown that f (a) is independent of the choice of 
the contour that surrounds o (a) in U. Let ?1(o (a)) denote the space of all analytic 
functions on some open neighborhood U of the spectrum o (a). Then the mapping 
f € H(o(a)) —^ f(a) is a continuous algebra homomorphism of H (o (a)) into A 
andis called the analytic functional calculus for the element a, see [179, Section 48]. 
Moreover, the following fundamental property holds. 


Theorem A.35 (Spectral Mapping Theorem) /f a € A then the equality 
o Cf (a)) = f(a(a)) holds for all f € H(o(a)). 


In the particular case A — L(X), where X is a non-trivial complex Banach space, 
the analytic functional calculus is commonly called the Riesz functional calculus. If 
T € L(X) consider a spectral subset o, (possibly empty) of C, i.e. such that o4 and 
o :— o (T) \ o are closed in C. Let Tı and I? be two closed positively oriented 
contours in p(T) = C \ o(T) which contain o, and o», respectively, but do not 
contain any other subset of o (T). Then the operators 


1 
P, := — | @r—T)7'da, k=1,2 
2ri Tk 
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are idempotent, i.e. Pp = Py. Moreover, Pi P; = P5P, = 0 and P, + Po = I. 
This result may be extended as follows: let 01, ..., On be spectral subsets such that 
oj 1o; =Ø fori A j ando (T) = 01 U...oy. Let P1,..., P, be the corresponding 
spectral projections. Then P;Pj = O0 ifi z j, while | = `% Py and X = 
Py(X) 9-0 P(X). 

For a spectral subset o (possibly empty) the operator 


i 
P, ==] QI-T)!dà, E2135, 
2i Es 


where I’, is a contour as above, is a projection and is called the spectral projection 
associated with o. 


Theorem A.36 (Spectral Decomposition Theorem) /f T € L(X) ando isa 
spectral subset of T then X = Mo ® Ns, where Mg = P(X) and No = ker Pz. 
Both subspaces Mo and Ng are invariant under every f (T), with f € H(o(T)). 
Moreover, 


c(T|Ms;)—-o and oc(T|Ns) —o(T)No. 
Suppose that for T € L(X) for clopen subsets o, and o2 of o (T) we have 
o(T) = o U o and o1 No2 = Ø. Then X = Po, ® Po, and T with respect to 
this decomposition of X may be represented as a matrix T — [o i ) , where 


0 T» 
o (Tk) = ox, (k = 1, 2), see [260, Theorem 2.10]. 

Let us now consider the case when Ao is an isolated point of the spectrum o (T). 
Then the analytic resolvent function Ry : à > (AI — T)-! admits a Laurent 
expansion on a punctured disc 0 < |À — ào] < r centered at Ao with radius r, 
i.e. Rj may be represented by the sum of series 


oo 
gren: a * x: Laa- Ao) for 0< |à — ìo] <r, 
n=1 n 


where the coefficients are calculated according to the formulas 


and 


Dus EL Ri 
"Ini Jr (A — iot!” 


where I is a sufficiently small positively oriented circle around Ao. If Po denotes 
the spectral projection associated with the spectral set {Ao}, it is easily seen that 
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P, = Po and P, = (T — rol)"—! Po, for n = 1,2,.... These equations show that 
either P, Æ 0 for all n (in this case Ao is said to be an essential singularity of R} ), or 
that there exists a p € N such that P, 4 0 forn = 1,..., p but P, = O forn > p. 
In this last case Ao is said to be a pole of order p of the resolvent. The proof of 
the following important characterization of the poles may be found in Heuser [179, 
Proposition 50.2]. 

Theorem A.37 If T € L(X) then Ao € o (T) is a pole of R, if and only if 0 < 
Pol — T) = q(Xol — T) < co. Moreover, if p := pol — T) = q(aol — T) 
then p is the order of the pole. In this case ho is an eigenvalue of T, and if Po is the 
spectral projection associated with {Ao} then 


Po(X) = ker (Agi — T)?, ker Po = (Aol — T)" (X). 


A.6 Vector-Valued Analytic Functions 


For ease of reference we give in this section some notions and few results concerning 
vector-valued analytic functions. However, we refer to Section III. 14 of the classical 
monograph of Dunford and Schwartz [143], or to the book of Rudin [269, Chap. 3]. 

Let X be a complex Banach space and A an open subset of C. A vector-valued 
function f : A — X is said to be analytic if the composition $ o f : A > Cis 
analytic for every ó € X*. Analytic functions are complex differentiable, i.e., there 
exists the norm limit 


lads lim 9 SO 
peg i enn 


for every Ag € A. As in the classical scalar-valued case, Cauchy's integral formula 
holds for every X-valued analytic function. 


Theorem A.38 (Cauchy's Integral Formula) /f f : ^ — X is analytic and if T; 
and V^» are two integration paths with the same initial and final points, which can 
be deformed into each other continuously in ^, then 


/ Judi 1 fda. 
rı T2 


In particular, fr f Q)dX = 0 if Y isa closed curve whose interior contains only 
points of ^. 


For every X-valued analytic function, the higher derivative of f at Ao is given by 


plut Pl mm 
Pal: m Ba ho) fOJ)dA 
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for all n = 0,1,2,..., Ao € A, where T is a positively oriented closed rectifiable 
curve in A for which Ao belongs to the inside of I and C \ A to the outside of T. 
Furthermore, f can be expanded into a power series 


n 
fA) = Xaa —Ao)*, with az € X, 
k=0 


around every point Ag € A, and the series converges at least in the largest open 
disk around A9 which contains only points of A. The coefficients a; are given by 


(1) (X 
ak = Do 
The next two theorems follow by combining classical results concerning scalar- 


valued analytic functions and the Hahn—Banach theorem: 


Theorem A.39 (Identity Theorem for an Analytic Function) Suppose that Y is 
a closed linear subspace of a Banach space X, and f : U — X ananalytic function 
defined on a connected open subset U C C. If there exists a set W C U that clusters 
in U such that f(W) € Y, then f (U) € Y. In particular, f = Oon U if f vanishes 
on a set that clusters in U. 


Theorem A.40 (Liouville's Theorem) /f f is analytic on all of C and is bounded 
then f is constant. 


We conclude with the classical Runge's theorem. 


Theorem A.41 (Runge's Theorem) Let K be a compact subset of an open set 
U C C. Suppose that each bounded component of C X K contains some points of 
C N U. If A is a set containing at least one complex number from every bounded 
connected component, then every analytic function on some neighbourhood of K 
may be approximated uniformly on K by a sequence of rational functions r, which 
converges uniformly to f on K and such that all the poles of the functions rn are 
in A. 


A.7 Operators on Hilbert Spaces 


In this section we reassume some of the basic properties of Hilbert space operators. 
We refer to the books of Rudin [269], Heuser [179], and Furuta [151] for details 
and proofs. Let H be a complex Hilbert space with an inner product (., -). The inner 
product satisfies the Schwarz inequality, i.e., |(x, y)| x ||x||||y|| for all x, y € H. 
The dual of a Hilbert space is described by the following theorem. 


Theorem A.42 (Frechét-Riesz Representation Theorem) For each fixed element 
z € H the map f : x € H — (x,z) defines a continuous linear form on H. 
Conversely, for every continuous linear form f on H there exists a vector z € H 
such that f (x) = (x, z) for all x € H. Furthermore, |f || = l|zl|. 
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A consequence of this theorem is that every Hilbert space is isometrically 
isomorphic to its dual. If 7 € L(H), for a fixed y € H define f(x) :— 
(Tx, y). According to the Frechét-Riesz representation theorem, there exists a 
unique element z € H such that f(x) = (Tx,y) = (x,z) for all x € H. The 
adjoint operator T" € L(H) is defined by (Tx, y) = (x,z) = (x, T'y). If U 
is the conjugate-linear isometry that associates to each y € H the linear form 
f (x) = (x, y), then the dual (AJ — T)* and the adjoint (AJ — T)’ are related by the 
following equality 


AI—T'EXXP-LTy SU -QGr-T)U forallà eC. (A.4) 


An operator T € L(H) is said to be self-adjoint if T = T', i.e. (Tx, y) = 
(x, Ty) for all x, y € H. If TT’ = T'T then T is said to be a normal operator, 
and if TT' — T'T — I then T is said to be unitary. On a Hilbert space H over 
C, T is normal if and only if |Tx|| = ||T'x||, for all x € H, and T is self-adjoint 
if and only if (Tx, x) is real for all x € H. Moreover, T is unitary if and only if 
|Tx|| = ||T’x|| = lxi for all x € H, so every unitary operator is an isometry. 
Eigenvectors x, y of a normal operator T corresponding to distinct eigenvalues are 
orthogonal to each other, i.e. (x, y) = 0. 

Given two self-adjoint operator T, S € L(H) the symbol T > S means that 
(Tx, x) > (Sx, x) for all x € H and we say that a self-adjoint operator T is positive 
if T > 0, 1e, (Tx, x) > Oforall x € H. Obviously, T > Sif and only if T — S > 0. 
If T > Sand U => Othen T +U > S+ U, and the product of positive commuting 
operators is always positive. 

For any positive operator T € L(H) there exists a unique operator S such that 
S? = T. S is called the square root of T and denoted by Ti. 

Let M be a closed subspace of H. Then H = M & M+, where M+ is the 
orthogonal complement of M, i.e. M+ :— (y € H : (x, y) = 0 forall x € M}. 
The projection Py of H onto M along M+ is called the orthogonal projection from 
H onto M. A projection P is orthogonal if and only if P is self-adjoint. Every 
orthogonal projection Py has norm equal to 1, moreover 0 < Py < I. 

An operator U € L(H) is said to be a partial isometry if there exists a closed 
subspace M such that 


IU x|| = ||x|| for any x € M, and Ux = 0 for any x € M. 


The subspace M is said to be the initial space of U, while the range N := U(H) 
is said to be the final space of U. Evidently, U is an isometry if and only if U is a 
partial isometry and M = H, while U is unitary if and only if U is a partial isometry 
and M — N — H. 


Theorem A.43 Let U € L(H) be a partial isometry with initial space M and final 
space N. Then we have 
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(i) UPy = U and U'U = Py. 
(ii) N is a closed subspace of H. 
(iii) The adjoint U’ is a partial isometry with initial space N and final space M. 
Note that an operator U € L(H) is a partial isometry if and only if U' is a partial 
isometry, and in this case UU’ and U'U are projections. Set |T| :— (TT). It is 
easily seen that ker T = ker |T |. 


Theorem A.44 (Polar Decomposition) For every T € L(H) there exists a partial 
isometry U such that T = U|T |. The initial space of U is M := |T|(H) = T'(H), 
the final space is N := T (H). Moreover, ker U = ker |T | and U'U|T| = |T |. 


If U is as in Theorem A.44 the product T = U|T| is called the polar 
decomposition of T. The partial isometry U is uniquely determined. If T = U|T| 
is the polar decomposition of T then T’ = U'|T'| is the polar decomposition of 7". 
Some important properties are transmitted from T to U, for instance if T is normal 
then U is normal, if T is self-adjoint then U is self-adjoint, and if T is positive then 
U is positive. 
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